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PREFACE. 



^ This book has been written as a companion volume to my 
^^ Treatise on the Differential Calculus, and in its construction 
^ I have endeavoured to carry out the same general plan on 
which that book was composed. I have, accordingly, studied 
simplicity so far as was consistent with rigour of demonstra- 
tion, and have tried to make the subject as attractive to the 
beginner as the nature of the Calculus would permit. 

I have, as far as possible, confined my attention to the 
general principles of Integration, and have endeavoured to 
arrange the successive portions of the subject in the order 
best suited for the Student. 

I have paid considerable attention to the geometrical ap- 
plications of the Calculus, and have introduced a number of the 
leading f imdamental properties of the more important curves 
and surfaces, so far as they are connected with the Integral 
Calculus. This has led me to give many remarkable results, 
such as Steiner's general theorems on the connexion of pedals 
and roulettes, Amsler's Planimeter, Kempe's theorem, 
Landen's theorems on the rectification of the hyperbola, 
Genocohi's theorem on the rectification of the Cartesian oval, 
and others which have not been usually included in text- 
books on the Integral Calculus. 

A Chapter has been devoted to the discussion of Integrals 
of Inertia. For the methods adopted, and a great part of the 



vi Preface, 

details in this Chapter, I am indebted to the kindness of Pro- 
fessor Townsend. My friend, Professor Crofton, of Woolwich, 
has laid me under very deep obligations by contributing a 
Chapter on Mean Value and Probability. I am glad to be 
able to lay this Chapter before the Student, as an introduc- 
tion to this branch of the subject by a Mathematician whose 
original and admirable Papers, in the Philosophical Tramac- 
tionSf 1868-69, aiid elsewhere, have so largely contributed to 
the recent extension of this important application of the 
Integral Calculus. 

In this Edition a short Chapter on Multiple Integration 
has been introduced, which I hope will be found a useful 
addition to the Book. 

TBnrrrT College, 
April, 1884. 
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INTEGKAL CALCULUS. 



CHAPTEE I. 

ELEMENTABY FORMS OF INTEGRATION. 

I. Integration. — The Integral Calculus is the inverse of 
the Differential. In the more simple case to which this 
treatise is principally limited, the object of the Integral 
Calculus is to find a function of a single variable when its 
differential is knotcn. 

Let the differential be represented by F(x)dxy then the 
function whose differential is F{x) dx is calkd its integral^ and 
is represented by the notation 



1 



F{x) dx. 



Thus, since in the notation of the Differential Calculus we 
have 

df{x)^f{x)dx, 

the integral oif\x) dx is denoted by /(a?) ; i.e. 



^nx)d<c^f{x). 



Moreover, as f{x) and f{x) + C (where is any arbitrary 
quantity that does not vary with x) have the same differen- 
tial, it follows, that to find the general form of the integral of 
f\x) (£r it is necessary to add an arbitraiy constant to f{x) ; 
hence we obtain, as the general expression for the integral 
in question, 

[f{x)dx=^f{x) + C. (i) 

[1] 



2 Elementary Forma of Integration. 

In the subsequent integrals the constant (7 will be omitted, 
as it can always be supplied when necessary. In the appli- 
cations of the Integral Calculus the value of the conatant in 
determined in each case by the data of the problemy as will be 
more fully explained subsequently. 

The process of finding the primitive function or the intc" 
gral of any given differential is called integration. 

The expression F{x) dx imder the sign of integration is 
called an element of the integral ; it is also, in the limit, the 
increment of the primitive function when x is changed into 
X + dx (Diff. Calc, Art. 7) ; accordingly, the process of inte- 
gration may be regarded as the finding the sum* of an infinite 
number of such elements. 

We shall postpone the consideration of Integration &om 
this point of view, and shall commence with the treatment of 
Integration regarded as being the inverse of Differentiation. 

2. Elementary Integrals. — ^A very slight acquaint- 
ance with the Differential Calculus ,will at once suggest the 
integrals of many differentials. We commence with the 
simplest cases, an arbitrary constant being in all cases under' 
a toad. 

On referring to the elementary forms of differentiation 
established in Chapter I. Diff. Calc. we may write down at 
once the following integrals :— 

af^dx = . -— = J r-— . {a) 

? = log {x\ (b) 



f 

f . , cos ma? f , sin «M? , . 

sin mxdx = , \ cor mxdx = . (c) 

J m ^ J m ^ ^ 

C dx , t dx 

— T-- = tana?, I -^-^ = - oota?. Id) 

J 008* a? J Bm'a? ^ ^ 



* It was in this aspect that the process of integration was treated hy Leib- 
nitZ) the symbol of integration J being regarded as the initial letter of the word 
8um, in the same way as the symbol of differentiation <? is the initial letter in 
the word difference. 



1 
f 



Hindamentat Ibrms. ^ 

= sm"*-. (e) 



^0? - x^ 



dx 1 . ^x , ^. 

= -tan-^-. (/) 



a^ -¥ a^ a a 



\^^=^' j«'^=j^. iff) 

These, together with two or three additional foims which 
shall be afterwards supplied, are called the fundamental* or 
elementary integrals, to which all other forms,t that admit 
of integration in a finite number of terms, are ultimately re- 
ducible. 

Many integrals are immediately reducible to one or other 
of these forms : a few simple examples are given for exercise. 

Examples. 

dx ^ I 

An$, — . 



Idx 



» 



2. 


r dx 


3. 


• 






4- 


VS. 


xd» 


6. 


', f dx 
. \jn-\-bx'' 


7. 


^sin$d$ 


I 8. 


Xe^dx. 



ft a\/*. 



„ -log (cob*). 



" iS ^°^ ^* "*" ^^' 



sec 9. 
I 



99 






* The fundamental integralB are denoted in this chapter hy the letters a, d, e, 
&c. ; the other formnlsB by numerals i, 2, 3, &c. 

t By integrable forms are here understood Ihose contained in the elementary 
portion of the Integral Calculus as inyolying the ordinary transcendental func- 
tions only, and excluding what are styled EUiptic and Hyper-Elliptic functioni. 

[la] 



^Icfnentary Form of Integration. 

fdx 



lo. I JZL 1. 



J a; It 

f dx 
] x — a 



f9 log (« - a). 



Axt^;2'S3?5wAST-r^*^^''^« immediately from 

^ .^a^^ jBa^^i 0^1 
m+i'^n + i'^ TTi ■*■ *^- (2) 

mtmg of powers of ar multipUed byooiSCt ^ffl *^ '^''■ 
Again, to find the inteA of Jo^r^^^dTSXhere 

[ oos'«,& = j i±^i!? ^ ^ f ^ ^_2^ 



J J i 24 

A few examples are added for praotioe. 



(3) 



(4) 



(i-a;2)*rf* 



J X * 



.dm, lag a; - «« + ?.* 

4' 



3. /tan2a?ife=/(8eo»iP-i)i&;. ,, ten»-ar. 



• 



Integration hy Substitution. 

-V -V i. , . sin (m + !•)« Bin (m — ») as 

sVai^4' J coflm«ooBii«a«. Ant, — 7 ^ + 7—, 

^^ij^i-r J 2(m + «) 2(m-«) 

^r'';;' - . . - Bm(m-fi)a? B\n{m-\-n)x 

o <- ^ •' " 2 (m - fi) 2 (m + fi) 



J \a — a? a 

Multiply the numerator and denominator by \/a + «• 

/ 2 1 2 .J 

7. J a? V « + a<{a;. u<«». -(«+«) — a (« + a) . 

\/«+« + \/a: • 3»\ / 

Multiply the numerator and denominator by the complementary Burd 

\/x + a — YX, 

In •\'hx bx ab' ^ ^a' 

_ a + ^i; i ay~6a' 

Here -rr-tn = i? + tt 



4. Integratloii by linlMtltatloii. — The inte&;ration of 
many expressions is immediately reduoible to the elementaiy 
foims in Art. 2, by the substitution of a new variable. 

For example, to integrate (a + bw)^ dxy we substitute s for 
a + bx; then dz - bdx^ and 

J ^ ^ i b {n+ i)b (n + i)J 

Again, to find 



1 



«*(& 



(a + bxf 



we substitute s f or a + bxy as before, when the integral be- 
comes 



J« J ?J ' 



or .;.^{,_^^._-iz_.^_^^ 



2a 



6 Elementary Forms of Integration. 

On replacing z hj a-\-hx the required integral can be ex- 
pressed in terms of x. 

The more general integral 



\ 



af^dx 

Ja + h^' 



where m is any positive integer, by a like substitution be- 
comes 

I [{z-a)^dz 



1 



Expanding by the binomial theorem and integrating each 
term separately the required integral can be immediately 
obtained. 

Again, to find 

dx 



\ 



«?**(« + bxY^ 



a 
we substitute s f or - + b. and it becomes 

X 



- — f 



(2 - J)«*^^flfe 



2' 



n > 



which is integrable, as before, whenever m + n is a positive 
integer greater than unity. 
Thus, for example, we have 



f dx i^ / a? \ 

]x{a'\- bx) a ^\a -k- hxj 



It may be observed that all fractional expressions in which 
the numerator is the differential of the denominator can be 
immediately integrated. 

For we obviously have, from (J), 

(■^ - log/(.). (5) 



Integration of— 



dx 



or - w 



Examples. 



I. 



2. 



3. 



5. 
6. 

7. 

8. 



f 
( 



Bmxdx 
a + i cosip* 

a^dx 
log a? — . 



f dx . 

J logo;' ' 



log J 

f ix^dx 
J (a + bxY : 

f <fa 

fxdx 
{a + te)** 

!xdx 
(a + te)*- 

! 



-^4«5. — 



log (a + ^ COS ^) 



- 8m-' ( - ) . 
4 \«/ 



Gog*)'^. 



log (log a:). 



log (a + *a;) 30* + ^dbx 
^3 "•■ 248(a.+ bxf 

lb ^ a-\-bx « + lia? 



o; 



«*« (a + bx) 

2 (a + te)* 2g (g + bx)^ 

3 (a + hxy 3«(« + *a;)t 



5*2 

~tan-i / . 

a Ma 



2^ 



x^y 2ax — a^ 

Assume 200; - a^ = s^, then g^ = zde, and the transformed integral is 

2dz 



5. Integration of 



I 2dz 

dx 



0^ - a*' 



Since 



we get 



_L_ = _L (_L_ _ _L.| 

f - 0^ 2a\x - a X •{- ay 

C dx _ T ^ X - a 
ja^-a^ 2a ^x-i-a* 



(A) 



This is to be regarded as another fundamental formula 
additional to those contained in Art. 2. 



8 Integration of 



a + ihx + cx^' 
In like manner, since 



(a? - a) (a? - /3) a - /3 (a? - a a? - /3) ' 
we have ] 7 77 -x.. = -^ log ^ — ^. (6) 



EXAUPLBS. 

[. I 3 — -. Ans. 2 log . 

Jar-9 6''a;+3 

f dx I d?-3 

" J {X -h 2)(* - 3)' " 5 ^^^T"2- 

C dx , « + 4 

[. I . „ log . 

J «» + 9a; + 20 *' « + 5 

J^ 3 ay" 3 x + y/z 

dx 



J 6. Integratloii of 



a + 26a? + caj** 

This may be written in the form 

cdx 
{ex + J)* + ac - ft* ' 

or, substituting s f or or + ft^ 

«» + flc - y* 

This is of the form {/)0T(h) aeoording as o^^-S' is positive 
or negative. , 

Menoe, if ao > ft* we have 



1 



das I ex + b , ^ 

tan->-^==. (7) 



I 



a-^2bx + ex" ^ac-b^ y/ac - ft»' 



i 



Integration of (P^^")^" g 

" a+ 20X + or 

If ac < V, 



I 



-4—- — / ^ cx^b-yw^ 

a + zhx-^-cx" 2^1? -ae cx + b + ^/l^-ae 

» 

This latter f onn can be also immediately obtained from (6) . 
In the partiotilar case when ae » 6', the value of the inte- 
gral is 

- I 

V 

7. Intesratloii of -^=- — z^—^ — ~^. ^ r 

a + 20X + car '^^ 

This can at onoe be -written in the form 

q {b + cx)dx pc-qb dx 

e a -\- ihx -^ CiX? e a + 2bx + coi?* 

The integral of the first term is evidently 

— log (fl + ibx + OP*), 

while the integral of the second is obtained by the preceding 
Article. 

For example, let it be proposed to integrate 

(a? cosd - i)tfo 
(flj'-2a?cosO+i' ) 

The expression becomes in this case 

cos {x -co&B)dx sin' Odx 



ix? - ixQosQ + I {x - cosO)' + sin'fl' 
hence 



I 



{xOOB9'l)dx OOS0, ^^nn««XT^ 

-r « = lOff (or - 2X COS U + I) 

a^ - 2x oobO + 1 2 ® ^ ' 

• hl i^-COS0 , . 

-smfltan^ — . ^ . (o) 

smO ^^' 
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When the roots oi a + ihx + ca?^ are real, it will be found 
simpler to integrate the expression by its decomposition into 
partial fractions. A general discussion of this method will 
be given in the next chapter. 



Examples. 

!• I :• -4w«. — TT tan-* ( — -;:r ] . 

4- 1 -z • w tan-i(a? + a). 

[ dx • I . , 5* + * 

* f *'<& I , /l +«»\ 



6 






!dx 
■ . „ tan-i (2x - I). 

8."^ Exponential Talne for sin 0and eos 0. — By com- 
paring the fundamental formulsei (/) and {h) the well-known 
exponential forms for sin and cos can be immediately 
deduced, as follows : 

Substitute z^- i for a; in both sides of the equation 
[ dx I , A + a?\ 

and we get 

f dz ' , /i + ^^/^\ , 
2 = / — log ( 7=r 1 + comt; 
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or, by (/), tan-'s = — ^= W ( . — J + const. 

2\/- I \i - Z\/- 1/ 

Now, let z = tan 0, and this becomes 

^ I 1 A + ^/-' I tan 0\ 

= — j=i. Jog I ^7== 1 + const, 

2V- I \i - V - I tan 0/ 
When = o, this reduces to o = const. 

IT 2ii\n COS0 + a/- I sinfl , / — . 

Hence ^^ = — = (cos + \/- i sin 0)S 

cos fl - v- I sin (< 
or e*^ = cos + v^- I sin 0, 

6r^^ « cos - \/^ sin 0. 



w 



dx 
9. Intesratloii of 



v^ir* ± a* 

Assume* ^/a? ± a* = s - a?, ^ , . 

then we get ± a* = s'^ - 2a», \. 

hence (2 - x)dz = zdx. or = — ; 

2 - ar 2 

f ^ fife y 

This is to be regarded as another fundamental form. 

By aid of this and of form (e) it is evident that all ex- 
pressions of the shape 

dx 

^a + 26a? + car* 



* The student will better understand the propriety of this assumption after 
reading a subsequent chapter, in which a general transformation, of which the 
aboye is a particular case, will be given. 



L 
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oan be immediately integrated ; a^ by Cy being any constants, 
positive or negative. 

The preceding integration evidently depends on formula 
(t), or {e)y according as the coefficient of oj* is positive or 
negative. 

Thus, we have 

\y a^2bx^<^ = ;;^ log(e^ f 6 + V^c{a^2bx^ca^))y (lo) 

/ . = -7= sm M ^ J , (11) 

(; being regarded as positive in both integrals. 

When the factors in the quadratic a + 26a? + caj* are real, 
and given, the preceding integral can be exhibited in a 
simpler form by the method of the two next Articles. 



vio. Integratloii of 



dx 



y(x-a){x-fi) 



'Assume a? - a = 2', then dx = zzdz ; 

dx 

= 2dz ; 



hence 



^/x - a 
dx 2d% 



v/(iC-a)(a?-/3) v/2* + a-0' 



f dx r dz 

' ' J v/(iP -a)(a?-i3) " ^ J V^+a- 



= 2 log (2 + y^^ + a - i3), by (t), 



or 



1^ (0. -^(0.-/3) '^^^g^^'^-"^^^^^- ("> 
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{/ dx 

II. Intesratfon of 



As before, assume a? - a = 2^, and we get 

dx idz 



(13) 



Hence, by («), 

[ dx . , /a? - a 

Otherwise, thus : 
assume x = a oo&^O + j8 sin*0, 
then /3 - a? = (/3 - a) 008*0, a?- a = (/3 - a)sin^0, 

and (& = 2(/3 - a) sin cos rf0 ; 

dtS 
hence y^ r-^ r = 2^0 ; 

... f_=i===20 = 2sin-^ /^ 

74-^/12. Again, as in Art. 7, the expression 

(p + qx) dx J' ' 

V a + 2bx -{• ca^ ^ 

can be transformed into 

q {b + cx)dx pc - qb dx 

+ y > 

^ a/ a + 26a? + ft»' ^ -v/a + 2&J? + caj* 

and is, accordingly, immediately integrable by aid of the 
preceding formulae. 



14 



Elementary Forma of Integration. 



/ 



V 



I. 



2. 



3. 



11 



I 

I 
I 



dx 



V a;2 - ax 
dx 



Yax — 



x^ 



dx 



V-r 

III 
II 



V 3iC — «* — 2 



Examples. 

u4«*. 2 log {\/x + v/iP - «). 

„ 2 8in"i\/ a? - I. 

,, log (2* + I + 2\/l +x ■{■ x^). 



^<. ^ 



J I- — -, dx = \/{x + a\x + i) + (a - 3) log(v/a; + a + \/fl; + *). 

Multiply the numerator and denominator by ^Z x-\- a, 

^ V A f ^^ . . , 2a; + I 

>c V o. I — . Aim. sm^ 



I 

If* 



Vs 



7 X J\/(a+*a:)(a'-ya;) 



»> 



V^Ai' \ «*' + ha' ' 



^ r^ 8. Show, as in Art. 8, by comparing the fundamental formulae {e) and (i), 

'^ gj that 

t^ I' 13. Integratloii of — 

ITS ^ I 

^ \ Let «?-/> = -, then 



coed 4- \/- I sin d = o^ 



( 

r' 
1 



dx 

X "P 



d% 



and X = ^ , 

z z 



J (^ -p)^a-\-2bx-¥ cx^ ]^az^-\-2bz{i +pz) +0(1+^2)' 



= -l 



dz 



where a' = 0, J' = J + cj?, d' = a + 2 Jj? + ci)^ 

The integral conseqiientlj is reducible to (10), or (11), ac- 
cording as c' is positive or negative. 



I. 



a. 
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EZAKPLES. 

, Atu. - coa-^ I - I . 

f dx , /\/i + «»- i\ 



3- 



4. 



,^ 

dx ji -X 

fdx I / X \ 
— . AnS, —r- log I TT — — ■ ) . 

5- — 7==. ^w«. -7=. sm-i I — ) . 

7. I „ sin-i r _- 1 . 

14. The transformation adopted in the last Article is one 

of frequent application in Integration. It is, accordingly, 

worthy of the student's notice that when we change x into 

I , dx dz _ . n .t, ^ I dx dz 
- we nave — = ; and, in c^eneral, if aJ* = -, — « . 

z q> z ^ z X nz 

These results follow immediately from logarithmic differ- 
entiation, and often furnish a clue as to when an Integration 
is facilitated by such a transformation. 

For example, let us take the integral 



1 



dx 



x{a-\- baf^y 
Here, the substitution of - for aJ* giyes 



I C dz 
njaz -\- V 
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The value of whicli is obvioiiBly 

log laz + 6), or — log ( ; — | 

na ^^ '^ na ^\a^- ho^} 

/ Again, to integrate 

( dx 



X y/aaf^ + b 
assume x^ = -^^ and the transformed integral is 



2 { dz 

"" ^ J yoTE? 



This is found by (e) or {i) according as 6 is positive or 
negative. 

dx 
15. Intesratloii of 



( 



{a + cx^)^' 

Let a? = - and the expression becomes 

zdz 



{az^ + (?)*' 
the integral of this is evidently 



I X 

or 



a (az^ + c)i' a (a + ca;*)i' 



16. To And the integral of 

dx 



{a + ibx + CO?*)** 

This can be written in the form 

(^dx 



[ac - 6' + {ex + by]^' 
which is reduced to the preceding on making ex-^b-z. 
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Hence, we get' 

dx b + ex 



1 



(a + 2bx + ca?)^ {ac- V){a + zbx + ca^)^' 



(15) 



Again, if we Enibstitute - for Xy 

z 



xdx - — <fe 

becomes 



{a + 2bx + ca?^)* (02* + 2bz + cf 

and, accordingly, we have 

xdx a + bx 



1 



(a + 2bx + car*)* {ac - V){a + 2bx + {saj*)i' 
Combining these two results, we get 

{p + qx)dx bp - aq + {cp - bq)x 

{a + 2bx + car*)* " {ac - 6*)(a + 2bx + ca?*)*' 



1 



(16) 



d$ dO 
17. Intesratloii of -t — 7; and z., 

sin cos 



It will be shown in a subsequent chapter that the integra- 
tion of a numerous class of expressions is reducible either to 

that of -; — 7:9 or of ;; : we accordinrfy propose to inves- 

sm 6 cos t> ^ r r 

tigate their values here. For this purpose we shall first find 

the integral of . ^ ^ . 

sm u cos u 

d9 



g d9 cos^O rf(tang) ^ 

sin cos tan? tan 6 ' 

oonsequentiy ^^—^ - log (tan 6). (17) 

w 



II 



r 



J 



18 Elementary Forma of Integration. 

Next, to find the integral of 



sin 
This can be written in the form 

dO 

2 Sin- COS - 

2 2 

and, by the preceding, we have 

A*?ain, to determine the integral of — 3 we substitute 

cos a 

- - for Oy and the expression becomes -r-^ : the integral 
2 sin 

of this, by (18), is 

- log f tan|\ or log foot M, or log jcot f ^ - -j|. 

Accordingly, we have 

This integral can also be easily obtained otherwise, as 
follows : — 

ooBOdO Cd{mjid) 



r d9 foose^fl ^f 
JcosO""] cos^fl ""J 



cos'0 * 

Let sin = 2;, and the integral becomes 

C dx I - /i + a?\ I - /i + sin 0\ 

The student wiU find no difficulty in identifying this 
result with that contained in (19). 



If^effratum of 



dd 



a+ b oobO. 

V de 

1 8. Intepatloii of : — r s. 

a + OOStr 

This oan be immediately written in the form 



19 



(a + b) cos* - + (a - 6) sin*- 



or 



Q 

sec'- dd 

2 



a + 6 + (a - J) tan' 

on sabstitating » for tan - this beoomes 

2d» 



.e* 



a-¥ b + {a - 6)«'* 
Consequently, by Ex. 6, Art. 2, we get 
(i) when a> by 



b COS 
(2) when a < J, by formula (A), 



(20) 



1 



d9 



a + 6 cos fl y/ j« . ^« 



log< 



e' 



V^6 + a + \/b - a tan - 
y/j + a - v^6 - a tan - 



.(2.) .' 



If we assume a = & oos a, we deduce immediately from 
the latter integral 

r a- 9 

j d9 I ^^ l"^ 

Joosa + cos0~^8ma ^| a+6 



COS 



The integral in (20) can be transformed into 

b + a cos 9 ) 
b cosOi* 



Ja + 



dO 



b cos e ^^ _ J2 

[2 a] 



COjT' 



V— 
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In a subsequent chapter a more general dass of integrals 
whioh depend on the preceding will be discussed. ^ 

*i9. Methods of Intesratloii. — ^The reduction of the 
integration of functions to one or other of the fundamental 
f ormulaa is usually effected by one of the following methods : — 

^ (i). Transformation by the introduction of a new va- 
riable. 
(2). Integration by parts. 
(3). Integration by rationalization. 
(4). Successive reduction. 
(5). Decomposition into partial fractions. 

Two or more of these methods can often be combined 
with advantage. It may also be observed that these different 
methods are not essentially distinct: thus the method of 
rationalization is a case of the first method, as it is always 
effected by the substitution of a new variable. 

We proceed to illustrate these processes by a few ele- 
mentary examples, reserving their fuller treatment for sub- 
sequent consideration. 

20. Intesratloii by Transformatloii. — ^Examples of 
this method have been already given in Arts. 4, 10, &o. One 
or two more cases are here added. 

Ex. I. To find the integral of sin'a? ooQ^xdx. 

Let sin ^ = y, and the transformed integral is 



Ex. 2. 






1 



Let «* = y, and we get 

— ^ = tan^'y = tairHe^). 
I + y* ^ ^ ' 

21. Intesratloii by Parts. — ^We have seen in Art. 13, 

Diff. Calc, that 

d{uv) ~ udv + vdu ; 

hence we get 

uv = f udv + J vdUf 

(udv - uv -- f vdu. (^.|, . . ). (22) 



« 



■^ 



or 
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Consequently the integration of an expression of the form 
udv can always be made to depend on that of the expression 
vdu. 

The advantage of this method will be best exhibited by 
applying" it to a few elementary eases. 



^•- h— "^--1;^ 



x" 



= X sin"*a? + \/i - a?^ 



Ex. 2. 



|.log.«fe. 



Let If » log x^v^—y and we get 

Ja.loga.cfo = -^--Ja^--~(^log^--j. 
Ik. 3. ^'a?(&. 

Let « te «, — = t? then 

J a J\a a \ aj 

Ex. 4. I 



^ sinma?(£r. 



Let sin m^ » t«, — = r, then 

a 



ef^tOBfnxdx. 



[ ^ • » e^ BOJimx mC 

\ef^ smmxax^ 

J a a] 

ffP^ ooB mx tn r 
e" oosffiirdbo + — [ef^Binmxdg. 
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StibstitQting, and solving for / e^ sin ma;(£r, we obtain 

J fi^ smufcTifo ^ ^^-^, i. (23) 

In like manner we get i^ 

f ^^ - t^ (aoo&mx + mBm mx) . . 

\^ QOBtnxdx^ ^^ r ; ; \ (24) 



Ex. 5. X^/a' + a^dx. 



j^/^ 



Let a/a* + ar* = w, then 

I va^ + a^dx == x */c? + aj* -'i , ; 

also I \/a* + d^dM = a* I — 7 + . 

J J vVT^ J v^a* + aj» 

Hence, by addition^ and dividing by 2, 

v/a* + a?*(fo = -^^^ + — log(a?+ \/«' + a?*). (25) 

Ex. 6. J log {x + ^Q? ± a") dx. 

Hoto I log {x + \/a?* ± a*) tfe " a? log (a? + y^a?* ± a*). 



r a?efo 
-I- 



uv^aj* ± a» 



= a? log (a? + ^/ix? ± a") - ^/x^ ±a\ (26) 



I. 



2. 
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EZAUPLBS. 

I:fi*hgxdx. Arts. - — \\ostx ^—\. 

« + i V ^ n + ij 

j tear^x dx. „ « tdor^x - i log (i + a?*). 
xtoD^xdx. „ «taii«+ log(co8«) . 

Let xsaanf/i, and the integral becomes 

22. Intepatloii by RatlonaMzatlon. — ^By a proper 
assumption of a nefw yariable we oan, in many oases, onange 
an irrational expression into a rational one, and thns inte- 
grate it. An instance of this method has been given in 
Art. 8. 

The simplest case is where the quantity under the radical 
sign is of the form a + &r : such expressions admit of being 
easily integrated. 

For example, let the expression be of the form 



{a + 6ir)i' 

where n is a positive integer. Suppose a + bx^sf^ then 

, 2«efe , 2* - a 
ax = ~7— , and x =« — r — : 
o 

making these substitutions, the expression becomes 

2(s'-g)»rfg 



} 
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Expanding by the Binomial Theorem and integrating the 
terms separately, the required integral can be immediately 

found. It is also evident that the expression ^ can 

(a + bx)q 

be integrated by a flimilar substitution. 
V. 23. Integration of ^^-^^^. 

where m is a positive integer. 

2 //ft Sr — /Jt 

Let a + ea^ = «' ; then a:dip = — , a?* = ; and the 

(«* - a)^dz 

This can be integrated as before. It can be easily seen 

that the expression ; is immediately integrable by 

(a + caj*)» 

the same substitution. 

A considerable number of integrals will be found to be 
reducible to this form : a few examples are given for illustra- 
tion. 



Examples. 

, n + « ; where « = v i + ar. 



f a?dx " (2tf -f 3«c') 

J (a + «r«)^' ** 3«« (a + (»«)^* 

V 24. It is easily;; seen that the more general expression 

/{a^) xdx 

where /(^] is a rational algebraic function, can be ration- 
alized by tne same transformation. 
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Again, if we make x = - the expression 

dx 



transf onns into 

___ ■ • 

(as* + c)i * v^ 

and is reducible to the preceding form when n is an even posi- 
tive iateger. ^ ^^ ^ ^ 

Hence, in this cB.se, the expression can be easily integrated 
by the substitution {a + «r')4 = ay. 

It will be subsequently seen that the integrals discussed 
in this and the preceding Articles are cases of a more general 
form, which is integrable by a similar trapsf ormation. 

EXAKPUES. 



\ f ^ (^'+0 * (o 4.3) 

' 25. IntesraHoii or ^ 



(^+(7ar»)(a+«a5*)4' 



As in the preceding Article, let {a + cf)^ = xz, or 
a + caj* = d^z^ : then, if we differentiate and divide by 2x^ we 
shall have 



dx dz 
eax = z^dx -h xzdz, or — = ■„ 

XZ 0- z^ 

dx dz 






{a + ca?')4 c- z^^ 
and the transformed expression evidently is 

dz 



(27) 
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This is reducible to the fundamental fofinula (A), or (/), 
according as ^ — is positive or negative. 

Hence, (i) if j — > o, the integral is easily seen to be 

WA (Ac - Oa) " \yA(a + <»»)- x^Ac - CaJ 
(2). If — < o, the value of the integral is 

, x\/Ca -"Ac , V 

tan"^ '- y : • (29) 



x/A{Ca - Ac) yA{a + ex') 



EXAMPT.IM. 



^' J(4-3*^)(3 + 4*')»' " ^^^^^^fir^-s»' 



26. ltatlonaH«atlon by Trigonometrical TraiUH 
fbrmatloii. — It can b e easily seen, a s in Art. 6, that the 

irrational expression va + zhx + co^ can be always tranih 
formed into one or other of the following shapes: 

(i) (a»-s% (2) («» + «% (3) («*-«»)»; 

neglecting a constant multiplier in each case. 

Accordingly, any algebraic expression in x which con- 
tains one, and but one, surd of a quadratic form, is capable 
of being rationalized by a trigonometrical transformation : 
the first of the forms, by making s = a sin ; the second, by 
z^ a tan Q ; and the third, by s = a sec 0. 
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For, (i) when s = a sm 0, we liave (a' - 2')i = a oos 0, and 
dz^ a cos 0dO, 

(2). When z = a tan d, . . . . (a' + «*)* = a sec d, and 

, add 

az = — TTj. 
cos'O 

(3). When 2 = a sec 6, .... (2' - a')i = a tan d, and 
(& = a tan BeoOdd. 

A nmnber of integrations can be performed by aid of one 
or other of these transformations. In a subsequent place this 
class of transformations will be again considered. For the 
present we shall merely illustrate the method by a few ex- 
amples. 

^ EXAICPLES. 



I. 



i tfa? 



Let X = tan $, and the integral becomes 

eosBde Cd{nn$) i ^ 1 + x^ 



IooaBde _ ra(8in 
sin^d "J sin<( 



•e Bine 

Let jp = a sin 9, and we get 



f dx 



If rfd _ tan d 



This has been integrated hy another transformation in Art 15. 

r dx 

^' J x^{x'^-l)i' 

Let « s sec 9| and the integral becomes 

I cof^ede ; or, by (3) Art. 3, 



sin 00s 

— i— n= 

accordingly, the yalue of the integral in question is 



A/a?« - I I 

— —3— + - sec-»«. 
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J (i+a;«)* 



Let X = tan 9, and we get 

tf^ (a cos B + sin $) 



XoosBef^dO-y or by (23), 



I +«" 
-1 - . - -1 



Hence r = -^^ . 

J (i+a:«)8 (1 + a«)(i+r»)* 



Ie^r sin"* ( •• I . 



Let = sin' 0, or x = a tan' 0, and the integral becomes 

a J « <f (tan'a), or a /« <f (sec'«) : (since sec^a = i + tan^e). 
Integrating by parts, we liaye 

Sed (sec' e) = « sec'a - j sec^ede = e sec^ "t&n e : 
hence the value of the proposed integral is 



(a + x) tan-i f - j - (««)». 



It may be observed that the fundamental formnlsd (e) and (/) can be at once 
obtained by aid of the transformations of this Article. 

27. Remarks on Inteffratloii. — ^Tne student must 
not, however, take for granted that whenever one or other of 
the preceding transformations is applicable, it furnishes the 
simplest metnod of integration. We have, in Arts. 9 and 13, 
already met with integrals of the class here discussed, and 
have treated them by other substitutions : all that can Be 
stated is, that the method given in the preceding Article will 
often be found the most simple and useful. Tne most suit- 
able transformation in each case can only be arrived at after 
considerable practice and familiarity with the results intro- 
duced by such transformations. 

By employing different methods we often obtain integrals 
of the same expression which appear at first sight not to 
agree. On examination, however, it will always be found 
that they only difPer by some constant ; otherwise, they could 
not have the same differentiaL 
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28. Hlgber Transcendental Functions. — ^Whenever 
the expression imder the radical sign contains powers of x 
beyond the second, the integral cannot, nnless in exceptional 
cases, be reduced to any of the fundamental f ormulse ; and 
consequently cannot be represented in finite terms of Xy or of 
the ordinary transcendental functions : i. e. logarithmic, ex- 
ponential, trigonometrical, or circular functions. Accord- 
ingly, the investigation of such integrals necessitates the 
in&oduction of higher classes of transcendental functions. 

Thus the integration of irrational functions of a?, in which 
the expression under the square root is of the third or fourth 
degree in ^, d^ends on a higher class of transcendentals 
called Elliptic Functions. 

^2g. The method of integration by successive reduction is 
reserved for a subsequent place. The integration of rational 
fractions by the method of decomposition into partial frac- 
tions will be considered in the next chapter. 

¥ 30. OlMservatlons on Fundamental JPorms. — ^From 
what has been already stated, the sign of integration (J) may 
be regarded in the light of a question : i. e. the meaning of 
the expression / F{x) dx is the same as asking what function 
of X has F{x) for its first derived. The answer to this ques- 
tion can only be derived from our previous knowledge of the 
differential coefficients of the different classes of functions^ as 
obtained by the aid of the Differential Calculus, The number 
of fundamental formulae of integration must therefore, ulti- 
mately, be the same as the number of independent kinds of 
functions in Algebra and Trigonometry. These may be 
briefly classed as follows : — 

p_ 
i). Ordinary powers and roots, such as aJ**, «*, &c. 
2). ]Exponentials, f, &c., and their inverse functions; 

viz., Logarithms. 
(3). Trigonomefoic functions, sin^, tan^, &c., and their 
inverse functions ; sin'^a?, tan-^a?, &o. 

This classification may assist the student towards under- 
standing why an expression, in order to be capable of inte- 
gration in a finite form, in terms of x and the ordinary 
&anscendental functions, must be reducible by transforma- 
tion to one or other of the fundamental formulae given in 



[ 
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this chapter. He will also soon find that the classes of in- 
tegrals which are so reducible are very limited, and that the 
large majority of expressions can only be integrated by the 
aid of infinite series. 

The student must not expect to understand at once the 
reason for each transformation which he finds given : as he, 
however, gains familiarity with the subject he wiU find that 
most of the elementary integrations which can be performed 
group themselves under a lew heads; and that tiie proper 
transformations are in general simple, not numerous, and 
usually not difficult to arrive at. He must often be prepared 
to abandon the transformations which seemed at first sight 
the most suitable : such failures are not, however, to be con- 
sidered as waste of time, for it is by the application of such 
processes only that the student is enabled gradually to arrive 
at the general principles according to which integrals may be 
classified. 

Many expressions will be found to admit of integration 
in two or more different ways. Such modes of arriving at 
the same results mutually throw light on each other, and wiU 
be found an instructive exercise for the beginner. 
Vy ^31. Definite Integrals. — We now proceed to a brief 
consideration of the process of integration regarded as a sum- 
mation^ reserving a more complete discussion for a subsequent 
chapter. 

If we suppose any magnitude, w, to vary continuously by 
successive increments, commencing with a value a, and termi- 
nating with a value j3, its total increment is obviously repre- 
sented by j3 - a. But this total increment is equal to the sum 
of its partial increments ; and this holds, however small we 
consider each increment to be. 

This reault is denoted in the case of finite increments by 
the equation 

S (Aw)=/3-a; 

a 

and in the case of infinitely small increments, by 

dw^fi-a; (30) 
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in which /3 and a are called the limits of integration : the 
former being the mperior and the latter the inferior limit. 
Now, suppose u to be a function of another variable, x, 
represented by the equation 

then, if when x = ayU becomes a, and when x = byU becomes 
/3, we have 

Moreover, in the limit, we have 

du -j^{x) dxy 

neglecting* infinitely small quantities of the second order 
(See Diff. Oalc, Art. 7). 

Hence, formula (30) becomes 



i: 



'f[x)dx=f{b)-f{a)', (31) 



in which h and a are styled the superior and the inferior limits 
of Xj respectively. 

It should be observed that the expression f{x)dxy re- 

b 
presents here the limit of the sum denoted by S (fix) Ax)y 

a 

when Ao? is regarded as evanescent. 

In the preceding we assume that each element /'(a?) dx is 
infinitely small for all values of x between the limits of inte- 
gration a and h ; and also that the limits, a and 6, are both 
finite. 

A general investigation of these exceptional cases will be 
found in a subsequent chapter : meanwhile it may be stated, 
reserving these exceptions, that whenever /(a?), i.e. the integral 
oif{x)dXy can be found, the value of the definite integral 

f[x) dx is obtained by substituting each limit separately 



i 



* In a subsequent chapter on Definite Integrals a rigorous demonstration 
will be found of the property here assumed, namely that the sum of these 
quantities of the second order becomes evanescent in the Hmiti and consequently 
may be neglected. Compare also Art. 39, Diff, Cale. 
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instead of a? in /(a?), and subtracting the value for the lower 
limit from that for the upper. 

A few easy examples are added for illustration. 



I. 



2. 



5. 

6. 

7. 
8. 



10. 



II. 



Examples. 







I 8U 

Jo 

J a* + a?2* 



sin <f0. 

I 



Jo 

I- ^r?xdx, 


Jol +a? + «2* 



coaf^xdx. - 



I 

J2i+a:*' 

I 





^ xdx 
3 



«A/(«-a)03 -rr) 
See Art. 11. 



12. I xemxdx, 
Jo^ 

•3. ) 



•*• !I— 



a -f d COB 



, where a>b. 



2a coBX-\- a^' 



Am, 



fH-l 



»» 



>} 



I. 



^a 



tf 



IF I 



99 



99 



» 



I. 



»> 



3\/3 

2-4 
3.5' 



M -log 2. 



»> 



IT. 



99 



99 



I. 



\/a» - 4»' 



*' 73^* 
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^ 32. Cbange of Idniite. — It should be observed that it 
is not necessary that the increment dx should be regarded as 
positiye, for we may regard x as decreasing by successive 
stages, as well as increasing. 
Accordingly we have 

fV(^) dx ^f(a) -m = - [ V(^) dx. (32) 

That is, the interchange of the limits is equivalent to a change 
of sign of the definite integral. 
Also, it is obvious that 

ro re rb 

^{x)dx=\ ii{x)dx+\ ili{x)dx; 

and so on. 

Again, if we assume x to be any function of a new variable 
Zy so that (p{x)dx becomes \l,{z)dzy we obviously have 

\ i^{x)dx = \ i{z)dz, (33) 

where Z and z^ are the values which z assumes when X and 
Xq are substituted for Xy respectively. 

^_ dx 

For example, if a; = a tan z^ the expression — — -^ be- 

I W T Xi ) 

comes r — ; and if the limits of 2; be o and a, those of 

z are o and -. Oonsequently 

4 

[^ dx I f* J I 
7~i — 25>nr == "1 oos«a«= ;=. 

Also, if we substitute a - 2 for x, we have 

ca CO ra 

t^[x)dx = - ^(a - s)eb = 0(«, '^z)dz. 
" [8] * 
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Since neither x nor z ooonrs in the result, this equation 
may evidently be written in the form 

I (f>{x)dx = <p[a - x)dx, (34) 

,0 Jo 

For example, let ^(a?) = sin"a?, thbn ^ ( x\ = oos**a?, and 

we have 

tr IT 

2 . fz 

sm'^ajcfe = ooB^xdx. 

J 

And, in general, for any function. 



IT 



V. 



f{mix)dx = f{coQx)dx. (35) 

Jo Jo 

33. Taluks of sLnmx^nxdx, and cosin«cosna;e£r. 

Since 

2 sin Wic sin WiT = cos {m- n)x - cos (w + n) Xy 
and 

2 cos mx cos na? = cos (m - n) a? + cos (m + n) a-, 

we have 

sin (m - n)x sin (m + w) a? 



1 



sin;na;sinnar(£r = 



2 (w - w) 2 (w + n) ' 

- f _ sin (w - n) a? sin (m + n)x 

and oos«M?coswa?aa?= — 7 ^ + — 7 r^. 

I 2 (m " n) 2 (m + n) 

Hence, when m and n are unequal integers, we have 
I sin mx sin nxdx = o, and cos mx cos na;e£t; » o. (36) 
When w = w, we have 



sin'wa?t& = — 



- cos 2nx . X sm inx 

ax =^ -, 

2 2 4» 



-i:- 



sin'na;^^^ = -, when n is an integer. 
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In like maimer, with the same oonditiony we have 



1 



IT 



oos' nxdx = -. (37) 

2 



Again, to find the value of 

•^ 

\/(a?-a) (fi-x)<jlx. 



1: 



Assume, as in Art. 1 1, a; = a 00s' + /3 sin^ ; then, when 

IT 

© = o, we have x = a; and when = -, aj = /3. 
Henoe, as in the artide referred to, we have 

[ ^/ix-a){^-x)dx = 2 O - a)M [sin' oos'drfe. 

W IT 

Also 2 psin'doos'drffl = i [ W 2 flrffi 

f IT 

.-. r y{x-a){fi-z) (fe - 1 (/3 - «)». (38) 



[8 a] 
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2. \ xanxdx. 



I (I + COB a?) <to 
{x + sin a?)' 

(a; ail 
3. I -^^ <te. 

(«» + «»)»• 
6 f <fa^ 



^IM 


I I 


2 {x + am x)*' 


ft 


mRX-XOOBX. 


ft 


2 log (I + «) - X. 




(a + J«»)"»*i 


M 


n(m + I)* ' 




2 I 


ff 


3 (09 + «»)»• 


H 


log (tan-^a;). 


ff 


• 1 /* + ' 
*™W 6 ' 



8. 



fax 



9. f-o = TT-r-r-. •• -rtan'* ( — tana?). 

. . . a ' ' f» —71 rlog(acos2a? + a8m«af). 

a + ft tan'a? " a (J - a) 



II. 



f ees (log :g)<fe „-„/W*> 

I . „ on (log as). 



dx 



12. Show that the integral of — can be obtained from that ofa^dx. 

Write the integral oixf^iD, the fbnn : and, hy the method of 

indeterminate forms, Ex. 5, Gh. iy. DifP. Oalc, it can easily be seen that the 
true yalue of the fraction when m + i » o is log ( - j , or log x, omitting the 

arbitrary constant 

13. /tfO*sin«M;co6ita;dSv. 

This is immediately reduoiblB to the integral given in formula (23). 

Js + 4BUi» ^ 3X3/ 



N- ", 



(rU^^ J« -r Z» 



<* '/ • ^ 



2g + hx^ 



<£r 
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15. I .— . ^^, V i 

J (!+««)* . (i + a«)(i+a2)i 

17- --. 

J (a + *««)• 
Let a + Aa;2 = «*. 

^g^ f (JP + g cos af)dx 

J a + ^cosjT * ' ^ f i^ 

This is equiyalent to 

{qdx ^ ph-qa T 

J^ h Ja + dcosjc' 

and aooordiDgly can be integrated by Art. 18. 

^:i:l^•V^.x-]*.^(xJ- H -tan-i(*«). 

21. Ux Cji*^ !l . 

J (» + *««)* ' 3a(a + iaj2)' 

Let «•+!=«». 



I +» 



20. 



34. Integrate 



«+ 6 CO80 



by aid of the assnmption » e ; . 

^ a + * cos e 

The expression transfonns into 

dx 



>/(fl^-J«)(l««8)' 



accordingly, when a > d, its integral is _ sin-*« : and when « < *, it is 

I 
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25. Dedaoe Gregory's ezpansioxi for tan't^r from formula (/). 
When :r < I, we have 

I- a?2 + «*-«• + &c.; 



^ , { dx «'«*«'- 

J i + a^ 3 5 7 

No constant is added sinoe tan~' x vanishes with x. 

26. Deduce in a similar manner the expansions of log (i + x), and sin*^ x, 

27. Find the integral of r — -^ — r— ;■. 

' a + dcosd + 0sm0 

This can be reduced to the form in Art. 18, hy assuming - = cot a, &c. 



28. I o/i/ i a 

J (a+Mv i + sp* 



-4#w. log I ) 



This can be integrated either by the method of Art. 13 or by that of Art. 23. 

»9. I — / ' 1 1 Jins. - 8ec"*'( «' ) . 

J av «» - I « V / 



IT 



irsind;^^ I , 
. ^ ft -log a. 
C08« 9w 2 ^ 



3a 



I * • if log (i + y/2). 

Jo COS* " ^ ^ ^ ' 

fg dx 
Jo(4 +3r»)i' 

33. ]^^/a^-x^dx. 

34. I a? versin-i ( " ) ^* 



35- 



36. 





I 


M 


8- 




«a« 


1* 


• 

4 


9f 


• 

4 


n 


ilog,. 



04 + 5 sind?* 

rr ito 2 J / 1 \ 

JoS + 4Bin« *• 3 \3/ 



( 39 ) 



CHAPTER 11. 

INTEGRATION OP RATIONAL FRACTIONS. 

^34. Iftatloiial Fracttons. — A fraction whose numerator 
and denominator are both rational and algebraic fonctions of 
a variable is called a rational fraction. 

Let the expression in question be of the form 

aaf^ + haf^^ + eaJ^* + &c. 
rt'a?" + 6'a^-^ + daf^^ + &c.' 

in which in and n are positiye integers, and a, b, . . . a\ h\ .. . 
are constants. 

In the first place, if the degree of the numerator be 
greater than, or equal to, that of the denominator, by division 
we can obtain a quotient, together with a new fraction in 
which the numerator is of a lower degree than the deno- 
minator : the former part can be imme^ately integrated by 
Art. 3. The integration of the latter part in general comes 
imder the method of Partial Fractions. 
V 35. Elementary Applieatloiis. — Before proceeding to 
the general process of integration of rational fractions, we 
propose to consider a few elementary examples, which will 
lead up to, and indicate in what the general method really 
consists. 

We commence with the form already considered in Art. 7 ; 
in which, denotinfi^ by ai and a% the roots of the denominator, 
the expression to be integrated may be represented by 

{p + qx)dx 



{x - ai)[x -- a-i)' 

Assume 

p + qx _ -^1 -^3 



{x — a\) (a? — 02) iP — ai X " as 
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Multiplying by {x - a^ {x - a^ we get 

p '\' qx = - [Aia% + Aza^ + {Ai + A^x. 

Hence, we get for the determination of Ai and A^ the 
equations 

p = - AiQi - A^ai^ q = Ai-^ A2I 
whence we obtain 

^1 — -, ^a ■= • 

Oi — Cfa Oi — aa 

Consequently 

r (j!? + j'a?) fl& _ i> + S'oi r dx p + qa2 [ dx 
J (i»- cii){x - aa) ai - aa J a? - oi Oi - aa J a? - aa 

= j(^ + ?ai)log(aJ- ai) - (l> + ga2)log(ii?-a2)}. 

ai — aa t J 

In like manner 

p-^qoi? ^ Ai A^ 

(a?* - ai)(a?* - aa) a^ - ai a^ - a% 

where Ai and Az have the same values as above ; hence 

f (p + qa?) dx _ i? + g'oi r efo i? + g'aa f /fe 
J (a?* - ai) (aj* - aa) ai - oaj a^ - ai oi - aa J a^ - aa' 

But each of the latter integrals is of one or other of the 
fundamental forms (/) and {h) of Chapter I. ; hence the 
proposed expression can be always integrated. 

Again, let it be proposed to integrate an expression of 
the form 

( j!? + ga? + raJ*) dx 



(a;-ai)(a?-a8)(a?-as)' 
We assume 

p -{■ qx -¥ ra? Ai At As 



{x - oi) (a? - aa) {x- Qi) a? - ai a? - oa x-a;i^ 
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then olearing from fractions, and identifying both sides by 
equating the coefficients of a^y of Xy and the part independent 
of a, at both sides, we obtain three equations of the first 
degree in ^i, ^39^89 which can be readily solved by ordinary 
algebra ; thus determining the values of Ai, A%, Az in terms 
of the given constants. 
By this means we get 

f {P'\'qx + ro^)dx ^ ^^ f dx ^ ^ f dx ^ ^^ f dx 
J (a? - oi) {x - 02) {x - aj) J a? - ai ja? - 03 J a? - aj 

= Ai log {x - ai) + ^slog (a? - oa) + A^ log (a? - aj). 
We shall illustrate these results by a few simple examples. 



FiTAlfPT.TW. 

Ixdx 3 I 

^^»*-3 - " ; log (* + 3) + ^108 («-')• 



1d!v I , 



« — I I , 

— tan-ij;. 



« + I 2 

-7^ s— • t9 ~ tan-** — -2 tan-* -. 

^ / f «<te I , ir* - I 

- [{^-2)dx r /«'-a\,, , 

\r» + ^-6^ - " 6l'«*+-log(*-a) + -log(*+3). 

Here the denominator is equal to »(x - 2) (« + 3) ; and we have 

a^ + x - I Ai A2 . As 
— — 4. f- 



a;(a; - 3) («+ 3) « »-2 a; + 3' 



-i 
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hence »' + a; - i = Ai{afl + a; - 6) + AiX{x + 3) + Azx(x - 2) ; 

.*. the equations for determining Aiy A2 and Az are 

-4i + u4a + -43= I, ^1 + 3^8-2-48=1, 6Ji = i, 
whence we get 

f (22^5 + 2a?2 + 4a; 4- i) <?a; , « , / • > 

8. L ^ <■ — . Am, «8 + log (a^ + re + l). 

J a:* + a? + I ® 

We now proceed to the consideration of the general 
method, and, as it is based on the decomposition of partial 
fractions, we begin with the latter process. 

N 36. Partial Fractions. — ^The method of decomposition 
of a fraction into its partial fractions is usually given in 
treatises on Algebra ; as, however, the process is intimately 
connected with the integration of a large class of expressions, 
a short space is devoted to its consideration here. 

For brevity, we shall denote the fraction under con- 

Biderationby-^. 

Let ai, a2, as, . . . an denote the roots of ^{x) ; then 

0(0?) = (a? - ai)(a? - a^{x - 03) ... (a? - a»). (i) 

There are four cases to be considered, according as we 
have roots, (i) real and unequal; (2) real and equal; (3) 
im agin ary and unequal; (4) imaginary and equal. 

We 'proceed to discuss each class separately 

V 37. Real and Unequal Roots. — ^In this case we may 
assume 

.-. A — 7-T = + -' + + . . . + , (2) 

^ *^ '^ » (a?) X - ax X - tti X - az os - an 

where Ai, A29 . ... An are independent of x. For, if the 
equation be cleared from fractions by multiplying by 6(a?), 
on equating the coefficients of like powers of x on both 
sides we obtain n equations for the determination of the n 
constants Ai, A2, . . . An> 
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Moreoyer, since these equations contain Ai, Ai, &c., only 
in the first degree, they can always be solved : however, since 
the equations are often too complicated for ready solution, 
the following method is usually more expeditious : — 

The question (2), when cleared from fractions, gives 

f{x)^Ai{X''a^{x-a^ . . (a?-an) -\rA2{x-a^{x-a^ .. (x-On) 

+ &c. +-4„ (x- ai){x- oa) . . (a?- a»_i) ; 

and since, by hypothesis, both sides of this equation are 
identical for all values of x. we may substitute ai for x 
throughout; tins gives ' 

/(oi) = Ai(ai - aa)(oi - as) . . . (oi - a„), 



In like maimer, we have 



Hen(VB, when all the roots are unequal, we have 



(3) 



!■ 



W V«V ^ - oi (03} a: - oa [an) X - an 

Accordingly, in this case 

0(0?) (ai) ® ^ ^ 0'(aa) ® ^ ' 

The preceding investigation shows that to any root (a), 
which is not a multiple root^ corresponds a single term in the 
integral, viz. 
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one which can always be founds whether the remaining roots 
ate/ known or not ; and whether they are real or imaginary. 

V38. Case where BTiiinerator Is of hlglier Degree 
than Denoiiiiiiator. — It should also be observed that even 
when the degree of a; in the numerator is greater than, or 
equal to, that in the denominator, the partial fraction cor- 
responding to any root (a) in the denominator is still of the 
form foimd above. 
For let 

^(x) ^ ^{xy 

where Q and R denote the quotient and remainder, and let 

root a; then, by multiplying by <^[x) and substituting o in- 
stead of X, it is easily seen, as before, that we get 



A = 



/(«) 



For, example, let it be proposed to integrate the ex- 
pression 

(xfdx 
aj* - 2ic* - 5a? + 6' 

Here the factors of the denominator are easily seen to be 

a? - I, a? + 2, and a; - 3 ; 
accordingly, we may assume 

^ ^ a ^ B C 



a^ - 2X^ - $x -k- 6 X - 1 X -¥ 2 X- $ 

J To find a and /3, we equate the coefficients of a;* and a^ to 

^ zero, after clearing from fractions : this gives, immediately, 
^ a = 2, and j3 = 9. 

A^ain, since ^{x) = a^ - 2a?' - 5a? + 6, we have 
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Aooordingly, substituting 1,-2, and 3, suooessiyely for x 
in the fraotion 



3a;* - 4rc - 5 



we get 

6 15 10 

and henoe 

jK^ . I 33 243 

«'-2a?'-5ir+6 6(2?- 1) i5(a?+2) io(a?-3)' 



.*. I = — I- ar + ooj ~ 



log(a?-i) 



. -fJlog(^ + 2)+^3log(a.-3). 

39. Case of ETen Powers. — ^If the numerator and 
denominator contain x in eyen powers only, the process can 
ffenerallj be simplified ; for, on substituting z for a^j the 
fraction becomes of the form 

Aooordingly, wheneTsr the roots of d>(z) are real and 
unequal, the fraotion ooa be decomposed into partial fractions, 
and to any root (a) corresponds a fraotion of the form 

0'(a) « - a* 
The corresponding term in the integral of 

is obyionsly represented by 






] 
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This is of the form (/) or (h), aooording as a is a positiye 
or negative root. 

The case of imaginaiy roots in ^(s) will be considered in 
a subsequent part of the chapter. 

It may be observed that the integrals treated of in Art. 5 
are simple cases of the method of partial fractions discussed 
in this Article. 



Examples. 



I. 



f (2a? + 3) dx 



Here the factors of the denominator evidently are a;, « — i, and a; + 2 ; we 
accordingly assume 

2a? 4- 3 A B C 



«•+«* — 2a? X X — I X + 2' 
Again, as ^ (a;) = a;^ + a^ — 2a?, we liave ^'{x) = %x^ + 2X — 2; 



. / fc) _ 2a; + 3 ^ 
4/{x) " zafl + 2x - 2* 



Hence, by (3) we have 



23 6 



consequently 

(21? + 3)efa; 



\ . /^ =-^ log a: + :llog (« - l) - ^ log (x + 2). 

a^-\-x^- 2x 2 ° 3 ' 6 ^^ 



J dx 



hence the value of the required integral is 






^{s--(T)->-e)! 



(a» 

xdx 



I 



(*a + a)(a;a+d)* 
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Substitute z for z'' and the transfonned integral is 

I I de 

2 (« + a) (a + b)' 

Consequently the yalue of the required integral is 






2 (a 
^—-^j-^. An». zx + II log (« - 2) - 2 log(a; - i). 

^- Ife^- " ilog(^-i)+Ilog(a:-2)fAiog(a; + 3). 

^- / . J . X - 9> -log« + log(ar+ I) -^log(«+ 2 . 



8. 






bx^y 



Let *• = -. 



s 

^ 40. Multiple Real Roots. — Suppose i^{x) has r roots 
eaoh equal to a^ then the fraction can be written in the shape 

/(^) 

(a? - a)*"^ (ic)* 
In thid ease we may assume 

f{x) Ml ^ M2 Mr^ P 



where the last term arises from the remaining roots. 

For, when the expression is oleared from fractions, it is 
readily seen that, on equating the coefficients of like powers 
at both sides, we have as many equations as there are 
imknown quantities, and accordingly the assumption is a 
legitimate one. 
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In order to determine the coefficients, JIfi, 111%^ &c. . . . Mr^ 
clear from fractions, and we get 

fix) = -Jfi)//(ir) + Jfa(a? - a))//(a?) + Mi{x - ayyp{x) + &c. . . . (6) 

This gives, when a is substituted for x^ 

Aa)^M4{a),0TM,=^. (7) 

Next, differentiate with respect to x, and substitute a 
instead of a? in the resulting equation, and we get 

/(a) = M4\a) + M,iP{a) ; (8) 

which determines Jfz. 

By a second differentiation, M^ can be determined ; and 
so on. 

It can be readily seen, that the series of equations thus 
arrived at may be written as follows — 

f\a) = My^'\a) + 2 . M4\a) + 1.2 .M^^P{a\ 
r\a)=M4''\a) + a.-MirW + 2.3.Jf8f(a) + 1.2.3. M4{a), 
f>{a) = M^f^ia) + 4.-»"2i^"'(«) + 3-4-M'8r(a) + 2.3.i^.M4\a) 

+ I . 2 . 3. 4 . Jf6^(a), 

in which the law of formation is obvious, and the ooeffidents 
can be obtained in succession. 

The corresponding part of the integral of 

f{x)dx 



{x - afyp {x) 
evidently is 

MrlOg {x-a) 7 r^ - ... - 7 r-7 r— :. (9) 

If <li{x) have a second set of multiple roots, the cor- 
responding terms in the integral can be obtained in like 
manner. 
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41. Imaginary Roots. — ^The results arrived at in 
Art. 37 apply to the case of imaginary, as well as to real 
roots ; however, as the corresponding partial fractions appear 
in this case under an imaginary form, it is desirable to eSiow 
that conjugate imaginaries give rise to groups in which the 
coefficients are all real. 

Suppose a + 6 y^- i and a-h \/^ to be a pair of con- 
jugate roots in the equation 0(^) == o ; then the corresponding 
quadratic factor is 

(a?-a)* + 6*; which may be written in the form a?" + jw? + g. 

We accordingly assume 

and hence 

f{x) Lx + M P^ 
<p{x) a^-^px + q Q' 

P 

where -^ represents the portion arising from the remaining 

roots, and — is the part arisinf^ from the roots 

x^-\-px+q ^ '^ 

a ± J v^- I. 

Multiplying by <p{x) we get 

P 

/{x) = (Lx + M) xfj (x) -\- (ix^ -\- px ■{- q) -^ xfj {x), (10) 

If in this, - (px + q) be substituted for o^, the last term 
disappears ; and by repeating the same substitution in the 
equation 

/{x)=rp{x){Lx + M), 

it ultimately reduces to a simple equation in a? : on identify- 
ing both sides of this equation, we can determine the values 
of L and M. 

42. In many cases we can determine the coefficients £, M 
more expeditiousljr, either by equating coefficients directly, 
or else by determming the other partial fractions first, and 
subtracting their sum from the given fraction. 

It will also be found that the determination of many 
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integrals of this class can be much simplified by a trans- 
formation to a new variable, or by some other suitable 
expedient. 

Some elementary examples are added for the purpose 
of illustration. 



Examples. 

xdx 



I. 
Assume 



I xdx 

(i+ar) (! + «»)* 



X A Lx ^ M 

{i-\-x)(i-{x'^)~ i-\ X I 4 «* ■ 

clearing from fractions, this becomes 

X = A [i -{■ x^) -^^ {Lx + Jf)(i + x). 

Equate the coefficients, and we get 

Z-\-A = o, i + if=i, A-\-M=o, 
Hence 



and accordingly 



2 2 2 



X II I I +« 

+ - 



(i-\-x){i^x'^) 2I+X 2l+a;2' 



• 2. 

Let 



(xdx _ I 

dx 



-I- - tan'^a?. 



(l+«)«) 2 






I - x^' 



A Lx^M 



consequently, -4 = -, by formula (3). Substituting and clearing from fractions 
we have 

3 = I _ a; + aj2 + 3 (Xj; + Jf)(i + «) I 

hence, dividiiig by i + a?, we have 

2 - a; = 3 (Xjp + Jf)' 
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Consequently 

Idx _^iT dx I f (2 - x)dx 

I I I f2X — I \ 

= -log(i +a?)-^log(i -ar + aj2) + — =tan-M — — -). 

Idx , i,/i+a; + ir*\ i^ ,/2a; + i\ 
-. ^««. ^log ; — ;) + — -tan-M — 7^ J. 

This can be got from the last by changing the sign of x. 

!dx 

In this case we haye 

I -x^~ 2\i -a^ I + a;'/ ' 

{ xtdx ^ I , ( (a:*-i)2 ) I ^ ,(2a;4+i) 

^ W^-i 24 ^\x» + x^ + i) 4^3 ( -v/7 ) 

Let d;^ = e, and the integral becomes 

I r z^e 



, f x^dx 

J (a; - 1)2 (a;« + i)* 



Assume 



«» A B Lx\U 

+ + 



(a?-l)»(a;2+l) (a;-i)2 "^ a;- i ^ l + a;«* 

To find X and Jf, clear from firactimis, and by Art. 41 the values of L and M 
are found by making a;^= - i in the following equation : 

«« = {Lx + M){xr "if* 
This gives immediately X = — , Jf = o. 

Agcdn, by Art. 40, we get immediately ^ = -. 

To find B^ make « = o in both sides of our identity, and we get 

Q=A-B\K\ .-. ^ = ^t=-. 
[4a] 
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FinaUy 



a^ II I I t X 

+ - 



(a? -!)»(«*+ I) 2(a?-i)» 2«-i ai+a;^' 

Here the denominator is easily seen to be a^(j» - i)(« + i)'(j^ + i), and the 
expression becomes 

dx 



f ^ 



Assume x = -, and the transformed expression is evidently 



f z^ 

J(a-i)(«+i)2(«3+i)* 



The quotient is easily seen to be s - i ; and, by the method of Art. 38, we may 
assume 

«• A B G Li-^M 
« - I + + .-— -.0 + + 



(a-i)(»+ i)«(«a+i) s-i («+i)2 «+i a«+i' 

Hence (Arts. 37, 40), we haye 

Next, Z and Jf are found by making 2' s — i, in the equation 
«« = (i2 + Jf)(2 - 0(2 + i)2; 
.•. I = 2(Lz + Jf)(a + I) = 2 {Z«a + (X + Jf)« + Jf }, 



which gives 



X+Jf=o. Z-Jf=--; 

2 



•*. Jf = — , X = • -•• 

4 4 



In order to find the remaining coefficient (7, we mal^e s s o, when we get 

o = - I -^ + JB + C+ Jf ; .-, C= |. 

o 
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hence we haye 



«• I I o « - I 



{ifidit s^ I I 

+ |log(»+ i) - ilog («■ + l) + - tan-»a. 

Hence 

I dx I I X I I -a;' . g+i I J I 

J («-i)2(a; + 3) 2 ^a?+3 a? - I 

- ^43. Midtlple Imaclnary Roots. — To complete the 

difloassion of the decompofiition of the fraction ^^-V-ry sappoee 

the denominator ^ (a;) to contain r pairs of equal and imaginary 
roots, i. e. let the denominator contain a factor of the form 
{(a? - ay + 6')''; and suppose ^(x) = ((a? - «)• + 6')'' ^i{x) 
In this case we assume 

f{z) __ LiX + Ml LiX-^Mt 

[{x~ay+byi,i{x) " Jix-ay+b']^ "^ [{x - ay -^ b"}^' 

LrX + Mr P 

'^'"^ {x-ay+b^'^'i:^' 

the remaining partial fractions being obtained from the other 
roots. 

There is no difficulty in seeing that we shall still have 
as many equations as ui:dbiown quantities, Li, Miy 2^, M^y • . . 
when the coefficients of like powers of x are equated on both 
sides. 

To determine Li^ M^ L%y &c. ; let the factor {x - ay + 6' 
be represented by X, and multiply up by X% when we get 

^=:il« + ifi+(X8« + if2)X+&C. + (i;r«+ifr)Z'-»+ ^.* (ll) 
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The coeffioients Xi and Mi are determined as in Art. 41. 
To find Lz and M2 ; differentiate with respect to a?, and sub- 
stitute a + h^/ - I for X in the result, when it becomes 

where Xq = a ■\- h^ - i. 

Hence, equating real and imaginary ports, we get two 
equations for the determination of L2 and M^. By a second 
differentiation, Lz and Mz can be determined, and so on. 

It is unnecessary to go into further detaH, as sufficient has 
been stated to show that the decomposition into partial frac- 
tions is possible in all cases, when tiie roots of <^{x) = o are 
known. 

The practical application is often simplified by transfor- 
mation to a new variable. 

^ 44. The preceding investigation shows that the integra- 
tion of rational fractions is in all cases reducible to that of 
one or more fractions of the following forms: 

dx dx {A +yB)dx (Lx + M)dx 



X 



-a' {x-af {x^ay + b^ {{x-ay+bY 



The methods of integrating the first three forms have been 
given already. We proceed to show the mode of dealing 
with the last. 
^ 45. In the first place it can be divided into two others, 

L{x - a)dx {La + M)dx 
[{x-ay + b'Y'^ [(x-af-^bY 

The integral of the first part is evidently 

-i 



2{r-i)[{x-ay^b^) 



r-i* 



To determine the integral of the other part, we substitute 
ziovx - a, and, omitting the constant coefficient, it becomes 



1 



dz 

(«» + by 
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Again 

C dz I C jz" + y - z')dz if dz if zyz 

J {2» + 6«)r " 6^ J (s» + 6y ~ J2 J (2^ + b')"^' b' J (s* + bY 

But we get by integration by parts 

r z^dz C zdz _ ^ r ^ / I 

J (g' + J^)'- " J ^* (2' + 6y " " 2(7^J V(s« + &»)'- 

z I f «&; < 



z^ I r dz 



Substituting in the preceding, we obtain 

^ dz 2r-3 C dz z . . 

]{z^ + b^Y " 2{r- i)6»J (2'^ + 6*)'--^ ^ 2(r- i)*-^ (s^ + i*)'-^* ^^^^ 

This formula reduces the integral to another of the same 
shape, in which the exponent r is replaced by r - i. By 
successive repetitions of this formula the integral can be re- 

dz 
duced to depend on that of t^ — nr. 

^ (2'* + b^) 

The preceding is a case of the method of integration by 
successive reduction^ referred to in Art. 19. Other examples 
of this method will be found in the next Chapter. 

The preceding integral can often be found more expedi- 
tiously by the following transformation : — Substitute b tan 

dz 
for Zy and the expression -r-^ — j^ becomes, obviously. 



^r-lj 



^^.,.cos"^»de?6l. 



The discussion of this class of integrals will be found in 
the next Chapter. 

v^ o 46. We shall next return to the integration of ^ /^ , 

which has been already considered in Art. 39 in the case 
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where the roots of 0(2) are real. To a pair of imaginary 
roots, a±b */- i, corresponds a partial fraction of the form 

{Ao^ ■\-B)dx {Aix? + B)d x 

{x" - ay + 6*' ^^ a?* - 2«a?' + c^' 

where c^ = a'^ + h\ 

In order to integrate this, we assume a = c cos 20, when 
the fraction becomes 

{Ax" ^B)dx 



CC^ - 20? C COS 20 + C** 

The quadratic factors of the denominator are easily seen 
to be 

a? - ixV c cos + c, and a?^ + 2x ^/c cos + c. 
Accordingly we assume 
Ax' + B Lx + M Z'a? + IT 



X^ -2a?C cos 20 + C* a?' - 2a? y/<? COS + C a?* + 2X^C COS +<?* 

hence it can be seen without difficulty that 

Ac-B B 

L = -L = — ; , M= M =—, 

4 C=» cos .2C 

and after a few easy transformations, we find 



h 



{Ax^ + B)dx _ Ac-B - /a?' - 2a? ^/coos + c' 
a?*-2ar^ccos20 + c'^" 8cos0c» ^^ y + ^a? v/c"cos + c, 

-4C + -B 



+ 



4 sin 0^ 



tan-^ /^ 2a?v/^8in0 \ 
\ c-x" J' 



^47. Integration of 



(a? - a)*" (a? - b)'^' 
This expression can be easily transformed into a shape 
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which is immediately integrable, by the following substitu- 
tion: — 

Assume x - a - {<c- b)z; then 

a-bz (a^b)z , a-b . la-b)dz 
x= ; .-. a?-a = ^ —, x-b= , ax = ^, -rr-; 

1-2 1-2 1-2 (1-2)* 

and the expression transfoms into 

(l - 2)'***^(jfe 

Expand the numerator by the Binomial Theorem, and the 
integral oan be immediately obtained. (Compare Art. 4.) 
For example, take the integral 

dx 



{x- ay{x-by' 
Here the transformed expression is 

(i 'zYdz 



{a^byz^' 
or 



1 



( 



a^^\{? - f + 3 -«)rf« = j^. \j- 3» + 3 log. + ^j. 



X -^ a 



Substituting — -^ for 2, the integral can be expressed in 

terms of x. 

^ ^ o^^dx 

^ ' 48. Integration of 



(a + ca?y 

where m and n are integers. 

Let a + ac* = 2, and the expression becomes 

(2 - c^^dz ^ 

a form which is immediately integrable by aid of the Bino- 
mial Theorem. 
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It is evident that the expression is m^e integrahle by the 
Bome transformation when n is either a iraotional or a nega- 
tive index. 

It may be also observed that the more general expression 

\^\» ^^^ ^® integrated by the same transformation, where 
/[a?) denotes an integral algebraio function of (x?. 



Examples. 

!^^^ ^ «* *' All / ft «»\ 

7-2 ^2- ^^- r 2 ^\ + - + «* log (a^ - a;«). 

f a^dx I a 

(a + exY " " 4^* {a + ex^f ■*" 6<r» (a + coj^js* 

dx 

Oq49. Integration of , 
ar — I 

where n is a positive integer. 

Suppose a an imaginary root of af* - i = o, then it is evi- 
dent mat a"^ is the conjugate root : also, by (3), the partial 
fraction corresponding to the root a is 

. I a 

or 



wa""i(a? - a)' n(a?-a)* 

If to this the fraction arising from the root a'^ be added, 
we get 

I J a g"^ I I I x{a + a "^) - 2 | 

w (a? - a a? - a~^)' « (ar* - (a + a~*) a? + i)* 

But, by the theory of equations, a is of the form 

2kfr / — . ikv 

cos — + V - I sm , 

n n 



dx 
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where k is any integer ; 



.*. a + a"^ = 2 cos 



n 



Hence, if be substituted for — , the preceding fraction 

becomes 

2 0? cos - I 



n ' ic* - 2a? cosfl + i' 

The integral of this, by Art. 7, is 

cos 0- ^ ^ .,, 2 sin , .fx- cos fl\ 

log (I -2a? cos B + ix^) tan^M — ;— 75 — . 

n ° ^ n \ sinO / 

There are two oases to be considered, according as n is 
even or odd. 

(i). Let n = 2r: in this case the equation ar**" - i = o has 
two real roots, yiz., + i and - i ; and it is easily seen that 

[ dx I - a? -I I _ Att, , Air ,v 

-r- = — log + — S cos — log (l - 2a? cos — +3?*) 

Iaj^-i2r®a?+i2r r ^^ r ' 

f A7r> 

, Ix- 008 — 

-isdn-Itan-'f— ^1, (13) 

where the summation represented by 2 extends to all integer 
values of h from i to r - i. 

(2). Let n = 2r + I, we obtain 



f dx log(a:-i) i ^ ikir . ( ikir A 

-rrr, — = -^"^ ^+ S COS log i-2a?cos +ar 

Ja?**^^-i 2r+i 2r+i 2r+i '^V zr^-i J 




2r+ I 



:\ 



n\x -a X - cT^J ft 
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where the summation represented by 2 extends to all integer 
values of k from i up to r. 

A 50. Integration of , ^rhere m Is less than n + 1 . 

As before, let a be a root, and the corresponding partial 
fraoti<5iiis —r-r, ^ or— 7 r ; hence the partial fraction 

wa""^(a?-a) n{x - a) ^ 

arising from the conjugate roots, a and a'S is 

a? - {a-^ a^) x ■{- i 

2 xooBmO - cos (m - i)fl 
n a^ - 2a?cos0 + i * 

where is of the same form as before. 

The corresponding term in the proposed integral is easily 
seen, by Art. 7, to be 

-|coswdlog(ic'-2a?oos0+ i) -2sinmOtan"* — ^~S"r (^5) 

By giving to A; all values from i to — i, when n is even, and 

from I to when n is odd, the integral required can be 

witten doTm ae in the preoeding Article. 
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y. 



J{ 



i! 



4y 



^ 5. 



< 



7. 



8. 



Examples. 



10. 



II. 



fl^ + 6a; + 8' *"* 2 °^ \a? + 4/ * 



3aM2» 



,, 3 log (a? - a) + log(a; + 1). 



«> — a? - 2* 

(^ + 5a;2)<fc u4, J?a-^ft, , ^ ,^ 

^(TT^' " -loga; + -^^log(a+3a.*). 



«*<fc I_«-I V2^ ,/*\ 

5 • » rlog +"^^^ — teii'M— T^I- 
4y/'2 a;2_a>v/2 + i a-v/a Vi-a;*/ 



«* + i' 

(2g - 5)<fa 7 . II , /g-i-i\ 

(»+ 3)(a?+ !)•• " 2 (a; + I) + 4 ^ U + SA 

<fa I _i^ / g' \ 

a;(a-+&B*)«* " 2a (a + &i;») "*" iS °^ \a + *W * 



dx 



« " iw»^°^U + *«»/ "*"«a(a + 



a?(a +**a?»)'' 



9- 

Let a^haP^ = a^, and the transformed ezpresaion is - 



(Z - b)r-^ds 



naTTT 



xdx 



fl^ + «» + «+ I* 



dx 



Am. -log(a?+i) — log(a?+ i) + -tan-^a;. 
422 



«* + 44^ + 5«* + 4« + 4 



2 , (a? + 2)* 3.1 I 



" 25^''^ a^+i '25 



<£r 



12. Apply the method of Art. 47 to the integration of r- ^r^. 



The transformed expression is — ^ — ^;^:^-;^ — ■ 



f x^dx 



An8, - 



I £(i+£^) I ,_ i-f a? 
8 (I - a?2)* 



-i6^"«r3i- 



62 



Examples. 



14. Froyethat 



I 



dx 



if we make x 



I 



transforms 



into-J 



(l +«)"»-M»-2& 



«"• 



1+ « 



f ^ 

J 8iiidr(a + i 



, , . — -v. ^ns. — —^ log am rlogcos- 



Multiply by sin x, substitute u for cos Xy and the integral becomes 

{dx I a; jp 2 

— : ; — : . Ans. - log sin - - log cos - + - log (3 + 2 cos x). 
3 sin a; + sm 2a? s » 2 c ® ^"^ ' 



!(i —x'^)dx 



Let a;* = -, &c. 

z 



It 



v^ t«n-i ^i±^^ - 1 



-e^).-x^^) 



18. FroTC that 

{dx ^ I 
1 + ar^n ~ 21 



(2k- l)ir 

5 cos ^ — 

2n 2n 



log ^i- 



2X cos 



(2^ - i)x 



I . (2k ^ i)ir , 
n 2n 



X — cos 



2n 
{ik - l)ir ■ 



+ x 



) 



2n 



(2k-l)',r 

Bin 

2n 



> ; 



where k extends through all integer yalues from i to », inclusive. 



'^-tr 



dx log(H-a;) 



I (2k-i)ir 

' s cos - — 

/p2»+l 2« + I 2« + I 2« 



2 .. {2k-l)9 . 

H : 5 sin — ^— tan 



- 0^1 t (2k-i)v „\ 

— — log I i-2a;cos^^ — — ^+a;2 ) 
+ I *^\ in-^ I J 

{2k -i) 



2« + I 



2W+ I 



1 



«- cos 



2» 






. (2*-l)ir 
sm^ ' 



2fl + I 



where A; assumes all integer yalues from i to n inclusive. 
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CHAPTER III. 

INTEGRATION BY SUGOESSIYE REDUCTION. 



51. Cases in ^rhich sin*"0 oos^OdO Is immediately In- 

tegrable. — We shall commenoe this Chapter* with the dis- 
cussion of the integral 

Jsin*"fl ooa^'OdO; 

to which form it will be seen that a number of other expres- 
sions are readily reducible. 

In the first place it is easily seen that whenever either m or 
nis an odd positive integer the expression sin~0 oos^OdO can 
be immediately integrated. 

For, if n = zr + i, the integral becomes 

Jsin^d cos''*^flc?fl, or, J sin"»d (cos'd)''e^(sin fl). 

If we assume ^ = sin 0, the integral transforms into 

jaT'ii -xydx\ (i) 

and as, by hypothesis, r is a positive integer, (i - ar*)'' can 
be expanded by the Binomial Theorem in a finite number of 
terms, each of which can be integrated separately. In like 
manner, if the index of sin be an odd integer, we assume 
X = cos 0, &c. 

A few examples are added for the purpose of making the 
student familiar with this principle. 



* It may be observed that a large number of the integrals discusned in this 
Chapter do not require the method of Sucoessive Reduction: however, sinco 
other integral? of the same form require this method, it was not considered 
advisable to separate the discussion into distinct Chapters. 
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Integration hy Successive Reduction. 



Examples. 



I. 



2. 



6. 



sin^O^d. 



GOB^QdQ. 



an^Ocod'Odd. 



Ans, cosd. 



3 5 



oos^*>tf cos^d 



$9 



lO 



8 



coB^a 



V sm0cos?def0. 



sin'O^fa 



I ^ COfl'd 
•• — -^ + 3 COBd . 

cos a 'I 



2 sin'a 2 sin^a 



»> 



2 COS 



V' cos^ 
cos'0^0 



9t 



— ico^e. 



BinH ' 



,, 3 sinid — -Bin' a, 
7 



J/ 

52. Again, whenever m + n is an even negative integer 
the expression sin*"fl oos**drfO can be readily integrated. 
For if we assume x = tanO, we have 



cosfl = 



-v/i +0^ 



, sin0 = 



, and dO = 



^i + aj* 



I +a^' 



and the expression transforms into 



cf^dx 



fn*^n 



• + X 



(l + 0^) 

Hence, if m + « = - 2r, this becomes 



a form which is immediately integrable. 



Casea in which sin^O co^O dO is immediately Integrable. 6& 
Take, for example, 775— 

^ J 008*0 

Let X = tan0, and we get 

ic*(i +a^)dxy or + 

Next, to find j-^- 

Making the same substitution, we obtain 



t^'d tan»0 
3 



I 



(i + st'Ydx 



X 

Hence, the value of the proposed integral is 

— = — + tan'6 + log (tan 0). 
4 

dO 



Again, to find l^^j^^^. 



Here the transformed expression is ^ — —j-^ — , and ac- 
oordinglj the value of the proposed integral is 

-tan«d- ^ ' 



tanid' 



In many cases it is more convenient to assume x^ ootO. 
For example, to find -r-jn* 

Since rf(cottf) = - -^-^^ if cot 6 = a?, the transformed 
integral is 

- I (i + aj*)da?, or - cot d . 

The following examples are added for illustration ; — 
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Examples. 



I. I r^-. Ana, . 



!8U 



cos^^ 



f de ^ 2tan3e taii»e 

2. I — — . „ tan e + + . 

J cosfi^ " 3 5 

{de tan'e , ,^ 

sin d C083 e »» 2 ° ^ ' 

fsinitf<fe 2 

r~- »» "tan^e. 

008= d 3 

C dd 8 

5- I . .^ — 77,. «f - 8 cot 20 cot^ie. 

J sin* a cos* d " 3 

r de ^ I./ tan2a\ 
6. r-. „ 2 tan* e ( I + ) . 

Jsinidcos^d V 5 / 

When neither of the preceding methods is applicable, the 
integration of the expression sin"*fl QO^^OdO can be obtained 
only by aid of successive reduction. 

We proceed to establish the f ormul89 of reduction Suitable 
to this case. 
|y 53. Formulife of Reduction tor sin*^0 cos'' 06^0. 

sin^ cos** c?0 = cos""^ sin"* 0c? (sin 0) : 

consequently, if we assume 

sin'"*^ 



u = cos^^ 9, V = 



m+ I ' 



the formula for integration by parts (Art. 21) gives 

fsin*«0cofl'»0e^0 = ^-^^^^^^^^5!!!L^ + tZl [sm^^'doos^edO. (2) 
J m + 1 m + ij ^' 
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In like manner, if the integral be written in the form 

- sin*^^fl cos'*0^(oos 0), 
we obtain 

f sin-d oos~drfd=^'^ f sin^-^fl cos««ec?0 - g^"^'^^^^7^ > (3) 

It may be observed that this latter formula can be de- 

rived from (2) by substituting — for 6, and interchanging 

the letters m and w in it. 

[^ 54. €ase of one PositiTe and one IVegatiTe Index. 

— The results in (2) and (3) hold whether m or ii be positive 
or negative ; accordingly, let one of them be negative (n sup- 
pose), and on changing n into - n, formula (3) becomes 

fsin*~0 ^ _ sin*^-i fl m~i f sin"*"'^ ^ . 

J ^^8^^ ~"(n-i) co8«-^fl " ^T^TJ ^^S^ ' ^^ 

in which m and n are supposed to have positive* signs. 

sin*** 
By this formula the intearal of — ttt^A is made to de- 
•^ ^ cos^e 

pend on another in which the indices of sin and cos d are 
each diminished by two. The same method is applicable to 
the new integral, and so on. 

If m be an odd integer, the expression is integrable im- 
mediately by Art. 51. If m be even, and n even and greater 
than w, the method of Art. 52 is applicable ; if m = w, the 
expression becomes J tan"*0^0, which will be treated subse- 
qjiiently ; if w < w, the integral reduces to that of sin*""**0 tW. 

Again, if n be odd, and > m, the integral reduces to 



dG 



Jcos'»"*»e' 



* The formulfiB of reduction employed in practice are indicated by the capital 
letters Ay By &c. ; and in them the indices m and n aze supposed to have always 
positive signs. By this means the formulsa will be more easily apprehended 
and applied by the student. 

£6 a] 
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r sin*"""** dB 

and if n < w, it reduces to 7; — . The mode of find- 

' J cos S 

ing these latter integrals mil be considered subsequently. 

Again, if the index of sin be negative, we get, by 

changing the sign of m in (2), 

r oos^fl ^ oos"-*g n-i f cos"^0 ^ . 

Jsin*"© "" («j-i)sin"*-*d"«»-iJsin"«0 ^ ' 

We shall next consider the case where the indices are 
both positive. 

^55. Indices both Positive. — ^If sin~6 (i - cos'O) be 
writtqp instead'of sin*"** in formula (2), it becomes 

f . ^ ^ ,^ cos"^*fl sin'"**fl 

sm*"d cos"©^© = 

J m + I 

^- If ••»/!/ «-2Zi nn\ja COS""* 6 Sin*"*^ fl 

+ sm*"fl (cos" *6 - cos"0) dO = 

W+ I J m+ I 

+ !LlJ[sin*"0oos"^erfd - ^-^fsin«dcos"erfe: 
m+ij m+ij 

hence, transposing the latter integral to the other side, and 
dividing by , we get 

sm~e cQS*defd = - + sm«dcos"-'e(;?d. (C) 

J m+n m-i-nj ^ ' 

In like manner, from (3), we get 

f -^m/i «/ijA *»-if . «^o/i «/i ,n sin"*"* 6 cos"**d ,^, 

siH"*© cos"6fl?d= sm"'"*dcos"dt?6 .(D) . 

J m + nj m + n ^ ' 

By aid of these formulae the inte^al of sin"* cos" d (2d is 
made to depend on another in which the index of either 
sin 0, or of cos d, is reduced by two. By successive appli- 
cation of these f ormulse the complete integral can always be 
found when the indices are integers. 
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56. FomralflB of Rednetioii fbr sm** dO and oo^OdO. 
These integrals are evidentlj oases of the general formulse 
(0) and (2>) ; however, they are so frequently employed that 
we give the f ormuUe of reduction separately in their case, 

oos'^OdO = + oos"~*0w. (4) 

{ ' nn^n OOsOsin"-'© »- I f . ^^ ,^ , . 

J 8m*0rf0 = + I BiDT^OdO. (5) 

The former gives, when n is even, 

f oos'^ede = ??ifoos«-^0 + ^^— !^ co8"-»0 
J n \ n - 2 



(w - i)(n- 3) ,^^ o \ 

+ 7 9 ^ CDS'*-*© + &c. 

• (« - 2Xw - 4) / 

^ (n- i)(n-3)(n- 5 ) >> » i ^^ 
n{n - 2)(n - 4) ... 2 



(6) 



v/' 



A similar expression is readily obtained for the latter 
integral. 

Examples. 
,. j sin** it. An,. - '^^ (sin'O + f ) + | »• 

{„ . . , Bind cos^/sin^d ain^d i\ d 

J tan 9 cof^$ / . ?\ ? / . \ 

57. Indiees boHi UTegatlTe. — It remains to consider 
the case where the indices of sin and cos are both 
negative. 

Writing - m and - n instead of m and n, in formula ((7), 
it becomes 

f dd -I n + I r dO 

J sin*"© cos'*0 ~" (w + n)cos'**'0 sin*"'*© w + « J sin*"© cos*^-0 ' 



70 Integration hy Succemve Reduction, 

OTy transposing and multiplying by , 

r dO I m+n C dO 

J sin"*© oos"+'0 " (n+i) cos'***© sin"*"^© n+i] an^^oos^' 

Again, if w6 substitute w f or w + 2 in this, it becomes 



i 



dB 



sin'"6cos'*© (» - i)co8'*"'©8in"*"^6 

w + n - 2 I dO 



+ 



w-i Jsin"»eoos"-*e' ^ ^ 



Making alike transformation* in formula (D), it becomes 
(^0 - I 



1 



sin^^ecos^e (»^ - i) sin'^^fl cos*^^© 

w + w - 2 f fl?0 



+ - 
m 



n-i J sin"-«e cos^e* ^^ 



In each of these, one of the indices is reduced by two 
degrees, and consequently, by successive applications of the 
formulae, the integrals are reducible ultimately to those of 

one or other 6i the forms — 7. or' -. — 7. : these have been 

COS0 Bm0 

already integrated in Art. 17. 

The f ormulsd of reduction for -r— r^ and — -7: are so 

Bm"0 cos^e 

important that they are added independently, as follows : — 



* It may be observed that formulse {B)y (D), and (JF) can be immediately 
obtained from (A)f (C), and {S), by interchanging the letteis m and n, and 

Bubstitating — ^ instead of 0, For, in this case, sin 0, cos 0y and d$, transform 

z 

into cos <i>, sin ^, and - d<i>, respectirely. 



ii 
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f dd sing n-2 f dO 

J cos?»0 " (n - i) cos'^-^e ^ n -i] cos"~*0' ^^^ 

f rfO - cosO n - 2 C dB . . 

It may be here observed that, smoe sin^ + eos'O = i, we 
have immediatelj 

f dd ^ f rfg f dB , 

and a Bunilar process is applicable to the latter integrals. 
This method i& often useful in elementary oases. 

Examples. 

Jsindcos'^ " J cofl>e J sine ""cos 5 ^ 2' 

f dig f smerfg r <^ 

Jsindcos^^ J cos^O Jsindcos^O' 

and is accordingly immediately integrated by the last 

3. I -:-=-. ^««. r-rj + - log tan -. 

^ 58. AppUcatloii of Method of BJUDereiitlatioii. — 

The formulae of reduction given in the preceding Articles 
C€ui also be readily arrived at by direct differentiation. 
Thus, for example, we have 

d^ /sin~g\ _ mBin^^O n sin»»+'g 
dB\(ios^B) " QOB'^'B "^ "cofiT^ ' 

and, consequently, 

sin'^'fl ^ 1 8in*"g wtr sin"^^fl ^ 
cos'^^6 "" n cos"© w J oos*^^ B 

This result is ea^y identified with formula (A) . 



f 
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Agaiiiy 

^ (sin^d cos**©) = m sin*-*6 cos****© - n sin"**^© oos*"^6. 

If we substitute for cos"**© its equivalent oos'*"^0 ( i - sin*©), 
we get 

^ (sin*"© oos**0) = m sin"^'d eos'*"*0 - (w + «) sin'"+^0 oos*^^© ; 

hence we get 

fsin«»*^0co8"-^0rfe = - ^'"^^^^''^ + -^ f sin"-^e6os'^^erfe, 

a result easily identified with (D). 

The other f ormulee of reduotion can be readily obtained 
in like manner. 

/ 59. Integratton of tan'^Oc^O and 7 — -5. 

These integrals may be regarded as cases of the preceding : 
they can, however, be arriyed at in a simpler manner, as 
follows : — 

Since tan*© = se6*0 - i, we have 

[ tan^Ode = [ tan^-'^e (sec*e - i) rffl = | taii«-*e d (tan 9) 

- [ tan'^'e d9 = ^^~ - [tan^^O dQ. (10) 

By aid of this formula we have, at once, 

fx n/j^/i tan'^^e tan"-»e tan'^-'O o^ , . 

tan'»edO = + &o. (ii) 

J n-i n-3 /»-5 

(i.) If n = 2r + I, the last term is easily seen to be 

(- i)'^4og(cose). 
(2.) If n = ir^ the two last terms may be represented 

by (-i)'^i(tan»-e). 
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In a similar maimer we have 

f dO _ [ &e(?ede ^ f d0 ^ - I _ f dO . 

Jtaii"6l"J tan-e J taa'^'fl (n-i)tan-^(? J tan**"^©' ^^^^ 

Examples. 

itan'd , 

!d$ — I I , # . » 

cot*tf <». „ — + cot a + «. 

\r6o. Trigonometrical Transformatioiis. — ^Many ele- 
mentary integrations are immediately reducible to one or 
other of the preceding formulae of reduction by aid of the 
transformations given in Art. 26. For example, if we 

assume x^ a tan 6, the expression ; transforms into 

(a* + (x?y 

mxL^d cos**""*"*6 dd (neglecting a constant multiplier). 

In like manner, the substitution of a sin for a; trans- 

- ., . ixf^dx . , a^''^*^&inrOd0 , .. 
forms the expression mto --ttj : and, if 

x-aseouy the expression transforms mto — ; — ttj — 

(«*-a')5 sm«'^0 

(neglecting the eonitant multiplier^. 

A simuar transformation may oe applied in other cases. 

{tf^ dx * 

For example, to find the integral of -. -^r, ; 

[zax "~ •I' J" 

let a = 2a sin^0, then (£r » 4a sin cos dOy 

and the transformed integral is 

2~+ia'»/sin^0rf0: 

accordingly the formula of reduction is the same as that in (5) ; 
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EXAHPLES. 

J»*dx . 1.3., x*y I -«2 

) dx X x^ 

(a* + «3)i' " a* («2 + a?2)4 " ^^<(^T^' 

f «;*<?« -a:8 ^ / ^ ,«\ 



X 

2a 



The integrals considered in this Article admit also of 
a more direct treatment. We shall commence with thi6 
following : — 

^61. Cases in which ^ is imniediately inte- 

grable. ifl + c(x?)^ 

We have seen, in Art. 48, that the proposed expression is 
integrable immediately when m is an odd positive integer. 

Again, when m is an even integer, if we assume a ■\- cs^ 
= ar* s% the transf orme4 expresssion is 

n - «n - 3 

- (8* - cf^^dz 

w-w-1 

a ' 2«-i 

This is immediately integrable when n -m - i is even 
and positive, i.e. when m is either an even negative integer, 
or an even positive integer y less than n - i. 

a-8 

For example, ; becomes - ,.j , and 

{a + cx'Y ^T-gn-i 

accordingly is always integrable by this transformation^ 
since n is an odd integer, by hypothesis. 



Binomial Differentiah, 



76 



Examples. 



J (a + <?a 









X ( cx^ \ 



a^ 



(«+ftp2)* 



fx^dx 

r J2; 

^* I 

J a:* (a + car') 



>» 1"* 

3 («* + x^f 



exi \ 



/^ 



The differentials considered in this Article are cases df a 
re general class called binomial differentials. 

62. Binomial JDifferentialfii. — ^Expressions of the form 



in which w, n, p denote any numbers, positive, negative, or 
fractional, are called Binomial Differentials. 

Such expressions can be immediately integrated in two 
cases, which we proceed to determine by transformations 
d^nalogous to those adopted in the prececUng Article: — 



(i). Let a + Jii^ = %\ then x = 



z - a\it 



and 



1 



hence af^la + baf^ydx - 



(g-^) 



m+l _, 



w6* 



Consequently, whenever 



m + I 
n 



is a positive integer^ the 



transformed expression is immediately integrable alter ex- 
pansion by the Binomial TheoreuL 
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(2). Again, if we substitute - for a?, the differential 

becomes 

- y-^P'^-'^iai/^ + lydy. 

This is immediately integrable, as in the preceding 

, -{np+m+ 1) . -x- • i. • I. 

case, whenever — ^^=- ^ is a positive integer ; 1. e. when 

+ » is a negative integer. In this latter case the inte- 

n /j^) 

gration is effected by the Substitution of % for oar* + ft. 

Examples. 



I. 



2. 



fdx X 

dx (I + «*)* 



f 

3- J ?(rr^r 



4- 






dx 20^ 



(i + a:«)^' " (l+a^)** 



When neither of the preceding processes is applicable, the 
expression, if j? be a fractional index, is, in general, incapable 
of integration in a finite number of terms. Before proceed- 
ing with this investigation we shall discuss a few simple 
forms of integration by reduction, involving transcendental 
functions. 

^ 63. Redvetlon of e^af^dxy 

where n is an integer. 

Integrating by parts, we have 

J mm} ^ ^^ 

By successive applications of this formula the integral 
is made to depend on e^ ts&r, i. e. 031 — . 



Reduction o/jaf^ {log xY dx. 77 



Again, to find — dx. 



- I 



Assuming u = ^*^, v = -z Tzurv ^^^ integrating by 

parts, we have 

By means of this the integral is reduced to depend on 

^dx 



1 



X 



The value of this integral cannot be obtained in a finite 
form; it however may be exhibited in the shape of an 
infinite eeries ; for, expanding ^ and integrating each term 
separately, we have 



I 



e^^dx - mx w?ix? m^a^ - . . 
= log a? + — + 1 + ' — r + &c. (15) 



The integral of (faf^dx is immediately reducible to the 
preceding, since (f = ^iog«. Consequently, by the substitu- 
tien of log a for m in (13) and (14), we obtain the formulae 
of reduction for 



(foif^dx and —dx. 



In like manner we have immediately 

le-^'Qif^dx=-e^i^ + n je-^af^^dx. (16) 

04. Reduction of /a?"*(loga?)"(&. 

Let p = log Xy and the integral reduces to that discussed 
in the last Article. 

The formula of reduction is 

f a^ (log x^dx = ^'^^^^T ^ _g_^ fa^(loga?)'^^dar. (17) 
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Examples. 

.2.1 



J a \ a a^ a^ 



2. J*3(loga:)-rfic. „ Jj(log*)2-l?|^ + ij. 

Je^dx ^f_L ^ M ' [e*dx 

V 65. Redaction of jof^ 00s axdx. 
Here af^ cos aa?aa? = a?"~^ sin orcto ; 

0?""^ sm aadx = + af*^^ cos ax ax, 

J a a J 



again 



hence 

f ^ , aj"~Vflw; sin oo; + w cos ao;) n(n-i)C ^ ^ 
\af^oo&axax = ^^ ^^ — T—^\af^^Qoaaxax. 

The formula of reduction for af^ sm aw dx can be obtained 
in like manner. 

Again, if we substitute y for sin'^a;, the integral 

/ (sin-^^)" dx 

transforms into 

fy^'ooaydy, 

and accordingly its v$Jue can be found by the preceding 
formula. 

Examples. 

1. I ^ coBxdx, Ant. OB^ sin 2 + 3^' cos ^ — 3 . 2 . « sin ic - 3 . 2 . i . cos rr. 

2. Xx^smxdx. 

Ans, - x^ coax + ^ sin X + 4 . 3 . a;- co8ap-4. 3.2. ^sino;- 4.3.2.1. c%sx. 
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i 
66. Redvetlon of le^oo^^xdx. 

Integrating by parts, we get 

f «^ « ^ eos'*a?^''* n{ ^^ ^ , . 

Again, 

e^*oos""*a?sina?^ 

= ^o* (cos" a? - (n - i) C08""'ajsin'aj}c?a? 

^** cos"~^a? sin iT (w-i)f ^ ^. , wf «* « .^ 
a a J a] 

substituting, and solving for J ef^ oos^xdxy we get 



1 



^ -, ^^ eos**~^a? {a cos a? + w sin a;) 



a^ + w* 



w (n - i) 



+ !?.v^? — i^f^-^cos'^a^cfo. (i8) 

The form of reduction for e^ sm^xdx can be obtained in 
like manner. 

67. Reduction of J cos'^a; sin nxdx. 
Integrating by parts, we get 



I 



«. . 7 cos'"aJ cos wa? wf ^, . ^ 

cos"*a? sm nxdx = 003*^^3? cos nx smxdx : 

n nj 



replacing cos nx sin x by sin nx cos x - sin (« - 1) a;, after one 
or two simple transformations we get 



1 



_ . - cos'^a? cos wa? 

cos*"a?smwa?cw; = 

m + n 

fn f 
+ cos*"*"* a? sin (w - i) xdx. (19) 



The mode of reduction for cos"* a? cos nxdx, sin*" a? cos nxdx, 
and sin^^a? smnxdx can be easily found in like manner. 
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EXAMFLBS. 

!<•* sin X Te"" 
d«* BiJi*xdx. Am. r- (a sina; - 2 oos z) + -; zr. 



I C06'd;sin4ir^. 



cos'd; 000 40 oos . cos ix oos 2^ 
•• 6 12 24 



3. I r» QO^xdx. „ (coflSd; - sin 2» + a). 

Y 68. Rednctton by Diflnerentlation. — We shall now 
retxim to the disoossion of the integrals already considered in 
Arts. 60 and 61 ; and oommence with the reduction of the 

expression -. — ^. This, as well as other formulae of re- 
duction of the same type, is best investigated by the aid of a 
previous differentiation. 
Thus we have 



(ot - i) af^ (g + ea?) + cig* 
(a + ca?)i 

1 



hence, transposing and integrating, we obtain 

J (a + cic*)i mc mc ] {a + ax?)^' ^ ' 

By this formula the integral is reduced to one or more 
dimensions ; and by repetition of the same process the ex- 
pression can be always integrated when w is a positive 
integer. 

The formula (20) evidently holds whether m be positive 



■^ {af^^ {a + ca^)*} = (m - i ) «^ {a + «r*)** + mcaf^ {a + caj*)*"* 
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or negative ; accordingly, if we change m into - (w - 2), we 
obtain, after transposing and dividing, 

69. More generally, we have 

Hence 

- , ^^"')^ f a*^ (a + cr^y-^ dx. (22) 

Oonseqnently, when m is positive the integral can be 
reduced to one lower by two degrees. If m be negative, 
the formula can be transformed as in the preceding Article, 
and the integration reduced two degrees. 

We next proceed to consider the case where n is negative. 

I f cf^dx 

W 70. Redvetloii of ; tt-, 

' J (« + ex) 

m and n being both positive. 

Here f ^^ ^ [^i ^^ 

xdx 



[ 



Let a^* = Uj and , — 



csdy 



- I 
and we get 

J (a + ca?»)» " 2 («- i)c (a +caj»)'^» "*" 2 (n - i)cj (fl+«ry-^* ^^"^^ 
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By successive applications of this form the int egra l admits 
of being reduced to another of a simpler shape. We are not 
able, however, to find the complete integral by this formula, 

T 

unless when n is either an integer, or is of the form -, where 
r ip:an integer. 
*^7i. Rednetlon of 7 r rr-,. 

By differentiation, we have 

d 

— [ixS^^ifl + 26a? + caj*)i} = (w - i)a^*(a + ihx + car*)* 

a?*»~*(J + Cip) _ (w - i)aaJ"^ + (2m - i) haf^^ -^mcaf^ 
[a + 2bx+ (?a:*)i {a + 2bx + caj*)i ' 

, r af^dx ^ a^^(a+ 2hx-\-C3i?)^ 

J (a + 26a? + ca?*)i wc 



mc 



This furnishes the formula of reduction for this case : by 
successive applications of it the integral depends ultimately 
on those of 

xdx - dx 

and 



(a + 2bx + ca?*)4 (a+26a? + <sr*)i* 

These have been determined already in Arts. 9 and 12. 

dx 

Again, the integral of ---7 7 rrr can be reduced to 

^ ° aj^(a+26a: + ca^)* 

the preceding form by making ^r = -. 

72. The more general integral 

af^dx 



\ 



{a + 2bx + (ja?*)** 
admits or being treated in like manner. 
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J (a + 2bx + ca^Y 

For if a + 2bx + ca^ be represented by T, we have, by 
differentiation, 

d /a^-^\ _ (y/^ - i)a^' ^ 2 (n - 1)3?*^^ (6 + ex) 
Ix Vf^V T^^^^^ ^ T^ 

{m- i) af^^ {a + 2bx + cx'^) -i^n- i)af^^{b+cx) 



(m-i)aof^'^ 2b{m- n)af^^ {2n-m -1)01^^ 

T»n Tfn T^n 



Hence, we get the formula of reduction 

fx^dx - af^^ 2(m-n)b Caf^'^dx 

J 1^ " (aw-w-ijcT*^' "*" (2w-w-i)cJ r« 

{m - i)a Caf^^dx 
■*■ (2w-m-i)J "T^* ^^^^ 

cif'^dx 
By aid of this, the integral of — ^^, when w is a positive 

integer, is made to depend on those of -=^ and ■=-. Again, 

X dx 

it is easily seen that the integral of -=- is reduced to that of 



da) . 



fwdas I r (6 + cx)dx bC dx 
J T» ° c J T^ cj r» 



-I J f rf<B 



2 (» - i)<!T*-» e] T"' 



[n- I) 
[6 a] 



(a6) 
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73. Reduetton of 



r dx 

J (fl + ibx + 



ca?)*' 

In order to reduoe -^, we have 

d f b-\-cx \ c 2n{J) -k- cxY 
di\lFj "2^ T^"^ 

c 2n(flc-y) znc ^2n{ac-'V) (2n-i){j 

•^^^^ J 2^^ " 2n{a^ - 6«) T* ^ 2n{ac - b') J T^' ^^^ 

By aid of this formula of reduction the integral of -^ oan 

be found whenever n is an integer, or when it is of the form 

- (r being an integer). 

f dx 
74. Reduetton of 7 r r-, 

' J (fl + 6 OOB a?)*' 

when n is a positive integer. 

Let 17= fl + J oosa?, then -;- = -6sina?, oos^r- — r — . 

dx 



Again, by differentiation, we have 
d i^x) oosa? (n - 1)6 sin* a? 



COS a? (n- i)ft (n - i)> oos'a? ^ 

substitute — r — for 00s a? in the numerators of these fractions, 




and we get 

d f sina? ) i fl^ (n- 

^ ( U^^] " iC^*^ 6Z7*-' "*" U 



(fl - i)ft n - I 2(11- i)fl 



{n - i)a' _^ - (n - 2) (2n - 3)fl (n-i)(fl'-y) 
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•^ J (fl + ftoosfl?)* 

Henoe, trancrpofiing and integrating, we get 

Cdx - bBmx {2n - 3)g CjA 

J ^ " (n - i)(a» - b*)U'^' ■*■(!»- !)(«•- y) J U^ 

n - 2 r dig , . 

"(n-i)(a»-y)J^*^' ^^^^ 

By this fonnnla the proposed integral oan be reduoed to 
depend on 



dx 



1 



dx 



a + Joosflj* 



the value of wUdh has been found in Art. i8. 

75. The integral oomddered in the last Artiole oan also 
be found by aid of a transformation, whenever a is greater 
than bf as follows : — 

cbe dx 



^ * {(a+ J)oos'- + (fl -6)sm'-> 

- , I +tan*- dx 

dx \ 2) 



(a cos'I + -Bsin»^Y [a + JJtan*' 
(where A = a + ft, 5 = a - 6). 

Next, assume tan- « /=-tan0, then 
f 1 +tan*-J&?= 2 /■=-(i + tanV)^: 



Integration by Successive deduction* 
and we get 

1 + tejx^-jdx r-j( I +-^tan*^j dip 



= 2 



4 + ^ten'^Y ^^ ^"^""^^ 



2 (^ oos»0 -I- ^ sinV)'^^ rf» 
Hence, replacing A and £ by a + i and a - i, we get 

f dx r (g- ft COB 2^)*"^ rf^ . . 

J(fl + 6cosa:)»"'^J (a'-i*)^^ * V^W 

When n is ^kpoBitive integer, the integral at the right- 
hand side can be found by expanding (a-b cos 20)*^^, and 
integrating each term separately by formula (4). 

Again, if in {28) we make b » acosa, and 20 - ^, we 
obtain 

where tan - « tan -tan -. 
2 22 

Hence, if we take o and - as limits for x. we have 

2 ' 

IT « 

I / r^^ .2^, I (i -cosacosy)""^dy. 

Jo(l +00SaC08iP)** sm'^'^^ajo 



76. Integratloii of 



{x)^a + 26a? + c«* 



We shall conclude this Chapter with the discussion of the 
above form, where /(a;) and <l>{x) are supposed rational alge- 
braic functions of x. 

lif{x) be of higher dimensions than ^(a;), the fraction 
may be written in the form 



*w *(«)* 



T- . ,. .. fixSdx ^^ 

Integration of . =-.. 87 

Agaiiii since Q is of the form^ + g'a? + ra?* + &o., the inte- 

gration of oan be f otmd by the method of 

4/ a + zhx + est? 

Art. 71. 

The fraction — 7-r can be decomposed by the method of 



ibix) 
ions (Chap. 11.). 



partial fractions (Chap. II.). To any root a, which is not a 
multiple root, corresponds a term of the form , and the 

OC '^ €L 

corresponding term in the expression nnder discussion is 

Adx 



{x - a) \/a + 2bx + ea^ 



The method of integration of this has been given in Art. 13. 
Next, to a multiple root correspond tenas of the form 

Bdx 



{x - dY*/a + 2hx + 00^ 

This is reducible to the form of Art. 71 on making 

X - a = -. Again, to a pair of imaginary roots corresponds 

an expression of the form 

(& + in)(ix 
{ {x - o)* + /3') ^/a + 2bx + cx^ 

If z be substituted for x - a, the transformed expression 
may be "written 

{Lz + M)dz 

(2' + /3*) v/i~+ zBz + Cz^' 

where X, Jf, A, J9, (7, are constants. 

To integrate this form ; assume* a =* )3 tan (d + 7), where 



* For this simple method of detennining the integral in question I am 
indebted to Mr. Gathcart. 
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is a new variable, and y an arbitrary oonstant, and the 
transformed expression is 

(X/3 sin (fl -t- 7) + 3f COS {0 + y)]de 

^y^oos»(fl + y)+2JB/3cos(0 + 7r)sin(0+7) + Oi3»sin*(fl + 7)" 

Again, the expression under the square root is easily 
transformed into 

i{^+ (7^» + {A- (7)3*) COS 2(0 + 7) + 2B[i sin 2(6 + 7)} 
= ^r^ + C)3' + COS 20 {(^ - (7/3*) COS 27 + 2-8)3 sin 27} 

+ sin 20 {2J5/3 cos 27 - (-4 - C)3*) sin 27} . 

Moreover, sinoe 7 is perfectly arbitrary, it may be assumed 
80 as to satisfy the equation 

2BB 
2B(i cos 27 - (-4 - (7)3*) sin 27 = o, or tan 27 = . ^ '1,.^ : 

and consequently the proposed expression is reducible to the 
form 

(X'cose + M'Bme)de 

-/P+ Qcos2e 

(in which L\ M\ P and Q are constants), or 

m (sin 0) ^ Jf;rf(oo8 0) _ 

A/P+Q-2Qsin*0 V'i^-Q+2Qcos»0* 

each of which is immediately intdgrable. 
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"Rtaitpt.tm , 



I. I co^0an20d$. Ant, — oo8*0. 
J S 



». \« 



aii^Bcoti*$d0. 



an^d 8inS0 



3. 1 an^$ coB^0d$, ,, - 7- } cos 2© — 008^20 + - cos* iB } . 
J 64 ( 3 5 ) 

-^^^. „ _ + oof9+log^taa-j. 

J(I+;^)! " \S-3 3 /(!+*»)• 

8. \0^ootfisdx. „ — |3(sind;-coBJP) + oos*«(38in«-oosd;)|. 

o If f ^. ^ -^ I J f '^ 

^ J 8in"»ecoB»e 8m«**iecofl»-i« J 8m«-*ecofl"e* 

determine the yalnes of A and B by differentiatiaiu 
(*» + ««)»• 

J{l+COBd)* a 

. f sin"*© dB • . . ^, f 8in"»A ds 

. Prove ttuitttiemtegralj^j-f^^jj^tranrfo^ J iS*;^* 



12 

where = 2^. 
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'3 



r ds 

' J(aT 



{a ■{■ bcoB xy' 
An8. -T — -— + tan-i \ ( r J tan -} 

>» .»- . >. « /tan -^ 

IeoB$de ^ ^ and S ^ ,/ 2 

(5 + 4CO80)* 9 5+4008© 27 \ 3 

15. I (gin'**)* dx^x {(sin"^*)* -4.3. (sin-^a?)* +4.3.2.1} 

+ 4\/i -*« 8in-*a; {(sin-^a?)' -3.2}. 

16. Proye by Art. 74, that any expression of the form -r- — 7 — - — ^ i» 
capable of being integrated when /(cos x) consists of integral powers of cos x, 

17. Show, in like manner, that the expression 

/{ooBXy sin x)dx 
{a + b cos «)» 

can be integrated when /(cos xtmx) consists only of integral powers of cos « 
and sin x, 

J (a + fix){a + ft« + «p') 



find tho yalues of P, Q, and S, 






J (a oos»e + * 8in« 0)»* * 2 (a*)* 4 (oi)* 

where tan ^ = /i tan 9. 

^ is integrable in finitd 

terms. 

21. Prove that 

— ^^— — -^^ s I (i — COS a cos v)'*''^<{y* 

0(1+ cosa cos a?)» sin««-io J ^ 
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CHAPTEE IV. 

INTEGRATION BY RATIONALIZATION. 

77. Integration of Monomials. — If an algebraic expres- 
sion contain fractional powers of the variable x it can 
evidently be rendered rational by assuming x » s**, where n 
is the least common multh>le of the denominators of the 
several fractional powers. By this means the integration of 
such expressions is reduced to that of rational functions. 
For example, to find 

(i + x^)dx 



1 



I + a^ 

Let X = %^y and the transformed expression is 

'2'(i + z)dz 



r-^ 



Gonsequently the value of the integral is 

-^ + 2a?* - 4a?* + 4 tan"^(aj*) - 2 log (i + a^). 
o 

Again, any algebraic expression containing integral 
powers of x along with irrational powers of an expression 
of the form a-^-hx is immediately reduced to the preceding, 
by the substitution of s f or a + bx. 



I. 



3. 



Examples. 

xdx 2 (2a + hat) 



Am. --^ \,s^ + ^** + 8a? + 16]. 

*y X - 1 5 • 7 

IXi 
(a + hxf " ^ ^oTbi 

^ x-\- \/x — I V 3 \ V3 / 
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78. Rattonallzatloii of F{x^ ^a + 2bx + ca^)dx. It 
has been observed (Art. 28) that the integration, in a finite 
form of irrational expressions containing powers of x beyond 
the seoondi is in general impossible without introducing new 
transcendental functions. We shall accordingly restrict our 
investigation to the case of an algebraic function containing 

a single radical of the form ^a + 2bx + au*, where ez, J, c are 
any constants, positive or negative. 

Integrals of this form have been already treated by the 
method of Eeduction (Art. 76). We shall discuss them here 
by the method of rationalization. 

The expression* *^^— — can be made ra- 

i*W ^/a+2bx■¥ CO? 

tional in several ways, which we propose to consider in 
order : — 

(i). Assume ^a + ibx + c^ = » - a? y^* (i) 

Then a + ibx = s* - 2a» y^; .•. bdac = gefe - y^ (^w& + «flte), 
or dx[b + «h/c) = rf«(» -a?v^) = & v^fl + 2&i? + cjc*; 

dx dz 



A/a-vibx-^co? b + z^e 



(a) 



z^ " a 



Also X = -r. (3) 

2(J + «v^c) 

This substitution obviously renders the proposed ex- 
pression rational ; and its integration is reducible to that of 
the class considered in Chapter H. 



* It will be ahown sabsequenily that the integration of all expressions of 
the f onn 

jF(*, V a + 2bs + ex*) dx 

is reducible to thlit of the above when J^ is a rational algebraic function. 

It may also be observed that, in general, the most expeditions method of in- 
tegration in practice is that of successive Eeduction (Arts. 71, 72, 76). 
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When 6 = o, we get 

dx dz - z* - a , A . V 
:, and X = — (see Art. 9). 



\/a + ca? z*yii 2z*s/c 

By aid of the preoeding substitution the expression 



(flj "P) *s/a + zhx + ca?* 



(Art. 13) 



transf onus into 



s* - 2zp ^/c -a- 2pb 

dx 



For example, to find — . 

J (i? + ?a?) v^i + a^ 

Here x = , and 



.-. f ^__ = _1_ logf?i±^^^^^ . 

J (p ■¥ qx)\/i + a^ VJ>* + a^ xja +p + yP^ +3^ V 

When the ooeffioient e is negative the preceding method 
introduces imaginaries : we proceed to other transformations 
in which they are avoided. 

(2). Assume* \/a + 2bx + ca^ = ^/a + xz. (4) 

Squaring both sides, we get immediately 

2 J + ca? = 2« \/a + a?«' ; 

.*. efo((j - »*) = 2efe(\/fl + a?a) = 2efe ^/a + 2Ja? + ca?". 

__. dx 2dz 

Hence ■ =• = -. (5) 

v^a + 2 Ja? + ca;' c-sr 



* This is reducible to the preceding, by changing x into -, and then cm- 
ploying the former transformation. 
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And <c = iifv^ (^j 

This substitution also evidently renders the proposed 
expression rational, provided a be positive. 
For example, to find 



I 



dx 



Assume a/i - a?' = i - a;2, and we get 

(3). Again, when the roots of a + 26a: + «c* are real, there 
is another method of transformation. 

For, let a and /3 be the roots, and the radical becomes 
of the form 

^c {x - a){x - /3), or ^/c(x - a)(/3 - a?), 

according as the coefficient of x^ is positive or negative. 

In the former case, assume y^rr - a = 2 ^^x - /3, and we 

get 

a? = ^ ; hence a? - /3 = =-. ; .'. ^ = ■». 

Accordingly 

dx dx 2 dz 

In the latter case, let ^x - a = « v^/3 - a?, and we get 



(7) 



X = 



I +«»' 



- dx 2 dz 

and ^ =-^ = -71: . (8) 

Vc{x-a){fi-x) vci+z^ 
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For example, the integral 

dx 



J(P + 



transforms into 

2dz 



r 2d\ 



on making a; = 



s»- I 



2* + I 



The student can compare this method of integrating the 
preceding example with that of Art. 13, and he will find no 
difficulty in identifying the results. 

It may be observed that in the application of the f ore- 
goiQg methods it is advisable that the student should in each 
case select whichever method avoids the introduction of 
imaginaries. 

Thus, as already observed, the first should be em- 
ployed only when c is positive : in like manner, the second 
requires a to be positive; and the third, that the roots 
be real. 

It is easily seen that when a and c are both negative, the 
roots must be real ; for the expression 



/ 1 T /*' -CL^-icx - hf 

V - a + 20x - coTy or / — 

is imaginary for all real values of x unless J* - ac is positive ; 
i.e. unless the roots are real. 

Accordingly, the third method is always applicable when 
the other two fail. 

From the preceding investigation it follows that the 
expression 



F{xy ^a + zhx + cs^) dx 

can be always rationalized ; F denoting a rational algebraic 
function of x and of ^/a + zhx + caj*. 
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Examples. 

'• I -4«M. — j^ log — - 

Aflsume « = (o^ + ««)» + «, and we get for tlie yalue of the proposed integral 

2 2 «• 
— «■ r. 

3 5st ^ 

V « + V^2 + «• 

Making the same awumption as in Ex. 2, the transformed expression is 

(g'-g^)"»(g «+g«)^ 

which is immediately integrable when m is a positive integer. 

J {(I +«»)»-«}• 2(«+i) * a(«-i) 

f <fa 

J a/« + 2*« + «c« (\/a + 2 Ja? + ftc« ± x*y^' 

Let V^« + ato + ftp* ±x^/'c = 2, then, as in Art. 78, we get 

dx dz 

hence the proposed expression transforms into 

dz 



— » 
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79. Cfeneral Inyestlgatloii. — The following more 
general investigation may be worthy of the notice of the 
student. 

Let jB denote the quadratic expression a + 26a? + (sar* ; 

then, since the even powers of \/5 are rational, and the odd 
contain vR as a factor, any rational algebraic function of x 
and of yR can evidently be reduced to the form 

where P, Q, P', Q[ are rational algebraic functions of jp. 
On multiplying the numerator and denominator of this 

fraction by the complementary surd P' - Q' \/jB, the deno- 
minator becomes rational, and the resulting expression may 
be written in the form 

M^N^^R, 

where M and N are rational functions. 

The integration of Mdx is effected by the methods of 
Chapter 11. 

Al f y- [NRdx 

Also Jjyry^^^l-^; 

which is of the form 



1: 



f{x)dx 



t^{x) ^a-^^ihx + ca^ 
Let, as before, A/a + ihx + ca?* = v c(a: - a)(a? - /3), and 

A -i- 9 lift ^ iiS 

substitute ^7 — ^7 7-5 instead of ar, when the radical becomes 

^/g{\~a\'-^^2(/A-a/AOg + (y-a•)g'}{x-^x'•f2 0fc-^M^g+(y-^yOg'} 

(9) 

Again, if the quadratic factors under this radical be made 
each a perfect square, the expression obviously becomes 
rational. 

[7] 
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The simplest method of fulfilling these oonditions is by 
redadn^ one factor to a oonstant, and the other to the term 
contaimng »\ 

Accordingly, let 

X - aX = o, fi - a// = o, /n - Pfi = o, V - j3v' = o ; 
or A* = o, /ti' = o, X = aX, V = /3v'. 

On making these substitutions the expression (9) becomes 

X' + V'Z' y + V'2' 

In order that v- cA'v' should be real, X'and v must have 
opposite signs when c is positive, and the same sign when c 
is negative. 

It is also easily seen that without loss* of generality we 
may assume X' = i, and v' = ± i. 

Hence, when c is positive, we get a? = — ^-^, and when 

, . a + /3s' 
c IS negative, x = —r. 

° I + s* 

These agree with the third transformation in the preced- 
ing Article. 

More generally, when the factors in (9) are each squares, 
we must have 

(ji - ufiY - (X - aX') (v - av) = O, 

or fi^-\v^ {\v + 1.X' - ififi') a + iji^ - XV) a» = O, (10) 

and a similar equation with j3 instead of a. 

Moreover, by hypothesis, a satisfies the equation 

a + zba + cc? = o. 



v'z^ 



• For the substitutioii of y* for — ^ transforms 

A 

- ^,_, .0 into -TT^ ; .-. &o. 
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Aooordingly (lo) is satisfied if we assume the constants 
A, fly &o.f so as to satisfy the equations 

/i* - Xv = a, X'v + \v - 21UL1/ =2by j/^ - XV = c. (11) 

Again, solving for 2 from the equation 

X{y + 2fJLZ + vV) ^X-\' 2fJlZ-\- VZ\ (12) 

we obtain 

(v-a?i;')» + /ti-a?M =>\//x*-^v+(Xv' + X'v-2/u/ii')^ + (/tt'»-XV)a?' 

=V^a+ 2^aj + caj*. (13) 

Also, by differentiation, we get from (12), 
(X' + 2/i'2 + vz^)dx= 2[fi + vz-x{fi-\-vz)]dz 

= 2\/a+2bx + ca^dz; 
dx 2dz 



va-¥ 2bx'\- cx^ X' + 2iiz + vV 



(H) 



Now, sinoe we have but three equations (11) oonneoting 
X, fly &e., they can be satisfied in an indefinite number of 
ways. 

We proceed to consider the simplest cases for real trans- 
formations. 

(i). Let a be positive, and we may assume v = o, and 
/i' = o ; this gives 

fl = Y<ly \V = 2hy XV « — ^. 

A^ain, without loss of generaKty, we may assume v'= - i, 
which gives 

2 {z^/a - b) 



X = - 26, -X' = c ; whence x = 



e-z^ 



. dx 2dz 

and 



v^a + 2bx ^-CQ^ c - »'* 

These agree with the results in (5] and (6). 

[7aJ 
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(2). In like mann^, if c be positive we may assume 

v' - o, fi = o, and v = i, 
whioih gives 

p[ = yc, A = - «, and X' = 25 ; 

«' - « , dx dz 

.*. a? = rr-, and 



2 (6 + 2v^) \/a + 2 Ja? + ca^ 6 + s-y/c 

as in (2) and (3). 

It may be observed that sinoe these results do not contain 
the roots a and /3, they hold whether these roots be real or 
imaginaxy ; as already shown in Art. 78. 

It is easily seen that if we make /u = o^ and ft == o, we 
get the third transformation. 

80. If the expression to be integrated be of the form 

f{x)dx 



j^a ■\- 2bx -{■ ca^ 



where f{x) is a rational algebraic function of Xy it is often 
more convenient to proceed as follows : — 

The substitution of s - - for a; transforms the proposed 



c 

ac- J* 



into ^ ^^ where a^= 

If the even and odd powers be separated in the expan- 
sion of /(« - -J, it can plainly be written in the form 

0(s') + zxp{z% 
and the proposed integral becomes 

r ^(g')g?g r gi/>(g')gfe 

J -v/d' + ez* J v^d' + «5* 

The former of these is rationalized (Art . 24), b y making 
y/(/ + cz^ =» y«, and the latter by making \/d' + eg* = y. 
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It may be observed that in general the expression 

/(a^) dx 
<lt{a^) ^a + ca^ 

is also made rational by the transformation 

*/a •\' cs? ^ccy. 

8i. Case off a Recurring Biquadratic under the 
Radical Sign. — ^As the solution of a recnrring equation of 
the fourth degree is immediately reducible to that of a 
quadratic, it is natural to consider in what case an Elliptic 
Integral (Art. 28), in which the biquadratic under the radi- 
cal sign is recurring, is reducible by the corresponding sub- 
stitution. 

Writing the expression in the form 

ili{x)dx <p(a!)dx 

^a + 2bx+cs^'{- 2 Jaj» +««?* ^ / / . iN 77 A" 



and, assuming a? + - =2, the radicalbecomesy^ag' + 2te + c- 2a; 

X 



and also 



— [x — ) = dz. 
X \ x) 



Consequently, in order that the transformed expression 
should be of the required type, it is obvious that ^(a?) must 
be reducible to the form 



In this case 



transforms into 



/(g) rfg 

-y/a2*+2te+(J - id 
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In like maimer, the expression 

^a+2bx-\-cx*-2ba^ + a3i^ 

transforms into "^W^^ , by the assumption 

va»^ - 2bz + 2a-' c 
I 

X = 2. 

X 

When 5 = the expression can in some cases be reduced 
by assuming either 

ii?* + -r or 0^ — 5 = «« 
Examples. 

f (a^ - l)dx ^ , l+x^ + a/iT^ 
I . ' ' - An8. log 






(I 4- a?' rfiP I , 
^ n --7= log 



This and the preceding were given by Euler (Calc. Int, torn. 4) : the 
conn^don, liowerer, of their solution with the method of recurring equations 
does not appear to haye been pointed out by him. 



Let «* + -r = », &c. 

ST 



6. [ (a:^-!)^^ 

a/a?^ + oa? +"1 + a/^* +/8a; + I 



-4»«. a log 






Examples. 103 



!i + a;- CKP * 



I —a; 



Aflfiume a? = (I + ic*)i flin 0, &c. 

w. r ^-x — .. --f-^.v 



Afisume i + a? = «*• 

{ a^(fo 
(l~iC*)(l+«*)** 






^«»#. —7= log i- + —7= »^ , /T • 

4V' I I - «• 4V * *v » 



f (I+g«)><fe 
'5- J I_*« • 






I -a^ <fe 



J I + 2flaJ + aJ2 y^rT2a«T^J^+^«?T«*' 

II - aa^ dx 

, I + <«;» 'v/i + 2«r* + a*a^ 
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CHAPTER V. 

lOSCELLANEOITS BXAMFLES OP INTEGRATION. 
o2, MMkteMTBXkOWk or z — : • 

aQOBaf + Bmx + c 

Let a oosa? + JBma? + c = fi, then -asina? + Joos« = -T-. 
Next assume 

-4 cosic + -B sina? + C = At* + /Li ^ + V, 

and, equating coefficients, we have 

-4 = X« + |u J, -B = Aft - /na, 0=\e + v. 
Solving for A, /u, v, we get 

. Aa + £b Ab-Ba _^ (^g + Jft) g 



-T r(^cosi»+-Bsma? + 

Hence ^ =— ^ 

J acoso? + sma? + 



(-4 cos i» + -B sin a? + C) fite 





(Aa+Bb)x Ab-Ba^ , . . . 

(a» + V) C- {Aa + Jft) c f d^ 



■*" a' + 6^ 



f ^ 

Jacosa?+ Jsina? + c* 



The latter inte^al can be readily found; for, if we make 
fl = r cos a, 6 = r sm a, we get 

a oosa; + ft sin 0? « r (cosa; cos a + sin a; sin a) - r cos (a? - a). 
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a oosa? + J smii? + c 



1 



On making a? - a = 0, the integral reduces to the form con- 
sidered in Art. 1 8. 

As a simple example, let us take 

(-4 + jB tan X) dx 
a + b tana? 

XT A + £ tan x A oobx •\- £ sinx 

Mere = 

a + btanx a Qosx + b anx 

and we evidently have 

C(A+£taiix)dx (Aa + Bb)x Ab-Ba^ , , . x 

J a^hi^nx ¥TF- ■" -^7^1og(«o08<r+J8m<r). 

83. I.te«ration T /(<^B'^> f"'^)^ . 

aooBx + bsmx + c 

where /is a rational algebraic function, not involving frac- 
tions. 

As in the preceding Article, assume a; » + a, and the 
expression becomes of the form 

(cos By sin 6) dO 
AoosO-hB 

Again, since siQ'd = i - cos^0, any integral function of sin0 
and cos 6 can be transformed into another of the form 

01 (cos 0) + sin 02 (cos 0). 

Accordingly, the proposed expression is reducible to 

0i(cos 0)dO 0a(oosO)8iaOdO 
AoosO + B AgobO + B 

The latter is immediately integrable, by assuming 

-4 cos + jB = «. 

To integrate the former, we divide hj AqobO + B, and 
integrate each term separately. 
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84. Integration off 

/(oo8a?)efo 

(fli + bi COS x){(h + h% ooso?) .... (a» + 6« 00s a?)* 

where/, as before, denotes a rational algebraic function. 
Substitute z for 60s x and decompose 



(ai + Ji2)(a3 + h2z) . . . .(a« + J«a) 

by the method of partial fractions : then the expression to be 
integrated reduces to the sum of a number of terms of the form 

dx 



A -^ B cos«' 
each of which can be immediately integrated. 

Examples. 

J 008* (5 + 3 COS*) 10 \i-8ma?/ 10 \ 2 / 

Idx 
. a . . . r, when a>b. 
an*x (a -f d 00s x) 

. b^acoBx ^ ,/i + aoo8«\ 

AtU, ; OOflT* I I . 

(a«-32)8ma; (a» - i*)' \« + 5cOBir/ 

Idx . tana? h . ^ In x\ h^ { dx 
— , , . r. Am, 5 log tan {-+-)+-• I r . 
OQs'd;(a + 6co8d;) a a^ ^ \4 a/ tfi] a-vbooAx 

85 . Vntesratlon off {/ (a?) + f(x) ] ^ dx. 

The expression e'Pefo is immediately integrable whenever 
JP can be divided into the sum of two functions, one of which 
is the derived of the other. 

For, let P = fix) ^f{x\ 

then / ^Fdx = \^f{x) dx + l ef{x) dx. 
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Again, integrating by parte, we have 

/ ^/{x) dx =/(a;) e* - / e'f {x) dx. 

Accordingly, 

For instance, to find 



I'-fT 


X 


dx. 




X 


I 




I 



H ftl*A — 

{i + xY I -v X (i + xy ' 

e' 
consequently the value of the proposed integral is — 

I T 



EZAliPLES. 

I. \0'{ooBX + tdnx)dx. Ant. e'an.x. 

!I+a:logaB_ ., 

«• ^—dx. „ «*10giF. 

3- Hdrr?*- 



iT 



»- I 



^ I^(rr^»)'^- 



" l + a:2- 



86. DiflnBrentlatlon under the SIsn off Integra- 
tion. — The integral of any expression of the form <p{xj a)e£r, 
where a is independent of x, is obviously a function of a as 
well as of X. 

Suppose the integral to be denoted by F{xy a), i. e. let 

F{Xf o) = / ^(a?, a) dXf 
then ^{F{x,a)} =^{x,a). 
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Again, differentiating both sides with respect to a, we 
have, sinoe x and a are independent, 

. F{Xya) d . ^(a?, a) 



dadx da ' 

or (Art. 119, Diff. Calc.), 

dx\ da J da 

Consequently, integrating with respect to x^ we get 

d . F{x, a) 



d_ fd . F(x^ a)\ d . <p {Xy a) 



da 



J da 



i.e.|-|«(^,a)^=j^*^<te. (1) 



In other words, if 

u = /0(iP, a)dx. 



then 



du ^ Cdi^ 
da J da 



provided a be independent of a; ; in which case, accordingly, it 
is permitted to differentiate under the sign 0/ integration. 

By coijLtinning the same process of reasoning we obviously 
get 

where u^^ J4t{xj a)dXf a being independent of x. 

For example, if the equation 

f e^ 

e^dx = — 

1 n 
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be difierentiated n timeB with respeot to a, we get 



l"^*- (0(?; 



^ 



{" ' i)X^- 



(See Art. 49, DifP. Calo.). 

Again, in Art. 2 1 we have seen that 



I 



ef^ (asmmx -m cos mx) 
ef^smtnxax^ — ^^ :; -. 



m" + a'* 



Accordingly, 

We now proceed to consider the inverse process, namely, 
the method of integration under the sign of integration. 

87. Integration under the Sign of Integration, — 

If in the last Article we suppose 0(ir, a) to be the derived 
with respect to a of another function % i.e. if 

«(;r,«) = ^, 

then f? = / ^(o;, a) da. 

Also by the preceding Article we have 

— Q refo j - J ^ (to = J 0(ir, a)(& = F{x, a). 
Hence !?(£{;» Fix^ a) da. 



\.e.^\n.,a) 



In other words, if 



JP(^, a) » ^ (a;, a) dxy 
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then FQCy a)da= [ J (^i?, a) da] d<JC. (3) 

It may be remarked that the results established in this 
and in the preceding Article are chiefly of importance in 
connexion with definite integrals^ Some examples of such 
application will be given in the next Chapter. 

88. Integration by Infinite Series. — It has been 
abeady observed that in most cases we fail in exhibiting the 
integral of any proposed expression in finite terms. In such 
oases, however, we can often represent the integral in the 
form of a series containing an infinite number of terms. 

An example of an integral exhibited in such a form has 
been given in Art. 63. 

The simplest mode of seeking the integral oif{x)dx]xi the 
form of an infinite series consists in expanding /(;r) in a 
series of ascending powers of x^ and integrating each term 
separately : then 11 the series thus obtained be convergent, it 
represents the integral proposed. 

It can be easily seen that if the expansion oif{x) be a 
convergent series, that of lf[x)dx is also convergent. 

For let 

f{x) = «o + axX + a^a? + . . . a^oif^ + &c., 
then 



1 



f(x)dx^ aox + + + . . . + + . . . 

^ ^ 2 3 « + I 



Now (Diff. Calc, Art. 73), the expression for f{x) is 

a X 
convergent whenever -^ is less than unity for all values 

of n beyond a certain number ; and the latter series is con- 

M ax 

vergent provided — be less than unity, under the same 

w + I afi^i 

conditions. 

Accordingly, the latter series is convergent whenever the 

former is so. 
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Examples. 

f dx « ^ I «• ^ 1 . 3 «" ^ I . 3 . 5 a;" 

I- I = - + + + + «c. 

J-V/ I — ic* I 26 2.4 II 2.4.616 

Idx /■-. — / I Bm'a? I . 3 sin** \ 
= 2v/sma; 11 + + +. . . I. 
vsina? * 25 2.4 9 / 

(i+tf«»)«a:«-^d!!8 = rp« I— + ^^^^ +^-^^- — ^ + &c. ). 

^ ' \m q fn-\-n l , 2 , q^ m+ 2n / 

89. Expansion off log (i + 2 m cosa; + m') (ste. 

We shall conclude by showing that the integral 

j log (i + 2moosx + m^)dx 

can be exhibited in the form of an infinite series. 
For we have 

I + 2woosa? + w* = (i + me' ■'*)(i + wr*^). 

Hence 

log (i + 2wcosic + m^) = log (i + mef^"^) + log (i + me*'''^) 

= m {f"^^ + e^') -—{f^^^-e^ + &c. 

( '^ . ^' s \ 

= 2 woosa? cos 22? + — cos %x - &o. . 

\ 2 3 y 

Accordingly 

fi / ' . 2\^ ( ^ .sin2ir , sin 3a? \ , . 

log(i+2wcosir+»»')air=2f msma?-w' — 5— +w' — f"\ (4) 

This series becomes divergent when m is greater than 
unity. In that case, however, the corresponding series can be 
easily obtained. 
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For I + 2»ioosa? + m*=wM i + )[ i + ), 

V ^ J\ ^ J 
and aooordingly 

, , 9\ 1 /oosa? cos 2a? cos 3a? « \ 

, ^^ ^ ^ \ m 2ni? zw? J 

Oonsequently, when m> i, we have 

f, , ^\ , t /sina? sin 20? sin 322? \ 

log(i + 2»ioosa?+w')ai=2i»lofl:w+2 5— r+— r^-«" • 

] ' ^ \ m 2^nf 3*w' / 

From the ahove it is easily seen that the integral 

/log(i + «oos«)di 

can be exhibited in the form of an infinite series when a is 

2fn 
less than unity : for makinir a = r we have 

log (i + a oosa?) = log (i + 2m 00s a? + m*) - log (i + m'). 
The relation between m and a admits of being exhibited 
in a simple form ; for let a ~ sin a, and we get m » tan -. 
Making this substitution in (4), we get 

log(i + sin a 00s or) (£r» 2a?logf oos-j 

+ 2 ftan-sinar -tan*- — — +&o.j. (5) 
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Examples. 



I. 



2. 



L ^ — ;— i — . Atu. —log (3 008*+ 2 am*). 

3C0B»+2Bm» 13 13 

f de 
J I —sill* 

! 



2 2\/a 



e*{3i^ + X -^ i)<fa 
(I + «*)* 



d«« 



>> 



\/i + 



{-. r-T = |log(l+COB0) + -log(l-COBe)--log(l-2COS0). 

/- • ^ . 
V a am- + i 



6 d / . 

sin-tan-rfd /i-sm- 

■^ =log I ^ 1 + —7:1 log 



cosd 



I + 8m- 

2i 



\/2 \ y^ 



'" • t 

'2 

- . 7 

2 sin I 

2 



6. When «* < i, prove that 



! 



dx 



X i«*i.3af' 1.3.5 a? 



w 






-v/i +«* I 2 s 2.49 a. 4. 6 13 
and whan a;^ > i 
dx 



"~~~ ~r • • • 9 



! 



II. I I . 3 I I . 3 . 5 I 



-v/i+a* a? 2 5«8 2 4 9a:« 2.4.6 130?!' 

7. Froyethat 

J_-^=^(log(i+.)+___ + _i_±+...j, 

and determine when the series is conyergent, and when divergent. 

8. Prove that 



i 



« + a _ Sin 00 X* + I* sin w 
sinf* «(f« = + 



2 



M+ I 1.2 



M + 3 



^ (\a+i«)(\« + 3') flin'^ai ^ 
1.2.3.4 ^ + 5 



Substitute « for sin** a? in the expansion of ^"^ ^'(Biff, Cale.y Art. 87), &c. 



,Xu -A« 



>• J — 5 — 8m|; 



!^»d» = '~ 



^ 8in'**'» x(xV+2«) sin***** 



I fi + 2 1.2.3 /ii + 4 



l4« 



X(\2 + 22)(\a + 4«)sin'*'*« ^ 

+ 7- + «c. 

1.2.3.4.5 M + 6 

[8] 
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CHAPTER VI- 



DEFINITE INTEOBALS. 



y 90. Integratloii regarded as Smnmatloii. — ^We have in 
the oommencement observed that the process of integration 
may be regarded as that of finding the limit of the sum of 
the series of values of a dLSerential/(a;)(^y when x varies by 
indefinitely small increments from any one assigned Value to 
another. 

It is in this aspect that the practical importance of inte- 
gration chiefly consists. For example, in seeking the area of 
a curve, we conceive it divided into an indefinite number of 
suitable elementary areas, of which we seek to determine the 
sum by a process of integration. Applications of finding 
areas by this method will be given in the next Chapter. 

We now proceed to show more fully than in Chapter I. 
the connexion between the process of integration regarded 
from this point of view and that from which we have hitherto 
considered it. 

Suppose ^ {x) to represent a function of x which is finite 
and continuom for all values of x between the limits X and Xo ; 
suppose also that X -Xo ib divided into n intervals Xi - Xo^ 
X2-afi, Xs- X29 . . . X- Xn^i ; then by definition (Diff. Calc, 



Art. 6), we have 



«N-*w_^,(^^) 



Xi - Xq 



in the limit when a?! = a?o ; accordingly we have 

^(a?,) - ^(aJo) = {xx - iPo)(/(a?o) + co), 
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where co becomes infinitely small along mth. Xi - Xq. Hence 
we may write 

* (a?i) - i> (xo) = (a?i - Xo) {(p'{xo) + to}, 
* (««) " ^ (a?i) = (aJa - a?i) {^'(aJi) + tj}, 

*(^) -*(^) = (i»^ - aJj) (♦'(iCa) +€2}, 



(X) - {Xn-i) = {X- X^i) {(p\Xn^i) + €n-i}, 

where ^^ ci . . . 6n-i become evanescent when the intervals are 
taken as infinitely small. 
By addition, we have 

^(X) - ^(iTo) = («i - aib) ft/{xo) + (aJ2 - iPi) ^'(iTi) + . . . 

+ (X - a?„_i) 0'(iP»_i) + (iTi - Xo) to + (aJg - a?i) ti + . . . + (X- a:,^.i) €».i. 

Now if 1} denote the greatest of the quantities co, ci, . • . Cn-i, 
the latter portion of the right-hand side is evidently less 
than (X - XQ)n; and accordingly becomes evanescent ulti- 
mately (compare DijBf. Calc, Art. 39). Z 

Hence ' 

^ (X) - ^ (xo) = limit of l{xi - Xo) ^'(afo) + (a?a- Xi) i^\x^ + . . . 

+ (X-ar^O*>«-i)]. (i) 

when n is increased indefinitely. 

This result can also be written in the form 

^ (X) - ^ (iTo) = S0'(aj) <&, 

V where the sign of summation Sis supposed to extend through 
all values of x between the limits x^ and X. 
^ 91. Definite Integrals, Idmits of Integration. — 

The result just arrived at, as already stated in Art. 3I) is 
written in the form 

f(X) -/(x,) = f '/(ar) dx, (2) 

where X is called the superior, and x„ the inferior Umit of the 
integral. 

[8a] 



C, ^ ^ ' 



'i 



116 Definite Integrals. , 

Agam, the ezprefision 

is called the definite integral of ^{x)dx between the limits Xo 
and Xy and represents the limit of the sum of the infinitely 
small elements {x) dxy taken between the proposed limits. 
Erom equation (i) we see that the limit of 

(»i -a?o)/(^o) + (^2 - «i)/(^i) + . . . + (X - Xn.i)/(Xn.i), 

when Xi -Xo^Xz- x^ . . . X- Xn^i become evanescent, is fi;ot 
hv finding the integral oif{x) dx (i. e. the function of which 
J^{x) is the derived), and substituting the limits Xoj Xior xm 
it, and subtracting the value for the lower limit from that for 
the upper. 

If we write x instead of X in (2) we have 

/{<») -/w = r A<')<^. (3) 

in which the upper limit* x may be regarded as variable. 
Again, as the lower limit Xo may be assumed arbitrary, /(a\)) 
may have any value, and may be regarded as an arbitrary 
constant. This agrees with the resulte hitherto arrived at. 

In contradistinction, the name indefinite integrah is often 
applied to integrals such as have been considered in the pre- 
vious chapters, in which the form of the function is merely 
taken into account, without regard to any assigned linuts. 

As already observed, the definite integral of any expres- 
sion between assigned Hmits can be at once found whenever 
the indefinite integral is known. 

A few easy examples are added for illustration. 



* The student should obsenre that in (3) the letter x which rtands for the 
Bupeiior limit and the x in the element f*(x\ dx must be considered as \mnf 
entirely distinct. The want of attention to tnis distinction often causes muoh 
confusion in the mind of the beginner. 
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s. 



II. 



Y 



ExAlfPLBS. 



. f 

Ja 



x^dop. 



■■ I 



IT 

Tsin $d$ 
cos^B ' 



'^* Jo ^T^" 

5. . 

•'0 \/a»-a^ 

6. I ^M<£v (aposithre). 
Jo 

7- f* ^ 

Jo I + 2fl; COB + 0^' 



r— 

Jo I + 



dx 



2XCOBip + CP^ 



9. I r^^toRfnxdx, 



10. I r^ coBtnxdg, 
Jo 



.CO 



<£9 



jins. 



f» 



« + I 



V 2— I. 



" :;\/a(v/2-i). 



" ii- 



»» 



»» 



^ 



»f 


2sm^' 


»> 


4> 




f» 


»9 


a« + «»• 




a 


99 


a« + m*" 



+ 2to + «r» V^i^rai 

92. To prove that 



9 wlien 00 — ^ is podtiTe. 



j af^'{i -xY-'^dx = [ qS^\\ -a?)«-i 



efo = 



- ' ' ^ ■ 3- " (^- i) 



n(w+i)..(» + w- i)' 
«7Ae» m and n are positive^ and mis, an integer. 
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The first relation is evident from (31^, Art. 32. 
Again^ integrating by parts, we have 

[ a^^(i - a?)-**? = - (i -ir)~-» + ^^' [af (i - ai)'^dx. 

Moreover, since n and m - i are positive, the term 
a^(i - a?)*^* vanishes for both limits ; 

Jo ^ Jo 

The repeated application of this formula reduces the in- 
tegral to depend on I af***^(fe, the value of whichis . 

® ^ Jo w + n-i 



Jo 

Hence we have 



' ar'{i -x)^dx= 1.2 s... {m 1) ^ J 

' n(n+ 1) . .. . {n + m- i) 



i 

This formula, combined with the equation 

shows that when either m or n is an integer the definite 
integral 



I 



aJ^*(i -xY'^dx 



oan be easily evaluated. 

When m and n are both fractional, the preceding is one 
of the most important definite integrals in eoialjsis. 

We purpose in a subsequent part of the Chapter to give 
an invertigation of some of its simplest properties. 

EZAMPLBS. 

f* • *» 

» n 



^2. f «*(i -x)^dx. 



3.7. II. 13 



aW 



" 5.7. 9. 13.17' 
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(/ 

93. Talaes of 



sin'*d?(fa?and oos^xdx. 



One of the simplest and most useful applications of 
definite integration is to the case of the ciroular integrals 
considered in the commencement of Chapter III. 

We begin with the simple case of 



IT 



V 

BlD^xdx. 





If in the equation (Art. 56) 



f . ^ , cos a? Bin^^x » - I f . ^ , 
J n n ] 

X T_ J ^ i! T -A XI- J. COS a? An^^x . - 
we take o and - for limits, the term vanishes 

2 n 

for both limits, and we have 



w 



I sin*{»tfe = 1 ^jD^^xdx. 

Jo n Jo 



Now, if n be an integer, the definite integral can be 
easily obtained ; its form, nowever, depends on whether the 
index n is even or odd. 

(i). Suppose the index even, and represented by zm^ 
then 



V 



Jo 2m Jo 

Similarly, 

I sin'*^ir&? = sin*"»-*a?e&: 

Jo 2W-2J0 

and by suocessiye application of the formula, we get 



V 

I; 



* • «« V I . 3 • 5- • • • (2^-0 w /.x 
mjoF^xax = — - — 7 ^ . -. (5) 

2.4.6.... 2m 2 ^ ' 
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(2). Suppose the index odd, and represented by am + i, 
then 

W 9 

Jo 2m -*" iJo 

Henoe^ it is easily seen that 



IT 



3.5.7... .(2W+1) ^ ^ 



Again, it is evident from (3^, Art. 32, that 



iy...f^... 



and consequently (5) and (6) hold when 00s x is substituted 
for sin A?. 

1/ f ^ • 

94. InTestlgatloii of I eia^xoot^xdx. 

Prom Art. 55, when m and n are positive, we have 

w ir 

I sin"*iPCOS"a?efo = sin"*iPcos**^a?di»i 

Jo m + n}o 



w 



and I sin** a? oofl*a? dx = 1 sin**~'a? cos" a? dx. 

Jo »» + wJo 

Hence, when one of the indices is an odd integer, the 
value of the definite* integral is easily found. 



* The result in this case follows also immediately from Art. 92, by making 
eos^ x = s; for this substitution tranaf onus the integral into 



(1 »-i 

0^ ' 
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For, writing 2m + i instead of m, we have 

fsin**^** 00s" a? dx = ein***"*« cos" a: dx. 
,0 2w + n+iJo 



Henoe 



I 



sin***" a? 008^ a? (fo 




2w(2m - 2) .... 2 f 2 . _^ - 
^ L — ^ ^ gan^ Qo^xdx 

+ n+i)(2w+n-i) .... (» + 3)jo 



(2m 

2.4.6 ... (2m) 



(n + i)(n + 3) . . . (n + 2m+ i)' 
In like manner. 



(7) 



V 



I sin**a?cos'"a?(fe= — 7 rl sin'**fl?oos'*^ajefo. 

Jo 2(w + w)Jo 



Henoe 



f ' • 8« «fft ^ 1 . 3 . 5 . . . (2n - i) f a . ^ , 

I sm'**a?oos'*iPda?=-:^ — ^^—^ 7 ^ sm'^^ipoa? 

Jo {2fn+2) ... (2m+2n)Jo 

^ 1 .3.5...(2n-i) .1 .3.5...(2m-i) gr , . 
2.4.6 (2m + 2w)*2' ' 

in which m and n are supposed both positive integers. 

Many elementaiy de&iite integials are immediatelj re- 
ducible to one or other of the preceding forms. 

For example, on making x » tan 0, we get 

JoCi + a?*)* Jo 2 . 4 . 6 . . . (2n-2) 2 ^^^ 

ra. at 

Similarly, by a? -a sin 6, I i»"(a' -a?*)' (fe transforms into 



V 



■rsin" 



«"«»+> Bm»6loo8""erfe. 
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fa H^ 



on making x = a{i - oos6), beoomes 



rt«^i mjor^'ede. 



I-' 



The expressionB for these integrals, when m and n ar< 
fraotional in form, will be given in a subsequent Article. 



• K" 



Etamft.tm, 



sinT X 006^ X dx. Am. 



3.5.7 • " 



ir 



\ a. I aHi^xooB^xdx. ,, — — 

-^ Jo 9 . 19 . 29 . 39 . 49 



9 . 19 . 29 . 39 . 49 
1.2.3... (^ ~ <) 



Jo " ». («+i) . . . {« + m- i) 

2.4.6... (2n) 



4. f (I - «•)»<?«. 
J 



" 3 • 5 • 7 • • • (2« + i)' 



1 a^dx I . 3 . 5 ... (iff - I) 



11 «*•<« 



y^i-aj* 2.4.6... sfi 2. 

I g^ldx 2 .4.. 6 . . . 2» 



6. I 99 -. 

Joy^I -ar* 3.5 .7 ... (211+ I) 

7. Deduce WaUis's yalue f or v by aid of the two preceding definite xoiegiali. 

/•• afi^dx J 2 . 4 . 6 ...(«— i) I 

Jo(a + J*>)5*' 3.5. 7.... •• •.*-*' 
when A Ib an o<ii integer. 

9. f »'(2«»-»«)*«to. 
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/ r 

95. Talve of I er^af^da^ wbeit n is a posltlTe Integer. 

In Art. 63 we haye seen that 

e~*af^dx = -e*^ + n\ e^af^^^dx. 



e~*af^dx = - 6r*af + n 



Again, the expression -- yanishes when a? » o, and also 



when a; = 00 (Diff. Calo., Art. 94, Ex. 2). 

Henoe e^af^dx^n I e^of^-^dx. (10) 

Consequently ^af efo= i .2 .3.,.n. (11) 

Many other forms are immediately reducible to the pre- 
oeding definite integral. 

For example, if we make x^azvrQ get 

JWdk- '-^;^.---" , (12) 

in which a is supposed to be positiye. 

Again, to find ;{^ (log a?)** cir ; let x » a**, and the in- 
tegral becomes 

Jo ^ ^ (w+ l)*^' 

Since log a? » - log [ - ], this result may be written in the 
form 



1 



124 Definite Iniegrah. 



lite integral I 



The definite integral \ e^of^^dx is sometimeB known as 

The Seoond* Eulerian Integral, and is fundamental in the 
theory of definite integrals. Being obYionslj a function 
of fly it is denoted by the symbol r(n), and is styled the 
Qtimma-Funotion. 

It follows from (lo) that 

r(w+ i) ^nr[n). (14) 

Also, when n is an integer we have 

r (» + i) = I . 2 . 3 . . . n. (15) 

Again, when x is less than unity, we have 

I 



I -a? 



= I +« + aj* + a^ + &o; 



loga? = 1 loga?(i +a?+a?* + ...)dir 

(by a well-known result in Trigonometry). 
In like manner we get 

p log Xdx ^ IT* 

Jo I +« " 12 

An account of the more elementary properties of Gtimma- 
Functions will be given at the end of this Uhapter. 

* The integral I scf^'"^ (i - xy^^ dx, considered in Art. 92, is sometimeB called 

the First Eulerian Integral ; we shall show suhseqnently how it can he ex- 
pressed in terms of Gamma-Fimctions. 
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'• ChOl"'^- 



Ant, I . 2 • 3 ... II. 



I • 2 • • . ft 












Ana, — . 
4 



96. jfjfK a»rf f? J« Jott Junctions of a?, a»<? (f v preserve the 
same sign while x varies from Xq to Xy then we shall have 



ex ex 

I uvdx « XT I vdx^ 



where Vis some quantity comprised between the greatest and the 
least values ofuj between the assigned limits. 

For, let A and B be the greatest and the least values of 
Uy and we shall have, when v is positive, 

Av>uv> Bv\ 

when V is negative, 

Av <uv < Bv. 

Consequently, for all values of x between Xo and X the 
expression uvdx lies between Avdx and Bvdxy and aeoord- 
inglj, if the sign of v does not change between the limits, 

I f<t7dlr lies between ^ I t^eirand^ vdx^ 
which establishes the theorem proposed. 
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Cos. If f{x) he finite and continuous for all values of x 
between the finite limits Xo and Xj then the integral 



will also have a finite value. 

For, let A be the greatest value of /{x)^ and B the least, 

then I /{x) dx evidently lies between the quantities 

A dx and B\ dx; 

/W dx> B{X-Xf) and < ^ ( J - x^). 

\j 97. Taylor's Tbeorem. — ^The method of definite inte- 
gration combined with that of integration by parts furnishes 
a simple proof of Taylor's series. 
, For, if in the equation 

/(Jr + A)-/(Z)=J^ f{x)dx 

we assume x = X + h -Zf'we get dx^- dzj and also 

J^ /(ar)e&=J f\X + h-z)dz; 





•A 



.-. f[X + A) -/(X) = [ f{X + A - 2)rf2. 
Again, integrating by parts, we have 
[/(Jr + A-2) & = s/(jr+A-«) + I zf\X + A - «)rf». 
Hence, substituting the limits, we have 

£/'(X + A -2) rf« = ;i/'(X) + J* s/"(X + A - ») dz. 
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In like manner, 

which giyes 

|%/'(X+A-2)(fe = ~/'(Z)+|*^/"(Z + A-»)(fc; 

and so on. 

Aooordinglj, we have finally 

h A* A**"i 



+ |/(«)(Z.A-«)i^^. (16) 



L! 

This is Taylor's well-known expansion.* 
Y 98. Remainder in Taylor's Tbeorem expressed 
as a Definite Integral. — ^Let i2» represent the remainder 
after n terms in Taylor's series, then by the preceding Article 
we have 

i?„=[/(»)(X+A-«)^. (17) 

There is no difficulty in deducing Lagrange's form for 
the remainder from this result. 
Por, by Art. 96, we have 

J ol . 2 .3 . . . (W- l) 1 .2 .,,11 

where U lies between the greatest and least values which 
/(♦*)(X+ A - s) assumes wmle z varies between o and A. 



* The student will observe that it is essential for the validity of this proof 
(Art. 90), that the successiYe deriyed functions, /'(^)i/"(^)> &c., should be 
jQnite and continuous for all values of x between the limits X and X + h. 
Compare Artides 54 and 75, J)if» Cale. 
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Henoe, as in Art. 75, Diff. Calo. (sinoe any value of % between 
o and A maybe represented by (i - 6) A, where 6> o and< i) ; 
we have 

where is some quantity between the limits zero and unity. 
Oj^ /; f^r 99« Bernoulli's Series. — ^If we apply the method of 
^ integration by parts to the expression /(«?)(& we get 

J /(a?) dx = igf(it) - \icf{x)daf; 

.'. |y(a?) dx = Xf{X) -j^/{x)xdx. 
In like manner, 

|>(.).,fc.^^/(i)-|V(.)^. 
['/.(,) ^ . -^- /-(i) - f V(.) ^i-, 

Jo -^ ^^1.2 1.2.3-^ ^ ^ Jo -^ ^ ^ I .2.3* 

and so on. 

Henoe, we get finally 

""/{xidz =^/(J) - ^—^f{X) +-^/'(X)-&o. . . . (18) 

Compare Art 66, DiS. Calo., where the result was obtained 
directly from Taylor's expansion. 

100. Bixeeptlonal Cases In Definite Integrals. — 

In the foregoing discussion of definite integrals we have sup- 
posed that the nmction /{x)^ under the sign of integration, 
has a finite value for all values of x between the limits. We 
have also supposed that the limits are finite. We purpose now 
to give a short discussion of the exceptional cases.* They may 

* The complete inyefitigatioii of definite integralB in these ezeeptional cases 
is due to Cau&y. For a more general discussion the student is referred to 
M. Moigno's Cdkul InUgral^ as also to those of M. Serret and M. Bertxand. 



1, 



a 
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be classed as follows : — (i). When /(a?) becomes infinite at 
one of the limits of integration. (2). When /(a?) becomes 
infinite for one or more values of x between the limits of 
integration. (3). When one or both of the limits become 
infinite. 

In the^e cases, the integral f{x)dx may still have 

finite value, or it may be infinite, or indeterminate : depend- 
ing on the form of the function /(a?) in each particular case. 
The following investigation will be found to comprise the 
cases which usually arise. 

loi. Case In wliicli/(2;) becomes infinite at one of 
the liimite. — Suppose that f{x) is finite for all values of x 
between x^ and X, but that it becomes infinite when x = X. 

The case that most commonly arises is where /(a;) is of 

the form .JL' ^ >^ , in which \p{x) is finite for all values 

between the limits, and n is a positive index. 

Let a be assumed so that \p{x) preserves the same sign 
between the limits a and X; then 

[^ \P{x)dx _ f « ^[x)dx ( ^ yf,{x)dx 

],Jx:^^-l^{x-xY'']^{x-xr 

The former of the integrals at the right-hand side is 
finite by Art. 96. The consideration of the latter resolves 
into two cases, according as n is less or greater than unity. 

(i). Let n < I, and also let A and B be the greatest 
and least values of ypix) between the limits a and X : then, 
by Art. 96, the integral 

^ dx 



I /xr x^ lies between A 7= r- and jB ,^ , . 

Moreover, since n < i, we have evidently 

dx (X - ay-"" 



C^ dx 



xY I - n 



and consequently, in this case, the proposed integral has a 
finite value. 
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(2). Let « > I, and, as before, suppose A and B the 
greatest and least values of \Ij{x) between a and X; then 

Again, we have 

dx I 



1 



(Z-a:)» («- i)(Z-a?)"-^* 



Now 7^= r — 7 becomes infinite when x = X. but has a 

{X - xy-^ ' 

finite value when a? = a ; consequently the definite integral 

proposed has an infinite value in this case. 

f dx 

"When n = I, -r^ r = - log {X - x). This becomes 

J (A — a?) 

infinite when a; = X ; and consequently in this case also the 

proposed integral becomes infinite. 

The investigation when f[x) becomes infinite for x ^a^ 
foUows from the preceding by interchanging the limits. 

102. €a«e Inhere f{x) becomes infinite between 
the liimits. — Suppose f[x) becomes infinite when x == a, 
where a lies between the limits x^ and X; then since 

f{x)dx=-\ f{x)dx-{-\ f{x)dXf 

the investigation is reduced to two integrals, each of which 
may be treated as in the preceding Article. 

Hence, if we suppose f{x) = . ^ ^ , it follows, as in 

rx ^^-^) ^ 

the last Article, that f{x)dx has a finite or an infinite 

value according as n is less or not less than unity. 

The case in which /(a?) becomes infinite for two or more 
values between the limits is treated in a similar manner. 
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For example, if 

f{(h) = 00, /(^a) = 00, . . . f{an) = 00, 

where «„ «a . . . a» lie between the limits X and Xq ; then 
\f{x)dx=\f{x)<h-{-\ V(^)^ + &o.+ f{x)dx, 

J«o J*o J^i J««i 

each of which can be treated separately. 

103. Case of Infinite JLtmits. — Suppose the superior 
limit X to be infinite, and, as in the preceding discussion, let 

fix) be of the form ,^ \ . where \L(x) is finite for all values 
' (a? - «)** ^ ^ ' 

of a?. 

As before, we have 

f{x)dx^\ f{x)dx + \f{x)dx. 

J Xq Jxq J a 

The integral between the finite limits x^ and a has a finite 
value as before. The investigation of the other integral con- 
sists again of two cases. 

(i). Let n > I, and let A be the greatest value of \Ij{x) 
between the limits a and 00, then 



I , . is less than A -, ; 



y 



B t f^ ^a? ^ I r I I 1 

"^ ]a{x-aY w - I L(a - a)^' {X - «)-d • 

The latter term becomes evanescent when X= 00 : accord- 
ingly in this case the proposed integral has a finite value. 

^ In like manner it is easily seen that if n be not greater than 
unity, the definite integral 



1: 



dx 



{x - a)^ 
To a] 
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has an infinite value ; and consequently 

\Ij{x) dx 






[x-af 



is also infinite, provided yp{x) does not become evanefioent for 
infinite values of x. 

Henoe, the definite integral 



j:. 



\fj{x)dx 
x^{x- a)* 



has, in general, a finite or an infinite value acoording as n is 
greater or not greater than unity : \lf{x) being supposed finite, 
and x^ being greater than a. 

If Xbecome - oo, a similar investigation is applicable; for 
on changing x into - x^ we have 



f f{x)dx = -\ f{-x)dx, 

J Xn J -*o 



in which the superior limit becomes oo. 

104. Principal and Cfeneral ITalnes of a Definite 
Integral. — We shall conclude this discussion with a short 
account of Cauchy's* method of investigation. 

Suppose /(a?) to be infinite when « = a, where a lies be- 
tween the limits x^ and X; then the integral I f{x)dxiB re- 
garded as the limit towards which the sum 



f{x)dx+ /{x)dx 



approaches when c becomes evanescent; /i and v being any 
arbitrary constants. 



* This and the four following Articles hare been taken, with some modifica- 
tions, from Moigno's Caleul InUgrdl, 
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This value depends on the nature of/(ir), and maybe 
finite and determinate, or infinite, or indeterminate. 

If we suppose /* = v, the limiting value of the preceding 

sum is called the principal value of the proposed integral ; 

while that given above is called its general value. 

rx ^ 

For example, let us consider the integral — . 
Here f' ^ = M T ('^ . P^l 

Also, making x = -»f 

rx ^^ /^\ 

Accordingly, the principal value of — is log ( — ) ; while 

its general value is log f — ) + log(-). The latter expres- 
sion is perfectly arbitrary and indeterminate. 
Again, let us take -r- 

A.u^ i:$->^'[i:f^i:$]- 

J„, ar ve X J^^ ar fi^ Xo 

A -j = limit - + ^-l-i-1. 

Consequently, both the principal and the general value of the 
integral are infinite in this case. 
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In like manner, 

£^^ = lixrutofl(^-^-^-lj+i-^). 

Hence the general value of the integral is infinite^ while 
its principal value is l(i,-^,). 

It may be observed that the principal value of 



I 



^ dx . , i f "^ dx 

^18 equal to^^. 





This holds also whenever /(a?) is a function of an odd 
order: i.e. when/(-- oi) = -f{x). 
For we have 

f{x)dx= ^ f[x)dx + f{x)dx. 

J-^Q Jo i-<tQ 

But f /(a!)<fe = - r f{-x)da! = p/(- «)*' ; 

J-«o J*o Jo 

.-. p f{x)dx = p {/(a;) +/( - ar) )(&. (19) 

J-CB^ Jo 

Accordingly, if /(- «) = -/(^), we get 

I " f{x) dx-o. 

Again, if /(a?) be of an even order, i.e. if /(- x) =f{x)yVrQ 
have 

f{x) dx= 21 f{x) dx. 

J-«o Jo 

105. Slni^ajr Definite Integral. — The difference 
between the general and the principal value of the integral 
considered at the commencement of the preceding Article is 
represented by 

fix) dxy 



Ta + fit 

Ja + vt 



in which /(a) = co, and e is evanescent. 
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Such an integral is called by Cauohy a singular definite 
integral^ in which the limits dijBfer by an in&iitely small 
quantity. The preceding discussion shows that such an in- 
tegral may be either infinite or indeterminate. 

1 06. Infinite Idmits. — ^If the superior limit be infinitOy 

z 

egard f{x) dx as the limit of I f{x) dxy when c becomes 

J «o J *0 



we p ^ 
evanescent. 



Also f(x)dx= limit of f{x) dx when c is evanescent. 

J-* J-— 



fie 



In the latter case the value of the definite integral when 
/u = V is, as before, called the principal value of 



L 



f{x)dx. 



In this we assume that /(a;) does not become infinite for 
any real value of x, 

107. Example. — Suppose - j}, . to be a rational algebraic 

fraction, in which /(a?) is at least two degrees lower in a? than 
F{x), and suppose all the roots of F{x) = o to be imaginary, 
it is required to find the value of 



1 



..W)'^' 



Prom the foregoing conditions it follows that 4^ cannot 

become infinite for any real value of x : accordingly the true 
value of the integral is the limit of 



f 



fM 



when e vanishes. 



■J J 
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To find this value, suppose -=—-7- decomposed by the me- 
thod of partial fractions, and let 

and 



X - a - h*/^^ X - a + 6y^- i 
be the fractions corresponding to the pair of conjugate roots 

a + Jy/- I and a - b^- i, of F{x) = o ; 
then the corresponding quadratic fraction is the sum of 

A - By/^ A + J?y~i 



X - a- h^s/-^ a? - a + hV" 1 



2 A (a? - a) + 2jBJ 
i.e. ^ 



{x - aY + 6* * 



^^ f (. !y^ y = ^^ t^^X^) ' 



z 



» 27rj& when s vanishes. 






■i: 

z 



= 2A log -, when e = o. 
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J ., F{x) 

„ f« [2A(a!-a) + 2B]dx ., /mN d / \ 

^^°°"J-L i^-ai' + y 2^1og(^j + 2:r5. (20) 



i*« 



Now, suppose F{x) to be of the degree zn in ;r, and let the 
values of -4 and jB, corresponding to the n pairs of imaginary 
roots, be denoted by -4i, -4», . . . Any and ^1, J?2> • • • ^n> re- 
spectively ; then we have 



I 



X 
V9 



/(«') 



(3te = 2 (-4i + -4, + . . . + -4„) logf- 



L2.F{x) \Vy 

■ 

+ 27r(5i + jBa + . . . + jB„). 

Again, since /(a?) is of the degree 2n - 2 at most, we have 

-4i + ^2 + • • • + An = O. 

For, if we clear the equation 

F{x) [X'-aiY + 6i» (a: -an)* + V 

from fractions, the coefficient of a^^ at the right-hand side is 
evidently 

2(^1 + J[a+ . . . + -4«); 

which must be zero, as there is no corresponding term on the 
other side. 

Accordingly we have, in this* case, 



I 



^.dx = 2a-(£i + £a + . . . + 5,). (21) 



♦ It may be observed tbat when f{x) is but one degree lower than jF(«), 

"L, \ dx is still of the fonn given in (21). 
-00 Jfyx) 



V 
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We proceed to apply this result to an important example. 
1 08. Value of ^— tt when m and n are Positive 

Jo I -^^ 

Integers* and n> m. 

Let a be a root of a?''* + i = o, and, by Art. 37> we have 



A-sy-i^ 



a 



2m 



a 



»m+i 



2na: 



an-i 



2n 



Again, by the theory of equations, a is of the form 

\ cos^ Z- + y^-isin , 

\ 2n 2W 

in wMoh k is either zero or a positive integer less than n ; 
.-. a»~+Ne cos (2* + 1) + a/^i sin (2* + i) 0, 

'2m + i)v 



where 



= 



1: 



an 



Hence 5 = '^^"^-^ ^^^ ; andto^oardi^gly ^^ ^^^"^ 

2n V 

5, + 5a + . . . + 5« = - {sin© + sin30 +Ni*-si^(^^- ')^J- 

2n * *^ 

To find this sum, let 

S = sin + sin 30 + ... + sin (2n - 1) 

then 

An— i)0 
2iSsin0 = 2sin*0+2sin0sin30 +...+ 2sin0sin(2«r ^ 

= I - 00820 + cos 20 - cos 40 + ... + COS {2n - 2)0 - cP® ^^ 
= i-cos2w0=2sui*n0 = 2sin'(2w+ i) — = 2 ; 



.-. iS = -7 



sm0 . (2m + I TT 

2n 



i 
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«^'* 



Accordingly, we have 



1 



« I +0^** . (2W+ l)7r 

n sm ^ — 

2n 

Hence, by (19), 



r ci^^dx _ I r Q?^dx IT 1 

Jo I + a?*" "^ 2j_«i +«?*"" 2n . (2W+ i)7r' ^^^^ 



sm 

2n 



We now proceed to consider the analogous integral 
—y where m and w, as before, are positive integers, 

Jo I "■ ^ 

and n>m. 

109. InTesttgatton of 3;i^« 

Jo I "" ^ 

We conunenoe by showing that 



ol -i»* 



= O. 



This is easily seen as follows : 

r* dx ^ p tfo? r* efe 
Jo I -a?' "Jo I -25* Jii -a?'' 

Now, transform the latter integral, by making a? = -, and 
we get 

r dx _ r efg _ r' ^g _ f'__^« 

jii-a^^'Jii-a'" J0I-2'"" Joi 



ic^' 



r dx 

Jol -^ 



Again, proceeding to the integral 

'"^dx 



f _ 
Li - 



J * ~ "^ 
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we observe that i + a? and i - x are the only real factors of 
I - a^'^y and that the corresponding partial quadratic fraction 
in the decomposition of 

a?** . I 

18 



I -aj** n(i - a^)* 

Consequently, the part of the definite integral which corre- 
sponds to the real roots disappears. 

Moreover, it is easily seen that the method of Arts. 107 
and 108 applies to the fractions arising from the n - i pairs 
of imaginary roots, and accordingly 



1 



^ = 27r (jBi + jBa + . . . + Bn^\ 



.. I - iC 

where B^ £29 • • • ^n-i have the same signification as before, 
^ain, since the roots of a?^** - i = o are of the form 

kw J — . Air 
cos — ± a/- I sm — • 
n n 

it follows, as in Art. 108, that 

jBi + jBa-f. . . + jBii-i = — [sin20 + sin4O+ .. . + sin2(n- i)0], 

where 6 = ^^ —* as before. 

2n 

Proceeding as in the former case, it is easily seen that 

sin 20 + sin 40 + . . . + sin 2 (n - i)9 
oosO -cos(2»- l)0 ,2W+ I 

■ r-^ -^ =00t v. 

2 sin 2n 



„ r a^'^dx IT , 2w + I 
Hence ;:; = -cot — 7— ^> 



ffin 



i 



., I - a;*" n 2n 

-r- = — cot IT. (23) 

1 - a?*** 2n 2» ^ ^ 
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Again, if we transform {22) and (23) by making ^'^ = 2 

- 2m + I , 

and a = , we get 

2n ^ 

= -: , = 7rcota7r. (24) 

Jo I + « Bmair Joi - 2 

The oonditions imposed on m and n require that a should 
be positive and less than unity. 

Moreover, since the results in (24) hold for all integer 
values of m and n, provided « > w, we assume, by the law of 
continuity, that they hold for all values of a, so long as it is 
positive and less than unity. 

1 10. The definite integrals discussed in the two preceding 
Articles admit of several important transformations, of which 
we proceed to add a few. 

For example, on making w = 2* in (24), we get 

f* du air f* du , 
1 = ; 1 = air cot aw. 

Joi+t*« sinair Joi -u^ 

'I 

If - = r, these become 
a 

r du IT r du TT , IT , . 

— — ; = , = - cot -, (25) 

Jo I +f*'^ . ir' Jo I -W^ r r ^ ""^ 



rsm— 
r 



where r is positive and greater than unity. 
Again 



Joi +a?» "Jo I +aj' ''"Jii +a;*' 



Now, if in the latter integral we make a? = -, we get 



Jii +aj»~ Ji I +2* "Jo I +aj" 

Jol +^ Jo I +«' ^ * 
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Moreover, from (22)^ when n is less than unity, we have 



2 cos 

2 



Accordingly 



; " > (28) 



2 cos — 

2 



In like manner, it is easily seen that 



1 



^ af^ - ar^ dx n . fiTT , . 

— = — tan — . (20) 

Q X - ar^ X 2 2 ^ 



It should be noted, that in these results n must be less than 
unity. 

Again, transform (28) and (29) by making x = er^ and 
nir = «, and we get 

r- ^a + g-o« I a r ^» - ^* , I ^ a /^ x 

— efe = - sec-, -— — - efe = - tan- (30) 

J e'^* + e"'* 2 2 J ^'^ - «"*' 2 2 

We add a few examples for illustration. 



• c 


dx 




• 1: 


^» 




(«2 + a») (a;« 


+ i') 


. f 


<fa; 





EXAKPLES. 

Ant. 



»Bin- 



>) 



2a6 (a + d)* 



" 4* 



4. I tan" 0^9, where n lies between + i and - i. „ 



nit 
2 cos — 

2 
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^ . ^.^ — , where » > m. ^«#. — — -. 

ancos — 
2n 

a b 

Jo e^' + erv' cos a + cos i 

7. P^'- -_ - ',,. 



'o cir«-^-ir» * " COSa+COSd' 



It should he ohserved, that in these we must have a -^ b < v, 
8. Hence, when i < tt, prove that 

I c + tf '^ 1 cos - 



f !_± 
Jo «'»*+ 



cos axdx = 



rw« tf« + 2 cos d + «-» 

r ■ 

Jo tfir«-tf-ir« ^ + 2C0sJ+«-« 



^* c** - r *« , sin 3 

cos axax-= 



•• ^ + ^** . , I ^ - g-» 

sin axdx=- 



Iq gir* + c"ir« 2 e« + 2 cos * + ^<» 

<?2. Ans» TT cot air — . 

I -2 a 

III. DiflTerentiatloii of Definite Integrals. — It is 

plain from Art. 86 that the method of differentiation under 
the sign of integration applies to definite as well as to in- 
definite integrals, provided the limits of integration are 
independent of the quantity with respect to which we dif- 
ferentiate. 

On account of the importance of this principle we add an 
independent proof, as follows : — 

Suppose u to denote the definite integral in question, i.e. 
let 

u = <f>{Xy a)dXf 

where a and b are independent of a. 

To find -J- let ^u denote the change in u arising from the 
da 

change Aa in a ; then, since the limits are unaltered, 
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Aw = {^(a?, o + Aa) - ^(a?, a)}efo; 
'* 0(ar, a + Aa) - ^ (a?, a) 



Am _ p 
" Ao Ja 



Aa 

Henoe^ on passing to the limit,* we have 



dx. 



du^r^ di> {x, a) ^^ 
da Ja da 



Also, if we differentiate n times in succession, we ob- 
viously have 



^ _ p d^<j>{it, a) 
da"" " Ja da*" 



The importance of this method will be best exhibited by a 
few elementary examples. 

112. Integrals deduced by Differentiation. — If 

the equation 



1 



» a 



be differentiated n times with respect to a, we get 

I . 2 .3 . . .n 



1 



af'e-^dx = 
a"+^ 



as in Art. 95. 

Again^ &om the equation 

dx rr I 



1, 



a^ + a""2ai* 
we get^ after n differentiations with respect to a, 

__ IT 1 .3 .5...(2n - i) I 



1. 



dx 



(aj» + «)"+^ 22.4.6... 2n a"+i' 
which agrees with Art. 94. 

* For exceptions to this general result the student is referred to Bertiand's 
CalctU Intigralf p. 181. 
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Again, if we take o and oo for limits in the integrals (23) 
and (24) of Art. 21, we get 

6^^ cos «wi» cfc = -r — :, (r^^mxdx--z 1. (31) 

Jo a^+ntr Jo a'+ 1»* ^ ' 

Now, differentiate each of these n times with respect "to a, 
and we get 

Jo ' \daj \a^ + my 

_ I w.cos(n + 1)6 
(a' + m») » 

Jo !Lti » v32; 

where w = a tan 6. (See Ex. 17, 18, DifE. Oalc, pp. 58, 59.) 
Next, from (24) we have 



1: 



= IT cot air. 



i-x 
Accordingly, if we differentiate with respect to a, we have 

Jo I -a? 
Again, if the equation 



sm'air 



[y-^dy^l 



be tranBfomed, by ma]dng y^-^, it evidently giveB 

Jo (a + 6a?)**"^ "" waft"* 

[10] 
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Now, differentiating with respect to a, we have 



i 



af^^dx I 

7^ 



(a + bx)'^^ n{n + i)a»6»' 



If we proceed to differentiate m - i tunes with regard to 
a, we have 



I 



af^^dx 1 . 2 . 3 .. . (m-i) 



(a + &r)*»** n . (n + i)(n + 2) . . . (n + #» - i) * a*" 6** 

113. By aid of the preceding method the determination 
of a definite integral can often be reduced to a known integral. 
We shall illustrate this statement by one or two examples. 

Ex. I. To find 



j: 



log(i + sina oosa?) . 



cosar 



Denote the definite integral by u^ and differentiate with 
respect to a ; then ^ 



f cosat£r ^ A i^ ftv 

= -. = IT (by Art. 18). 

Jo I + smo cosa? ^ "^ ' 



du f cosat£r 
da 



Hence, we get 

'» dx log (i + sin g oosa?) _ 



i 



wa, 

cos a? 



No constant is added since the integral evidently vanishes 
along with a. 



"=i: 



I ^r*" sm wo? - 
Jflx. 2. u = \ dx. 

In this case 



du f __ , a 



c?w Jo «* + w' 

/. f# = o -; , = tan-^ ( — ). 

J o* + w* \ a J 

No constant is added since u vanishes with m. 
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Ex. 3. Next suppose 

log(i +flV) . 



Jo 1+6V 

TT ^^ f* 20^ dx 

da ""Jo (i + a'a^)(i + 



6'aj») 



I r r 2ge^ _ r jadxi 

a'-b'l], 1+6V Jo i+avj 



a \ w 

T - I TT = 



• 



•'•«*= T r = T log (a + J) + const. 

}a + ° ^ ' 

To determine the constant : let a == o, and we obTiously 
have u = o. 

Consequently, the constant is - r- log J; 

The method adopted in this Article is plainly equivalent 
to a process of integration under the sign of integration. 
Before proceeding to this method we shall consider uie case 
of differentiation when the limits a and h are functions of 
the quantity with respect to which we differentiate. 

114. Dlinereiitlatloii where the liimitB are Ta- 
riahle. — ^Let the indefinite integral of the expression 
<p{(tj a)dx be denoted by F{Xf a) ; then, by Art. 91, we have 

u = ip{Xy a)dx^ F{bj a) - F{ay a); 

. du d.F{b,a) ^,, 

••56^ db "*(*^"^' 

[10 a] 
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Again, taking the total differential coefficient of u re- 
garding a and b as functions of a, we have 

rfi* _ f*rf0(a?, a) - dudh duda 
da ]a da db da da da 

By repeating this process, the values of ^, ^, &c., can 

be obtained, if required. 

115. Integratloii under the Sign of Integration. — 

Betuming to the equation 

where the limits are independent of a, it is obvious, as in 
Art. 87, that 



uda == 0(^9 ^)da dXf 



provided a be taken between the same limits in both cases. 
If we denote the limits of a by ao and oi, we get 

uda = 0(^9 a)da dx^ 

or <^{xy a)dx\da^ \\\ <^{Xy a)ch. \dx. (34) 

This result is easily written in the form 

^{Xf a)dxda=\ i^{Xya)dadx. (35) 

J cL^ja Ja ioo 
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These expressions are called double definite integraby aa in- 
Tolvine saocessive integrations with respect to two variables, 
taken between limits. 

It may be observed that the expression 

^{Xf a)dxda 
is here taken as an abbreviation of 



JaoLJa 



i^{Xy a)dx da, 



in which the definite integral between the brackets is sup- 
posed to be first determined, and the resnlt afterwards 
intonated with respect to a, between the limits oo and ai. 
The principle* established above may be otherwise stated, 
thns : In the determination of the integral of the expression 

ff>{x, a)dxda 

between the respective limits Xo, Xiy and oo, ai, u>e may effect the 
integrations in either order y provided the limits of x and a are 
independent of each other. 

In a subsequent chapter the geometrical interpretation of 
this, as well as of a more general theorem, will be given. 

We now proceed to illustrate the importance of this 
method by a few examples. 

1 1 6. Applications of Integratloii under Hie Sign J. 

Ex. I. From the equation 

(xf^^ dx - - 
Jo a 

we get 

* It should he noted that this principle fails whenever ^(», a), or either of 
its integrals with respect to a, or to a;, hecomes infinite for any values of » and « 
contained hetween the limits of integration. The student will find that the 
examples here given are exempt from such failure. 
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Henoe 

Again, if we make a; « ^ in this equation, we get 



1;-^.=^=.) 



Ex. 2. We have already seen that 

a 



i 



e'^oos mxdx- 

Jo 

Hence 



o* + w*' 



Jo JL«. J J«o«* + »> 

I , /oi* + w»\ 

J. —IT- "^"^^ ' -2^'s[;[^- 

Ex. 3. Again, from the equation 

I 

we get 



e^asimxdx = 



a» + w»' 



r^ sin iwii?da(& = P -; 

Jo J«„ J. o' + w'* 



a» 



/. f ^^""^"^ sin mxdx = tan-Y?!iV tan-^ (^^\ 
Jo a? \wy \w/ 

Oompare Ex. 2, Art. 1 13. 

j1 we make oo = o and ai = 00 in the latter result, we 
obtain 

sin^no? , IT 
ax = -. 



r sm^i 
Jo a? 



2 



1/51 

Value of \ er^dx. 



4 



Ex. 4. To find the value of 



Henoe 



Denoting the proposed integral by k, and substituting 
ax for 0^1 we obviously have 

f ^•(i+«-)arfa = -— ^; 

Jo 21+a;'' 

^ I f cto _p, . ?: = I:« 

2J0 1 + ar 4 

r^&?=:* = ~V^. (36) 

Jo 2 

This definite integral is of considerable importance, and 
seyeral others are readily deduced from it. 
117. For example, to find 



But 



Henoe 



(A) « = |] 



a« 



-«•- — 

e ''dx. 

^ 

Here 



— = - 2 f 
da J, 



-«*-^ dx 

iT^ 



in, let z » -, and we get 
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/. -r- = T 21* ; henoe u = Cfe"'*. 

To detennine C> let a »: o, and, by the preoeding example, 
f# beoomes — — . 

2 

Oonseqnently 

|%"*"^-e& = ^*r^. (37) 

Again, to find 

(B) w = 6r«*»'oos 2(ircfo. 
Here 






er^^* OOB zbxxdx. 



But, integrating by parts, we have 

r #r^*^* HiTi 2^jg 26 f 

2 e"*"*" fiin ihxxdx = 5; + -r 6r«^"oos ibxdxi 

J a'* o'J 



. I e-«"«"sui26a?a?(&=^ I er^"^ 008 zbxdx. 



2b C 

«•] 
Henoe 

rfu^ 2J1* rfi*_ 26ei6 

»^ 
Henoe u= Ce «*; 

Also, when 5 = o, u becomes ^^ ; 

2« 



.-. [ ^•*'C08 2&PCfc=^e"«'. (38) 



Examples. 153 

Again, if we differentiate n times, with respect to a, the 
equation 



i: 



e-"cfe = ^ 



and afterwards make a » i, we get 

(C) fVa^(& = i.Z'b^^^yn- j) y-^ 

Jo 2 

Next, to find 

^^^ Jo i+a^ • 

We obviously haye 

Jo 1 + «" 

C C C COBtHOI/dx 

.'. 2 \ a6r«"(i+*")oos»w?dirrfa = r-. 

Jo Jo Jo I •\-£r 

But, by (38), we have 

r* a/tt ^* 

Jo a 

Jo Jo I+iC' 

Hence, by (37), we have 






Again, differentiating with respect to m, we obtain 



),-7T^ = 7^- (40) 
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(* #"«" + •"«• I a 
xdx. Ans, - see* -. 

. ,, log I tan — ) , 

wlien a > o and < i. 

I - s log «* » "o ^gjj^ ^j^y • 

4. Jjlog(l+0C8«00.*)^. „ |(^-»»)- 



f* g'^loggrfg 

•• J, 1T^' 



an 00 do 





»» 2 


l> 


4 o** 

^ eoB^ — 

2 




I ^- I 


>» 


4#«+ r 



1 1 8. The values of Bome important definite integrals can 
be easily deduoed from formula (31), Art. 32. 
For example * to find 

? log [00.9) dB. 

«• IT 

Here [' log (sin &) dd = [' log (00s d)d9. 

Hence, denoting either integral by Uj we have 



2U 



w 

= p {log (sin d) + log (0089)] dO 



* Thaae examples aie taken from a Paper, signed ''H. G.," in the OBmMdgf$ 
Mathmatieal Journal^ YoL 3. 
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'2 



log (sin 20)dd - - log 2. 

Jo 2 

Again, if s = 20, we have 

IT 

log (sin 2d)d9 = - log (sin z)d\ 

Jo 2 J 

= - log (sin z)dz + - log (sin z)dz ; 

2 J ^ J * 

i" 

but, sinoe sin (ir - s) » sin s, 

log (sin z)dz = log (sin z) dz. 

Oonseqnei^tly 

['log(sin2fl)rfd = f ' log (sin e)rfd ; 

.-. riog(sme)rfd = --log(2). f4i) 

Jo 2 

Again, to find 

['01og(sine)de. 

Here 

['fllog(sine)rfe= ['(tt-O) log (sin 9)^8; 

/. f'oiog(sine)rfe = - f'iog(siue)rfe = - -log (2). 

Jo 2 J 2 

119. Theorem of Fmllaiii. — ^To prove that 

a. ^ efe = »(o)l0gf- . 

Jo ^ \*J 
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Xjet u e I ^^ — ^^ dz ; sabstitiite ax for s, and we get 

If we iabetitiite b lot a, we get 

^.p»(^)-»(o)^ 

Jo a? 

^|S4M-iH^.jJtMi^.„„,m^ (43) 

a 

If we suppose A = oo, we get 

Jo \^^ ^ ^=»(o)log(A (44) 



h 



proTided T *i*^ ^ = o when A =oo. 

J* a? 
h 

For example, let ^{x) = cos a?, and, sinoe the integral 



i: 



h 

*cosJir , 
ax 



X 

evidently yanishes when A = oo, we have 



f * cos ax- oosbx , , b 
I ^ '^'^'«-a 
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Frnllani's theorem plainly fails when 6(ax) tends to a 
definite limit when <c becomes infinitely ^al The f onnnliB 
can be exhibited^ however, in this case in a simple shape, as 
was shown by Mr. E. B. Elliott.* 

For, in (42) let h = aby and it becomes 

r*-5^-r*^-*(o)i.g©. («) 

Jo X Jo X \aj 

Again, if 0( 00) denote the definite value to which <^{ax) 
tends when x increases indefinitely, then when h becomes 
infinite we may substitute ^(00) instead of i^(bx) in the 
integral 



J* X 

a 



dx; 



in which case it becomes 

h 



On maMng this substitution in (43), we get 

p-^^^^^^-{*(<x)-*(o)jlog@. (46) 

For example, let ^{ax) = tan'"^(aa?) then we have 0(o) = o, 
and 0( 00) = -. 

Accordingly we have 

* 

f* tan'^oa? - tan'^Sa? , w (^dx tt , fa\ 
flb=- — =-logT. 

Jo X 2 ]h X 2 \0j 



* Educational Times, 1%")$, The student will find some remarkable exten- 
sions of the foimxds, given above, to Multiple Definite Inteumils, by Mr. Elliott, 
in the Froeeedinga of the London Mathematical Bocietj, 1876, 1877. Also by 
Mr. Lendesdoif, in the same Journal, 1878. 



p I 
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iig a. Remainder in liagrangelt Series. — ^We next 
proceed to show that the remainder in Lagrange's series 
(Diff. Galo., Art. 125) admits of being represented by a 
definite integraL This result, I believe, was first given by 
M. Popoff (Comptea RenduSy 1861, pp. 795-8). 

The following proof, which at tne same time affords a 
demonstration of the series, of a simple character, is due to 
M. Zolotareff : — 

Let %^x + yt^{z) \ and consider the definite integial 



8. 



= [y<^iy) + ^ - u]'^F\u)du. 



Differentiating this with respect to a?, we get, by (33), 
Art. 114, 

dn 

g = «.«.-. -y{*(«))-2?'(«). (47) 

If in this we make n = i, we get 

ao = y^(a;)i^(a?) + ^; 

but So = ^(2) - Fix) ; 

.'. F{z) = F{^) + y i,{x] r{x) + g. (48) 

Li like manner, making n = 2, we have 

Substituting in (48) it becomes 
Again, 
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I cP8% 



I .2 doi? 



-r^JH'-H^rrhS- 



da 



I.2...W-I aaf^^ 1 .2 .. .ndaf^'^L J 

I d^8n 

1.2 . . . n daf^ ' 
Henoe we get finally 



+ 






Oonsequently the remainder in Lagrange's series is always 
represented by a definite integral. 

We next proceed to consider a general class of Definite 
Integrals first introduced into analysis by Euler. 
^v^ I20. Oamma Fnnctloiis. — It may be observed that 
xhere is no branch of analysis which has occupied the atten- 
tion of mathematicians more than that which treats of 
Definite Integrals, both single and multiple ; nor in which 
the results arrived at are of greater elegance and interest. 
It would be manifestly impossible in the limits of an 
^ elementary treatise to give more than a sketch of the results 
arrived at. At the same time the .Gamma or Eulerian 
Integrals hold so fundamental a place, that no treatise, 
however elementary, would be complete without giving at 
least an outline of their properties. With such an outline 
we OTopose to conclude this Chapter. 

The definitions of the Eulerian Integrals, both First and 
Second, have been given already in Art. 95. 

The First Eulerian Integral, viz., 



j: 



al^^{i - x)*^^chf 



is evidently a function of its two pa ramet ers, m and n ; it is 
usually represented by the notation B{myn). 
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Thus, we have by definition 

I af^^(i -a?)"-'d^ = -B(iw, n). , 

•'• J 

(50) 

The oonstantB m, n, are supposed positive in all cases. 
It is evident that the result inequation (14), Art. 95, still 
holds when ^ is of fractional form. 
Henoe, we have in all oases 

J 

r{p + i)=pr{p). (51) 

This may be regarded as the fundamental property of 
Qamma Functions, and by aid of it the calculations of all 
such functions can be reduced to those for which the para- 
meter^ is comprised between any two consecutive integers. 
For this purpose the values of r{p)f or rather of log r{p)y 
have been tabulated by Legendre* to 12 decimal places, for 
all values of p (between i and 2) to 3 decimal places. The 
student will find Tables to 6 decimal places at the end of this 
chapter. By aid of such Tables we can readily calculate the 
approximate values of aU. definite integrals which are re- 
ducible to Gtamma Functions. 

It may be remarked that we have 

r(i) = i, r(o)=oo, r(-i?)=oo, 

p being any integer. For negative values of p which are 
not integer the function has a finite value. 

Agam, if we substitute zx instead of or, where is is a con- 
stant with respect to a?, we obviously have 



f 



* 



* See Traits dea Fonctiana FUiptiquea, Tome 2, Int. Euler, chap. 16. 
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With respect to the Fiist Euleiian Integral, we have 
already seen (Art. 92) that 

.•. B (fw, n) = B[nj m). 

Hence, the interohaDge of the constants m and n does not 
alter the value of the integral. 

Again, if we substitute for a?, we get 

Jo ^ ^ Jo (i+y)~*« 

Hence j^ (f + y)«^ = ^(^> ^)' (53) 

We now proceed to express B (m, n) in terms of Gamma 
Functions. 

121. To proTe tbat 

IVom equation (52) we have 



(»)=j 



er**z^af^^dx. 





Hence 



r (w) 6^ s«^ = [ e-* (^**) a*«*«-^ aJ«-» dx ; 






(54) 
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But, if « (i + a?) = y, we get 

f X I f" -.^ T r(/n + n) 

Jo (i+a;)-*»)o "^ (i +a?)-*» 

f* of^^ dx 

Accordingly, by (53), we have 

^ ' ^ T{rn + n) 
Agaiiiy if w = I - n, we get, by (24), 

Tin) r(i - n) = f* ^!^ = -^ . (55) 

^ ' ^ ^ Jo I +« sinnir 

If in this n = -, we get \ i ".. . 77" 

This agrees with (36), for if we make o^ » s, we get 

r- r- rf-) 

e-^'dx^^\ e'z'^dz^—^. (56) 

Again, if we suppose in the double integral 

1 1 af^^f/^'^dxdy 

X and y extended to all positive values, subject to the oondi- 
tion that a; + y is not greater than unity ; then, integrating 
with respect to y, between the limits o and i - or, the 
integral oeoomes 

n] n 1 ^fn + fi+ ij 

.-. fU.y-xd^rfy= I>im; (57) 

JJ ^ r(fn + n+i) ^^" 

in which x and y are always positiye, and subject to the con- 
ditiona? + y < i. 
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122. By aid of the relation in (54) a number of definite 
integrals are reducible to Gamma Functions. 
For instance, we have 



Jo(i +yr*» jo(i +yr^'*'Ji(i + 



y) 



m^i 



NoW| substituting - for y in the last integral, we get 



J, (I +y)**»~Jo(i + 



.... «>) 

Hence 



1 



^ ^::7 + ^ , _ T{m) r(n) 



Next, if we make a? = -^, we get 





(59) 



Jo(i +ir)"^"^ Jo (fly + 6)"**** 
. r jT-^rfy ^ T{m)T(n) 
" Jo (fly + 6)**** ^ fl**6'»r(m + »)' 
Again,* let a; = sin^ 0, and we get 

IT 

Jo 2 r(«» + n) ^ ' 

This result may alsu be written as follows : 

\mir^ e oo6*-> BdO = . ^y V^/. /6,\ 



• These results may be regarded u generalizations ol tlie fomnil£B giyen in 
^^' 9h 94> ^ which the student can readily see that they are reducible when 
the indices are integers. 
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If we make g = i, we get 



[ 




8in>-'OrfO=^ W (62) 



2 

Again, if ^ = g in (61) it becomes 
2r(i)) J. z'-'J, 



Let 20 = s, and we have 



IT » 

Jo 2J0 Jo 






"■ r 



H»» r(f)r(ef!).^rw. 

If we substitute im for^, this becomes 

rH T(m ^ ^) =-^, r(2 m). (63) 

Again, make y = tan'fl in (59), and we get 
\ sin**^^0cos'^'»-*Oc?fl r{m)V(n) 



i 



(a sin' e + 6 cos* 61)"^ 2a"* V r{m + n)' 
123. To find tbe Talae* of 

\nj \nj \nj \ ^ J 

n being any integer. 



(64) 



• ThlB important theorem is due to Enler, by whom, as already noticed, tke 
Gamma Fimctlons were first inyestigated. 



Value of r(^) r(^] rflV • • rf^. 

\nj \nj \nj \ n J 



165 



Multiply the expression by itself, reversing the order of 
the factors, and we get its square under the form 

that is, by (55), 

2H____ 

. w . 27r . 3ir in - i)v 
Bin — sin — sin — ... sin -^^ — 



n n n n 



To calculate this expression, we have by the theory of 
equations 

I -it' 

=f I - 2a?cos- + a?" Y I - 2a?cos— +a?* j . . . [ i - 2iroos ^-—\-a?\ 

MaMng successively in this, a? = i, and a? = - i, and re- 
placing the first member by its true value n, we get 

n^ [2 sm— (2 sm — i...2sm -^ ^— ) , 

\ 2nJ \ 2nJ \ 2n J 

n= 2 cos — 2 cos — I ... 2 cos -^ — , 

\ 2wy\ 2nJ \ 2n J^ 

whence, multiplying and extracting the square root, 

^, . w . 27r . (n - i)w 

n = 2*^*sm — sm — . . . sm -^ ^—. 

n n n 

Hence, it follows that 



ii-i 



-m^-'-c-^)-'^- c^) 
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124. To And tbe Talaes of 

a in (52) a - by/'- i be substituted* for s the equation 
becomes 



(a -d -/-!)"• {a^ + b^ 

Let a = (a'^ + 6*)* cos 0, then J = (a* + 6')* sin tf, and the 
preceding result becomes 

c-^(cos 6a? + y/- I sin bx)af^^dx 



^ (cos 9 + v^- I sin 9) 



(a« + 67 

= — ^^^ (cos mO + y/- 1 sin «i©). 
(a» + Vf 

Hence, equating real and imaginaxy parts, we have 



1; 



a'^cos 6a?af»"^(ife = ^— ^ cos wfl 






6r*"sin tea?**"*(& « — ^— ^ sin «ifl I 



in which © = tan"^| - \ 

.a, 



If we make a = o, becomes - and these f ormulad become 

2 



* For a rigorous proof of the yolidity of this transf onnatioii the student is 
referred to Serrett's CaU, Ini,, p. 194. 
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OOB 6a?a^"^ ax = ,\. ^ cos — , 
Jo 6"» 2 ' I 

sin hxaf^^ dx = -V '^ sin — 
Jo &« 2 J 

It may be observed that these latter integrals oan be ar- 
rived at in another manner, as follows : — 
From (52) we have 

„ , . cos hz i " ^» « , T T 
T{n) — ;p- = e^Q?^^ cos h% dx ; 

2 Jo 



.-. r 



W n — ^ e"**oos&»aj^^(focfe. 

Jo 2 Jo jo 



But, by (32), we have 



^- , , X 



J. 


wo Vj» if. 


""6' + 


ar" 


r * 

• 
• 

J» 


COS is(& 
a" 


I r 
r(«)J, 


afdx 




i^' X 







Tin) nw v„/^-\ 

^ ^ 2C0S — > by (27), 
2 



in which n must be positive and < i . 
In like manner we find 



. 



a» _• 



sin bz dz 6**"^ tt 



»* Tin) . nir 

^ ^ 2 sm — 
2 



• 



The residts in (67) follow from these by aid of the relation 
contained in equation (55). 



168 DefiniU IntegrJm 

Examples. 

r(;> + i)r -^) 

f> g"«-^(i - ag)*»-^<to r(w)r(»i) 

Jo (a + *)•*«• ' " a«(i+a)«"r(m+ft)" 

3. Froyethat 

« X r(if + i)ooflf#»^j 

4. j^ COS(d/)<fe. „ j;— ^ L, 



• '^ 



•■ I 



• fflnJar, ir 

X '2 



I2jr BTameiical Galcnlatloii of Cfamina Fane- 
tlons. — ^The following Table gives the values of log T{p)y 
to six decimal places, for all values of p between i and 2 
(taken to three decimal places). 

It may be observed that we have r(i^ = r(2) « i, and 
that for all values of^ between i and 2, t(p) is positive and 
less than unity ; and hence the values of log F (p) are negative 
for all such values. Consequently, as in oidina^ trigono- 
metrical logarithmic Tables, the Tabular logarithm is obi^ined 
by adding 10 to the natural logarithm. The method of 
calculating these Tables is too complicated for insertion in 
an elementary Treatise. 











Logr(/?) 


1. 










p 





1 


2 


8 


4 


5 


6 


7 


8 


9 


I.OO 




9750 


9500 


9251 


9003 


8755 


8509 


8263 


8017 


7773 


I.OI 


9997529 


7285 


7043 


6801 


6560 


6320 


6080 


5841 


5602 


5365 


1. 02 


5128 


4892 


4656 


4421 


4187 


3953 


3721 


3489 


3257 


3026 


1.03 


.2796 


2567 


2338 


2110 


1883 


1656 


1430 


1205 


0981 


0775 


1.04 


0533 


031 1 


0089 


9868 


9647 


9427 


9208 


8989 


S772 


8554 


1.05 


9.988338 


8122 


7907 


7692 


7478 


7265 


7052 


6841 


6629 


6419 


1.06 


6209 


6000 


5791 


5583 


5378 


5169 


4963 


4758 


4553 


4349 


1.07 


4145 


3943 


3741 


3539 


3338 


3138 


2939 


2740 


2541 


2344 


1.08 


2147 


195 1 


1755 


1560 


1365 


1172 


0978 


0786 


0594 


0403 i 


1.09 


0212 


0022 


9833 


9644 


9456 


9269 


9682 


§900 


8710 


S525 


1. 10 


9.978341 


8157 


7974 


7791 


7610 


7428 
5^50 


7248 


7068 


6888 


6709 


I. II 


6531 


6354 


6177 


0000 


5825 


5475 


5301 


5128 


4955 


1. 12 


4783 


4612 


2766 


4271 


4101 


3932 


3764 


3596 


3429 


3262 


I.I3 


3096 


2931 


2602 


2438 


2275 


2113 


1951 


1790 


1629 


I.I4 


1469 


1309 


1 150 


0992 


0835 


0677 


0521 


S3^5 


0210 


0055 


I.I5 


9.969901 


9747 


9594 


9442 


9290 


9139 


8988 


8838 


8688 


8539 


I.16 


8390 


8243 


8096 


7949 


7803 


7658 


7513 


7369 


7225 


7082 


I.I7 


6939 


6797 


6655 


^514 


6374 


4868 


6095 


5957 


5818 


5681 


r.i8 


5544 


5408 


5272 


5137 


552? 


4734 


4601 


4469 


4337 


1. 19 


4205 


4075 


3944 


3815 


3686 


3557 


3429 


3302 


3175 


3048 


1.20 


2922 


2797 


2672 


2548 


2425 


2302 


2179 


2057 


1936 


1815 


1.21 


1695 


1575 


1456 


1337 


1219 


IIOI 


0984 


0867 


0751 


0636 


1 1.22 


0521 


0407 


0293 


0180 


0067 


9955 


9843 


9732 


9621 


95" 


1.23 


9.959401 


9292 


f^ 


9076 


8968 


8861 


8755 


8649 


8544 


8439 


1.24 


8335 


8231 


8025 


7923 


7821 


7720 


7620 


7520 


7420 


1.25 


7321 


7223 


7125 


7027 


6950 


6834 


6738 


6642 


6547 


6453 


1.26 


6359 


6267 


6173 


6081 


5989 


5898 


5807 


5716 


5627 


5537 


1.27 


5449 


5360 


5273 


5185 


5099 


5013 


4927 


4842 


4757 


4673 


1.28 


. 4589 


4506 


4423 


4341 


4259 


4178 


4097 


4017 


3938 


3858 


1.29 


3780 


3702 


3624 


3547 


3470 


3394 


3318 


3243 


3168 


3094 


1.30 


3020 


2947 


2874 


2802 


2730 


2659 


25^8 


2518 


2448 


2379 


1.31 


2310 


2242 
1585 


2174 


2106 


2040 


1973 


1007 


1842 


1777 


1712 


1.32 


1648 


1522 


1459 
0861 


1397 


1336 


"75 


1214 


1154 


1094 


1.33 


1035 


0977 


0918 


0803 


0747 


0690 


0634 


0579 


0524 


1.34 


0470 


0416 


0362 


0309 


0257 


0205 


<*'53 


0102 


0051 


0001 


1.35 


9.949951 


9902 


9853 


9805 


9757 


9710 


9663 


9617 


9571 


9525 


1.36 


9480 


9435 


9391 


9348 
8936 


9304 


9262 


9219 


9178 


9136 


9095 


1.37 


9054 


9015 


8975 


8898 


8859 


8822 


8785 


8748 


8711 


1.38 


8676 


8640 


8605 


8571 


8537 


8503 


8470 


8437 


8405 


8373 


1.39 


8342 


831 1 


8280 


8250 


8221 


8192 


8163 


8135 


8107 


8080 


1.40. 


8053 


8026 


8000 


7975 


7950 


7925 


7901 


7877 


7854 


7831 


1.41 


7808 


7786 


7765 


7744 


7723 


7703 


7683 


7664 


7645 


7626 


1.42 


7608 


7590 


7573 


7556 


7540 


7524 


7509 


7494 


7479 


7465 


1.43 


745J 


7438 


7425 


7413 


7401 


7389 


7378 


7368 


7357 


7348 


1.44 


7338 


7329 


7321 


7312 


7305 


7298 


7291 


7284 


7278 


7273 


1.45 


7262 


7263 


7259 


7255 


7251 


7248 


7246 


7244 


7242 


7241 


1.46 


7240 


7239 


7239 


7240 


7240 


7242 


7243 
7282 


7245 
7289 


7248 


7251 


1.47 


7254 


7258 


7262 


7266 


7271 


7277 


7295 


7302 


1.48 


7310 


7317 


7326 


7334 


7343 


7353 


7363 


7373 


7384 


7395 


1.49 


7407 


7419 


7431 


7444 


7457 


7471 


7485 


7499 


75H 


7529 


169 























Logr(/)). 



p 





1 


2 


3 


4 


5 


6 


7 


8 





1.50 


9-947545 


7561 


7577 


7594 


7612 


7629 


7647 


7666 


7685 


7704 


I.5I 


7724 


7744 


7764 


7785 


7806 


7828 


7850 


7873 


7896 


7919 


1.52 


7943 


7967 


7991 


8016 


8041 


8067 


8093 


8120 


8146 


8174 


1.53 


8201 


8229 


8258 


8287 


8316 


8346 


8376 


8406 


8437 


8468 


1.54 


8500 


!532 


8564 


8597 


8630 


8664 


8698 


8732 


8767 


8802 1 


1-55 


8837 


8873 


8910 


8946 


8983 


9021 


9059 


9097 


9135 


Ilia 


1.56 


9214 


9254 


9294 
9716 


9334 


9375 


9417 


9458 
9896 


9500 


9543 
9989 


'•57 


9629 


9672 


8761 


9806 


9851 


9942 


0035 


1.58 


9.950082 


0130 


0177 


0225 


0274 


0323 


0372 
0886 


0422 


0472 


0522 


1.59 


0573 


0624 


0676 


0728 


0780 


0833 


0939 


0993 


1047 


1.60 


1 102 


1 157 


1212 


1268 


1324 


1380 


1437 


1494 


1552 


1610 


1.61 


1668 


1727 


1786 


1845 


1905 


1965 


2025 


2086 


2147 


2209 


1.62 


2271 


2333 


2396 


2459 


2522 


2586 


2650 


2715 


2780 


2845 


1.63 


2911 


2977 


3043 


3"o 


3177 


3244 


3312 


3380 


3449 


3517 


1.64 


3587 


3656 


3726 


3797 


3867 


3938 


4010 


4081 


4154 


4226 


1.6S 


4299 


4372 


4446 


4519 


4594 
5356 


4668 


4743 


4819 


4894 


4970 


1.66 


5047 


5124 


5201 


5278 


5434 


5513 


5592 


5671 


5740 


1.67 


5830 


59" 


5991 


6072 


6154 


6235 


6317 


6400 


6482 


6566 


1.68 


6649 


6733 


6817 


6901 


6986 


7072 


7157 


7243 


7322 


7416 


1.69 


7503 


7590 


7678 


7766 


7854 


7943 


8032 


8122 


8211 


8301 


1.70 


8391 


8482 


8573 


8664 


8756 


8848 


8941 


9034 


9127 


9220 


1. 71 


9314 


9409 


9502 


9598 


9693 


9788 


9884 


9980 


6077 


0174 


1.72 


9.960271 


0369 


0467 


0565 


0664 


0763 


0862 


0961 


1061 


1 162 


1.73 


1262 


1363 


1464 
2496 


1566 


1668 


1770 


1873 


1976 


2079 


2183 


1.74 


2287 


2391 


2601 


2706 


2812 


2918 


3024 


3131 


3238 


1.75 


3345 


3453 


3561 


3669 


3778 


3887 


3996 


4105 


4215 


4326 


1.76 


4436 


4547 


4659 


4770 


4882 


4994 


5107 


5220 


5333 


5447 
6000 


1.77 


5561 


5675 


5789 


5904 


6019 


6135 


6251 


6367 


6484 


1.78 


6718 


6835 


6953 


7071 


7189 


7308 


7427 
8636 


7547 


766^ 


7787 


1.79 


7907 


8023 


8149 


8270 


8392 


8514 


8759 


8882 


9005 


1.80 


9129 


9253 


9377 


9501 


9626 


9751 


9877 


0008 


0129 


0255 


1.81 


9-970383 


0509 


0637 


0765 


0893 


102 1 


1150 


1279 


1408 


1538 


1.82 


1668 


1798 


1929 


2060 


2191 


2322 


2454 


2586 


2719 


2852 


1.83 


2985 


3118 


3252 


3386 


3520 


3655 


3790 


3925 


4061 


4197 


1.84 


4333 


4470 


4606 


4744 


4881 


5019 


5157 


5295 


lait 


5573 


1.8s 


5712 


5852 


5992 


6132 


6273 


6414 


6555 


5^97 


6980 


1.86 


7123 


7266 


7408 
8856 


7552 


7696 


7840 


7984 


8128 


8273 


^I 


1.87 


8564 


8710 


9002 


9149 


9296 


9443 


9591 


9739 


1.88 


9.980036 


9184 


0333 


0483 


0633 


0783 


0933 


1084 


1234 


1386 


1.89 


1537 


1689 


1841 


1994 


2147 


2299 


2453 


2607 


2761 


2915 


r.90 


3069 


3224 


3379 


3535 


3690 


3846 


4003 


4159 


4316 


nt 


1.91 


4631 


4789 


4947 


5105 


§?^4 


5423 


5582 


5742 


5902 


1.92 


6223 


6383 


6544 


6706 


6867 


7029 


7192 


7354 
8996 


7517 


7680 


193 


7844 


8007 


8171 


8336 


8500 


8665 


8830 


9161 


9327 


1.94 


9494 


9660 


9827 


9995 


5162 


0330 


0498 


0666 


0835 


1004 


1-95 


9-991173 


1343 


1512 


1683 


1853 


2024 


2195 


2366 


2537 


2709 


1.96 


2881 


3054 


3227 


3399 


3573 


3746 


3920 


4094 


4269 
6029 


4443 


'•97 


4618 


4794 


4969 
6740 


5145 


5321 


5498 


5674 


5851 


6206 


1.98 


tfrt 


6562 


6919 


7098 


7277 


7457 


7637 


7817 


7997 


1.99 


8359 


8540 


8722 


8903 


9085 


9268 


9450 


9633 


9816 
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Examples. 



2. If /(a?) =/(« + «} for all Talues of a?, proye that 

Ina ra 

f{x)dx = n f(x)dx, 
Jo 

where » is an integer. 



■• I 



dx 



-v/oa? - a?» 
1 X v^** — I 



>» 



IT, 



5- I sin-*a;^jr. 
Jo 

6 



f* ds 

J<^(i+«)\/i + 2a;-«»* 

^ . ^. . — 2, «tf -*» being poaitiye. „ —t^=^. 





if 


>» 


3 




IT 


» 


I. 

2 




T 


>> 


4V^2 


>* 


IT 



8. Proye that 



Jdx T 

a + 2*«« + tf«* "■ I/if » where A = 2 (v/ «<» + *). 



Jo 1 + 



<&; 



cos 9 cos a? 
dx 



II 



at 

Jo 



COS 9 COB » 

^ 

a'flin'a?+ i^cos'a?' 



12. I 



8 dx 



(a«8inaa;+*2cos«3;)» 



Ana. 


IT 

Bind' 




B 


>» 


Bind 




IT 


»9 


2a3* 


» 
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14* I t « > *• 



f> 



■'•i: 












»» 



„ »a». 



\/4«V - (y* + *^* 

(* MTi ax COS to y 
dx = -, oro, aocardiiiga8a>or<d; and 
X 2 



that when a » 6 tlie Talae of the integxal is -. 



. r* dx I /i+\/flr 

i8, I "-rpr^^= : .. ■ ^ ,— - ,ag<i. Ana, -7=:log( 7=^ 

ir 

19. I* tan»«<*r. t» aV^**^^"^)* 

i + oo«»« 4 ^3 

If. If erery inflzxitesimal element of the dde c of any triangle be diyided 
by itf diitanoe from the opposite angle C^ and the sum taken, show that its 
value if 

log [cot— cot —J. 

33. Being giyen the base of a triangle ; if the sum of every element of the 
base multiplied by the square of the distance from the vertex be constant, show 
that the looui of the vertex is a circle. 



w 



yoot^e singrfg J I tan'U 



f'ii'ooi»e 

•»• l.TTJ 



f » oo«'e simrfa y/'i +«* _ log (« + ■y/n- «*) 
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25. Deduce the ezpaiudoxis for sin « and cos« from Bemoulli's series. 
36. Show that the mtegxal 

!«» (log «)"•<& 


can he immediately eyaluatedhy the method of Art. 1 1 1, when m is an integer, 
f* idjr^iaxSdx ^ «", , 

*7- L ^(,;;.) ^«..;iog(.+a). 



28. Find the yalue of 



Ilog (I - 2a cos a; + a*) <£r, 




distinguishing hetween the cases where a is > or < i. 

Ant, a < I, its yalue is o. 
„ a > I, its yalue is 2ir log «. 

29. If /(^) can he expanded in a series of the form 

ao + aicosd; + aaoos2« +... + dr»cosfM;+..., 

■how that any coefficient after oq can he exhibited in the form of a definite 
integraL 

2 fir 
Ant. <i» = — I f(x)coBnxdx, 



-:f>> 



30. Find the analogous theorem when /(a;) can be expanded in a series ol 
sines of multiples ol x ; and apply the method to proye the relation 

(sin 2a? sins* . \ 
am a? + *®*j» 

when X lies hetween ± t. 

31. Proye the relation 

«■ «■ 

fa d$ rr 

32. Express the definite integral 

de 



f2 ae 

Jo a/ I -jc^sin'i 



• 

in the form ol a series, k being < i. 



-"-:(-ar--(^)'-*(^)'-*-)- 
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33- Jo — ^^ — • ^'"•nT""y- 



«»-«» 



1- a* ^ o» 

xr^QM bxdxj where a > o. „ ^ -. 

3. (-•=2^=*^ „ |..{!^1 



36. plog(a'co8»6 + /5»8m«6)<». „ » log 



a + /5 



iV- 


Jo'^^'Va-daintfy 


38. 


r^ <£r 


Jo (i-a^)*' 




fi <fx 


39" 


^' 


An^ 


fv coBrxdx 



,, irsm,' 



" 3 



#1 sin — 
ft 






-©■ 



I -a' 



41. Find the sum of the senes 

n n n n_ 

when n is increased indefinitely. 

This is eyidently represented by the definite integral 



1; 



dx w 

or= -. 



I + «' 4 

42. Find the limit of the sum 



II I 



-v/»» - i» -v/«« - 2« v^n» - 3« " * \/#i» - (» - i)»* 

when«aseo. Ant, —. 

a 
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43. Froyethat 

IT IT 



12 , «»(m - i) fS" . 

y m* - «* J 

and hence, deduce the values of the integrals 

IT W 

I"* cos''** cos (2« + i)xdXf and I cos'"**^ « cos 2«a? dip, 
Jo 

when m and n are integers. 

44. I log(i - 2a COB + a'} cos ntf (^, when a' < 
Jo 

f* irrc» 

45. I COB — dx. 

J -CB 2 

f'log(. + »)^ 

Jo I +«» 

47. Froye the following equation : 

!* (^ I Cw 

(I - 2a cos«+ a')« (i - a2)'»-i Jo ' 

48. Prove the more general equation 

Jv taxi^0d0 I r« 8in«*0(f9 

(I -2acoBa + a')»» ~ (1 - a«)*»-»»-i J (i - 2a cos « + aY*«-»' 

in which m + i is positive. 



I. 


va** 
11 




n J. 




n 5 log a. 
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CHAPTER Vn. 



i 



AREAS OF PLANE CURVES. 



126. Area4s of Curres. — The simplest method of regarding 
the area of a curve is to suppose it referred to reotangular 
axes of co-ordinates; then, the area included between the 
curve, the axis of x^ and the two ordinates corresponding to the 
values Xo and Xi of x^ is represented by the definite integral 



r 



y-dx. 



FoTy let the area in question be represented by the space 
ABVTy and suppose J5F divided into n equal intervals, and 
the corresponding ordinates drawn, 
as in the accompanying figure. 

Then the area of the portion 
PMNQ is less than the rectangle 
pMNQ, and greater than PMNq. 

Hence the entire area AB VT is 
less than the sum of the rectangles 
represented hy pMNQ^ and greater 
than the sum of the rectangles 
PMNq ; but the diflPerence be- 
tween these latter sums is the sum 
of the rectangles Pp Qq, or (since the rectangles have equal 
bases) the rectangle imder MN and the difference between 
TV and AB. Now, by supposing the number n increased 
indefinitely, MN can be made indefinitely small, and hence 
the rectangle MN{TV- AB) also becpmes infinitely small. 
Consequently the difference between the area ABVT and 
the sum of the rectangles PMNq becomes evanescent at the 
same time. 




Fig. I. 
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If now the co-ordinates of P,be denoted by x and y, and MN 
by AiP, it follows that the area ABVT\& the limiting value* - 
of S(y^aA when the inprement Aa? becomes infinitely small ; 

or area ABVT - ye/o? ; where a?! = OF, a?© = 05. 

It should be observed that this result requires that y 
continue finite, . and of the same sign, between the limits 
of integration. 

If y change its sign between the limits, i.e. if the curve 
out the axis of a?, the preceding definite integral represents 
the difference of the areas at opposite sides of the axis of x. 

In snch^ cases it is preferable to consider each area sepa- 

. lately, by dividing the integral into two parts, separated by 

the value of x for which y vanishes. 

^-^ The preceding mode of proof obviously applies also to 

^ the case where the co-ordinate axes are oblique ; in which 

. case the area is represented by 

_where oi represents the angle between the axes. 

In applying these formulse the value of y is found in 
terms of x by means of the equation of the curve : thus, 
if y =/(a?) be this equation, the area is represented by 



f 



f{x)dx, 



taken between suitable limits. 

Conversely, the value of any definite integral, such as 



i: 



f{x)dxy 

may be represented geometrically by the area of a de^ite 
portion of the curve represented by the equation 

y =/(^)' 

* This demonfltration is substantially that given by Newton (see Frineipiay 
lib. I., Sect. I., Lemma 2) ; and is the geometrical representation of the result 
establifiied in Art. 90. 

The modification in the proof when the elements of ^F are considered 
unequal, but each infinitely small, is easily seen. It may be remarked that the 
result here given is but a particular case of the general principle laid down in 
Arts. 38, 39, JHff, Cale. 

[13] 
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On account of this property the process of integration was 
called, by Newton and the early writers on the GalculnSy 
the method of quadratures. 

Again, it is plain that the area between the curve, the • 
axis of y, and two ordinates to that axis, is represented by 



1 



(cdi/, 



taken between the proper limits : the co-ordinate axes being 
supposed rectangular. 

We proceed to illustrate this method of determining 
areas by a few applications, commencing with the simplest 
examples. 

'4 127. The Circle. — Taking the equation of a circle in 
tne form 



oj* + y* = a% we get y = ^/a^ - j»', 
and the area is represented by 



J ^/d' - a^dx, 



taken between proper limits. 

For instance, to find the area of 
the portion represented by APDJE 
in the accompanying figure. Let 
X - a 00& 0, then the area in ques- 
tion plainly is represented by 




Fig. a. 



a- sin'0fl?0 t= — (a - flina cosa) ; where a = Z DOA. 

This result is also evident from geometry ; for the area 
LPAE is the difference between DP AC and DCEy or is 



a^a a^sina cos a 



The area of the quadrant ACS is got by making a « - ; 

and accordingly is — : hence the entire area of the circle 
is Tra*. 



\28. 
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The Ellipse. — ^From the equation of the ellipse 
- + |=i, wegety= -y^T— i^ 

T~and the element of area is 

h . 

h 
but this is - times the area of the corresponding element of 

the Girole whose radius is a : consequently the area of any 

portion of the ellipse is - times that of the corresponding part 

d 

of the circle. This is also evident from geometry. 

The area of the entire ellipse is irab. 

Again, if the equation of an ellipse be given in the form 

ttC 

Ax^ + J5^ = C?, its area is evidently / / 

V -45 

As an application of oblique axes, let it be proposed 
fo find the area of the segment 
of an ellipse cut off hy any chord 

\\ wT Draw the diameter AA^ con- 
jugate to the chord, and B^ 
parallel to it. Then, C being 
the centre, let 

CA!^d, Cff = b\ACR^w, 

and the equation of the ellipse is -^ + ^ » i ; hence ifaearea 
DA If is represented by 

2^ sinw I \/e^*--ir'efe = a'6'sinw(a - sina cosa), 

, CE 

where cosa = ;^^,. 

^ Again, cfV^w^abj by an elementary property of the 
elli]^, a and b being the semiaxes. 

^ence the area of the segment in question is 

ab{a -sin acosa). 
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This result oan also be deduoed immediatelj from the 
cirole by the method of orthogonal projection. 

It may be observed that if we denote the area of an elliptic 
sector, measured from the axis major to a point whose co- 
ordinates are a?, y, by iS, we may write 

28 



X 20 y 

- = cos —7- = cos a, Y 
a ah 



. 28 . 
sm — r = Bm a. 
ao 



^^^9. The Parabola. — ^Taking the 
equation of the parabola in the form 

j/» = jM?, we get y = \/px. 

Hence the area of the portion APIf is 

f 2,2 

p^ a^dxj or - pi a?', i.e. - xi/. 

Consequently, the area of the seg- 
ment PJJP'y out off by a chord perpen- 
dicular to the axis, is 4 of the rectangle 
PMM\F. 

It is easily seen that a similar relation holds for the seg- 
ment cut off by any chord. 

More generally, let the equation of the curve be y - aa^^ 
where n is positive. 




Fig 4. 



Here 



ydx = a 



af^dx = + const. 

» + I 



If the area be counted from the origin, the constant 
vanishes, and the expression for the area becomes 

aaf*^^ xy 

, or . 

n-\- V n + I 

Hence, the area is in a constant ratio to the rectangle 

under the co-ordinates. A corresponding result holds for 

oblique axes. The discussion, when n is negative, is left to 

the student. 

Example. 

Express the aiea of a segment of a parabola out off by any f oeal ohoKd in 
terms of ^, the length of the chord, and^, the parameter of the parabola. 

An,. -^. 
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i3o?Nrhe Hyperbola. — The simplest form of ihe 
equation of a hyperbola is where the ailsymptotes are taken 
for co-ordinate axes ; in this case its equation is of the form 
ay = 0*. 

Henoe, denoting the angle between the asymptotes by oi, 
the area between the curve and an asymptote is denoted by 



— , or (? sin cu log f — J, 



where o^ and Xo are the abscissse of the limiting points. 
Tf the curve be referred to its axes, its equation is 

and the element of area ydx becomes 

- ViT* - a^dx. 
a 

Hence the area is represented by 



- v^iP* - a^dxj 



taken between proper limits. 




Again, jya:'-a'efe=|-^^^a'j 



Also, integrating by parts, we have 

I -s/?^^^efe —a? ^o^-a* - I ' — - 

Adding, and dividing by 2, we get 

xyo^ — a* a' f dx 



\^/7^' 



dx = 



-- 

2j. 



2 2iy^_^. 

x^/a^ - c^ a*. , / 
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Aooordingly, if we suppose the area counted from the 
sammit Aj we have 

APN^.-xy^^^-iogi^ — - — ) . 

Again, sinoe the triangle OPIf = ^a^, it follows that 

For a geometrical method of finding the area of a hyper- 
bolic sectory see Salmon's Conies^ Art. 395. 

130(a). Hyperbolie Sine and Cosine. — If 8 repre- 
sent the sector ACFf the final equation of the preceding 
Article becomes 

f.og(M).«. ,0 

which may also be written 

- + ^ = ^ 
inttodaoing a single letter v to denote the quontily 

Henoe, by the equation of the hyperbola, we get 

— - — e . 

a 

Thus, in analogy with the last result of Art. 128, calUnff the 
following functions the hyperbolic cosine and hyperoolic 
eSne of Vf and for brevity writing them cosh f , and sinh v^ 

e^ + er^ ^ 2 coshv, ^ - er^ = 2 sinht?, (2) 

the co-ordinates of any point on the curve are 

- - oosht? = cosh-r, ^ = sinht?=» sinh -r. 
a ab b ab 
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We might have treated the matter differently by Intro- 
ducing the angle defined by the equation x = a %qq 0, and 
therefore y = b tan 6 (for tihie geometric meaning of this 
transformation, see Salmon's Conies^ Art. 232) ; whence (i) 
may be written* 



^..= logtan(%f): 



and we see that the hyperbolic cosine of a real quantity is the 
secant, and the hyperbolic sine the tangent of the same real 
angle. Also, since 

sinh V 1,1 cosh v 

sm0 = — z — , cos <b = — i — , cot tb = -T— ; — • cosec 6 = -r-i — • 

cosh V cosh V smh v ^ smh v 

we can obviously extend the names of the other trigono metri cal 

functions likewise. Again, putting in (2) for r, uv - i, or 
iu, they become, by Art. 8, 

cos ti = cosh iu, i miu = sinh iu. 

V131. The Catenary. — ^If an inelastic string of uniform 
density be allowed to hang freely from two fixed points, the 
curve which it assumes is called the Catenary. 

Its equation can be easily arrived 
at from elementary mechanics, as f ol- a^ 
lows : — 

Let Fbe the lowest point on the 
curve; then any portion VP of the 
string must be in equilibrium under 
Ihe action of the tensions at its ex- 
tremities, and its own weight, W. 

Let A be the tension at F; T that 
at P, which acts along PB, the tangent at P; lPRM = 0. 
Then, by the property of the triangle of force, we have 

WiA^PMiRM; 
.'. IF=^tan0. 




Fig. 6. 



* When is related to « by this equation, ^ is what Professor Cayley 
(Elliptic Functions^ p. 56) calls tne gudenuannian of v^ after Professor Guder- 
■mann, and writes Ihe inverse equation ^ = gdv. 
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Again, if « be the 
of die ttring whoie n 
miifomiy 




bof FjP, md a fluit of ibe portion 
is A^ we hftre, ainoe the sfzing is 



a 



/• 9- a tan f • 

Thia ia the intrinno equation of the catenaiy. (Diff . 
Calc.^ Art* 242 {a).) 
r- Ita equation in Cartenan eo- . 
<^rdinatea can be easily airiTed at. ^^ 

For^ on the Yerti(»l throngh V 
take VO - ^9 and draw OX in the 
horizontal direction, and assume 
OX and OT as axes of co-ordi- 
nates. Let 

then 




|.tan0, 



Fig. 7- 



ds 



dx 
sin 0, -1- « COS ; 



^ e^;^ dy di sin (^ _ a 



Henoe 



d<p ds dip '^008*0' ef0 OOS0* 
y • a sec 0, ^ a a log (sec + tan 0). 



(3) 



No constant is added to either integrali since y = ay and 
cc ' Of when - o. 

EVom the latter equation we get 



sec + tan " ^ ; 



also 



sec - tan 



see ^ + tan <p 



^ e \ 



Henoe, we have 

2 sec ^ = e^ + e ^, 2 tan = e^ - c **. 
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Gonsequentlyy 

y=-(^^ + ^«j. (4) 

Also « = -f^-e ^L (5) 

In the notation of last Article these equations may be 
written 

-- cosh - and - = sinh -. 
a a a a 

Again, if NL be drawn perpendicular to the tangent at 
P, we haye 

NL = Pi\r cos ; .-. NL = a. (6) 

Also Pi = i\rX tan0; .-. Pi = « = Pr. (7) 

The area of any portion VPNO is 

^^ (^ •\- e^dx = ^YJ-e"^^ = a(y«-a«)i. (8) 

Accordingly, the area VPNO is double that of the triangle 
PNL. 

Examples. 

I. To find the area of the oval of the pazabola of (lie third degree with a 
douhle pomt 

The area in question is represented hy ^ 



2 f* y 

"y=- 1 (b — x)^ X — adx. 




Let x — a = t?t and we easily find the area* to he 



Fig. 8. 
%(b- a)* 



2. Find the whole area of the cmre a^y^ = x^ (2a — «). Ana, wa^, 

3. Find the whole area hetween the cissoid a^ = y^{a~x) and its asymptote. 

2v/2 

* The student wiU find little difficulty in proying that this area is — ^- — 

times the rectangle which drouniBorihes the oyal, haying its sides parallel to the 
co-ordinate axes. 
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Since jp - a = o is the equation of the asymptote the area in question is re- 
presented by 

'« xidx 



i: 



o(a-a;)»' 
Let xss a Bm^9y and this becomes 



i> 



2aM tan*0d0: 



hence the area in question is | va*. 

o 

4. Find the area of the loop of the curye 

This curve has been considered in Art. 262, Diff. 
Calc. Its form is exhibited in the annexed figure ; and 
the area of the loop is plainly 



^^l^^y/b + x 




Kg-9- 



+ xdx. 

Let b ■¥ X- z^, and it is easily seen that the area 
in question is represented by 

3-5-7.«* 

5. Find the area between the witch of Agnesi 

a?y2 -_ ^^2 (2a — x) 
and its asymptote. An$. 4ira^. 

y^^'^^i^z. In finding the whole area of a closed cnrve, such as 
that represented in the figure, we 
suppose lines, PjJf, QN, &o., drawn 
parallel to the axis of y ; then,, as- 
suming each of these Unes to meet 
the curve in but two points, and 
making PM = ^2, ^-Sf = yi, the 
elementary area PQQfP^ is repre- 
sented by {t/2 - t/i) dxy and the en- 
tire* area by 

COB' 

{t/2-t/i)dx; 

JOB 

in which OB, OB^ are the limiting values of x. 




MN 



rx 



Fig. to. 



* This form still holds when the axis of x intersects the curre, for the ordi- 
nates below that axis have a negative sign, and (ya - yi) dx will stQl represent 
the element of the area between two parallel ordinates. 
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For example, let it be proposed to find the whole area of 
an ellipse given by the general equation 

(MJ* + 2hxy + 6^ + 2gx + 2fy + c = o. 

Here, solving for y, we easily find 

S<2 - yi = I y (A' - ah) a?* + 2 (A/- hg) x +/» - he. 

Also, the luniting values of x are the roots of the quadratic 
expression under the radical sign. 

Accordingly, denoting these roots by a and /3, and observ- 
ing that A' ~ ah is negative for an ellipse, the entire area is 
represented by 

^v^^^^r /7 ^m \^ 

r I ^/ (p - a){p - x)dx. 

To find this, assume a? - o = (j3 - o) sin*0 ; 
then j3 - a? = (j3 - o) cos'O, 

and we get 

f -/(ir-a)(/3-a!)<fo = 2 (/3 - a)» \ sin'fl oos'^rfO 

J a Jo 

= ^0-0)'. 

Again, (/3-a) -4. l^rRy^ 

^h{aP + J^' + ch^ - ifgh - flffic) 

Hence the area of the ellipse is represented by 

ir(g/' + hg^ -f cA' - zfgh - aftc) 
. (a6-A*)» 

This result can be verified without difficulty, by deter- 
mining the value of the rectangle under the semiaxes of an 
ellipse, in terms of the coefficients of its general equation. 

It is worthy of observation that if we suppose a closed 
curve to be described by the motion of a point round its en- 
tire perimeter, the whole inclosed area is represented by j ydxj 
taken for every paint around the entire curve. 
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Thus, in the preceding figure, if we proceed from A to A' 
along the upper portion of the ourve, the corresponding part 
of the integral j pdcp represents the area APAnB. Again, 
in returning from A' to A along the lower part of the curye, 
the increment dx is negative, and the corresponding part 
oil ydx\& also negative (assuming that the curve does not 
intersect the axis of x)^ and represents the area A'P^ABR^ 
taken with a negative sign. Consequently, the whole area of 
the closed curve is represented by the integral / ydx^ taken 
for all points on the curve. 

The student will find no difficulty in showing that this 
proof is general, whatever be the form of the curve, and 
whatever the number of points in which it is met by the 
parallel ordinates. 

To avoid ambiguity, the preceding result may be stated as 
follows : — The area of any closed curve is represented by 



I 



dx , 



taken through the entire perimeter of the curvCy the element of the 
curve being regarded as positive throughout 

The preceding is on the hypothesis that the curve has no 
double point. If the curve cut itself, so as to form two loops, 

fdx 
y-^dsy when taken round the entire 

perimeter, represents the difference between the areas of the 
two loops. The corresponding result in the case of three or 
more loops can be readily determined. 

J, 133. In many cases, instead of determining y in terms of 
Xy we can express them both in terms of a single variable, 
and thus determine the area by expressing its element in 
terms of that variable. 

For instance, in the ellipse, if we make a; = a sin 0, we 
get y B 6 cos 0, and ydx becomes ab cos^ d^y the integral of 
which gives the same result as before. 

In like manner, to find the area of the curve 

y 

b^ 
Let x^a sin^^, then y = 6 cos^^, and ydx becomes 

3^6 sin' ^ cos* ^c/^ : 




The Cycloid. 



189 



hence the entire area of the curye is represented bj 



\y 



izah I sin^0 qob* fj^c^ = ^irab. 



Examples. 
I. Find the whole area of the eyolute of the ellipse \ •-V^ 






a' 0* 



Ans. 



Sab 



2. Find the whole area of the curve 

a 

3m4-l 



e)'"''^(i) 



2 

2n+l 



= I. 



2.4.6 2 (««+«+ I) 

A134. The Cycloid. — In the cycloid, we haye (Diff. 
Calc, Art. 272), 

a? = a (0 - sin 0), y = a (i - cos d) j 
.-. ydx = a^* (i - COS 0)*e]?0 ='r4a'* sin*-(fO. . 

Taking between o and ir, we get 37ra' for the entire 
area between the cycloid and its base. 

The area of the cycloid admits also of an elementary 
geometrical deduction, as follows : — 




Fig. II. 

It is obyiously sufficient to find the area between the 
semicircle BPB and the semi-cycloid BpA. To determine 
this, let points P and P' be taken on the semicircle such that 
arc BP = arc DP' : draw MPp and M'Pp' perpendicular to 
BB. Take MN and M'N' of equal length, and draw ISci 
and iVV? ^so perpendicular to BB : then, by the fundamen- 
tal property of the cycloid, the line Pp = are BPy and P^' 
= arc BP^ : .*. Pp + Pp' = semicircle = tt^., 
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Now, if the interyal MN be regarded as indefinitelj small, 
the sum of the elementary areas PpqQ and P'p'^Q' is equal 
to the rectangle under MN and the sum of Fp and I^p\ or to 
ira X MN. 

Again, if the entire figure be supposed divided in like 
manner, it is obvious that the whole area between the semi- 
oirole and the cycloid is equal to ira multiplied by the sum of 
the elements MNy taken from B to the centre C?, i.e. equal to ira*. / 

Consequently the whole area of the cycloid is 3ira', as / 
before. / 

The area of a prolate or curtate cycloid can be obtained^ 
in like manner. 

^^135. Areas in Polar Co-ordinates. — Suppose the 
curve APB to be referred to polar co-ordinates, being the 
pole, and let OPy OQ, 0-K represent consecutive radii vectores, 
and PLy QM, arcs of circles described with as centre. Then 
the area OPQ = OPL + PLQ ; but 
PLQ becomes evanescent in com- 
parison with OPL when P and Q 
are infinitely near points; conse- 
quently, in the limit the elemen- 

taiy area OPQ = area OPL = — ; 

r and being the polar co-ordi- 
nates of P. 

Hence the sectorial area AOB 
is represented by Fig. 12. 

where a and j3 are the values of corresponding to the limit- 
ing points A and B. 
' 5 136. Area of Pedals of Ellipse and Hyperbola. — 

For example, let it be proposed to find the area of the locus 
of the foot of the perpendicular from the centre on a tangent 
to an ellipse. 

Writing the equation of the ellipse in the form—, + t^= i, 

the equation of the locus in question is obviously 

r» - a'cos^e + y sin»0. 




^il: 
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Henoe its area is 

— QOB^OdO + — 1 sm*Oe?0 = + sinSoos 0. 

2} 2} 4 4 

The entire area of the locus is 

2 ^ ' 

The equation of the corresponding locus for the hyperbola 
is 

r' = a'^cos'e-ysin'e. 

In finding its area, since r must be real, we must haye 
a*cos'0 - V sin^0 positiye : accordingly, the limits for 6 are o 

and tan"* 7, 



Integrating between these limits, and multiplying by 4, 
we get for the entire area 

al + (a* - V) tan""* 7. 



In this case, if we had at once integrated between « o 

and = 2ir, we should have found for the area (a* - J') -. 

2 

This anomaly would arise from our having integrated 

through an interval for which r^ is negative, and for which, 

therefore, the corresponding part of the curve is imaginary. 

The expression for the area of the pedal of an ellipse with 

respect to any origin wiU be given in a subsequent Article. 

K, Examples. 

I. Show tliat the entixe area of the Lemniflcatd 

f* = a2cos2d I 
is a*. ''0 

3. In the hyperhoHc epiral 

ra = «, ; 

prove that the area hounded hy any two radii yeotores is proportional to the 
difference hetween their lengths. 

3. Find the area of a loop of the curye 

fSsa^ cos ntf. I Am. — . 

J 



192 



Examples. 



4. Find the area of the loop of the Folium of DescarteB, whose equation is 

Transfoiming to polar co-ordinates, we have 

3a cos sin 9 



r = 



Bm^$ + ooa^$' 



Again, the limiting values of 9 are o and - ; 

2 



IT 

_9a2 fa sin»gcos^a<?a 



Let tan = u, and this expression becomes 

9a« f* u^du 30* 



9a« f • u^du _ 3^ 
Tjo (!+«»)»* a * 



5. To find the area of the Lima^on 
V r = a cos 4- ^« 

Here we must distinguish between two cases. 

(i). Let b> a* In this case the curve consists of one loop, and its area is 



3«»' 



-\ (acosa + *)2rfa= f32 + -jx. 

When 6 = 0, the curve becomes a Cardioid, and the area 

(2). Let h <a. The curve in this case 
has two loops, as in the figure (see Diff . 
Calc, Art. 269), the outer loop correspond- 
ing to 

r s a cos + ^> 
the inner to 

r = acos(> — A. 

To find the area of the inner loop, we 
take between the limits o and a, where 

a = oos"^ [~] ; and the entire area is 

(aQOBe-byde 

= I (a» cos'tf - 2ab cos + *') d9 pig. 13. 

--•^tf^Ack-^ -■ sinacosa- 2^3 si 



1 

! 




a 




smo 



- {'*^) 



,ft 3 , 
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It is easily seen that the smh of the ai«as of the two loops is obtained by in- 
tegrating between the limits o and 2r, and accordingly is 



(?*")■ 



as in the former case. 




137. Area of a Closed Curve by Polar Co-ordi- 
nates. — In finding the whole area of a closed curve by 
polar co-ordinates we distinguish between two cases. When 
the origin is outside, we sup- 
pose tangents OT, 0T\ drawn 
from 0, and vectors OP^ OQ, &c., 
drawn to cut the curve ; then, if 
these lines intersect it in but two 
points each, the element of area 
PpqQ is the difference between 
the areas POQ and pOq ; or, in 
the limit, is ^(n' - ra') rfS, where 
OP = r^,Op = ra. 

Hence, the expression 

i/(ri'-r8«)ef0, Fig. 14. 

taken between the limits corresponding to the tangents OT 
and 07^ represents the entire included area. 

If the origin lie inside the curve, its whole area is in ge- 
neral represented by ^/(ri* + r2) dO, taken between the limits 
6=0, and = TT. 

We shall illustrate these results by applying them to the 
circle 

r* - 2rc cos + c* = a*. 

If the origin be outside, we hav e g > a, and ri + ra = 2c cos 0, 
and nr, « c* - a' ; . •. n - ra = 2^a^ - c'sin'O. 

Hence (n* - ra'jrffl = 4c cos 0^/a^ - d» oji^Odd; and the 

a 
limiting values of are ± sin"^-. 

Hence the whole area is 

2C 



I cose>/«'-c'sin*0rfe. 

ri8] 
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Let c sin = a sin 0, and this integral transfonns into 



2^2 * OOS'0 difi = 



= irfl?. 



Again, if the origin be inside, we have c < a, and 

- (n* + rt) =» «* + c* cos 2O ; 

The method given above may be applied to find the area 
included between two branches of the same spiral curve. As 
an example, let us consider the spiral of Archimedes. 

138. Tbe Spiral of ArcMmedes. — The equation of 
this curve isr = a0, 
and its form, for 
positive* values of 0, 
is represented in 
the accompanying 
figure, in which 
is the pole and OA 
the line from which 
is measured. Let 
any line drawn 
through meet the 
different branches 
of the spiral in 
points P, Q, By &c. : 
then, if OP=ry and 
zPO-4=0, we have, 
from the equation 
of the curve, ^^8* '5- 

OP = a0y OQ = a{0-\- 2ir), OB = a{e + 4ir), &o. 




* It Bhovld be noted that when negative yalues of are taken, we get for 
the remaming hidf of the spiral a curye symmetrically situated with reepeot to 
the piime vector OA. 
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Henoe PQ = QR = &o., = lan = c (suppose) ; i. e. the 
interoepts between any two consecutiYe branches of the spiral 
are of constant length. 

Again, let OQ = n, OJR = ra = n + c, and the area between 
the two corresponding branches is 

I f (r,» - ri») dO^c {ridO + jldO. 

Now, suppose MN and mn represent the limiting lines, 
and let ^ and a be the corresponding values of ; then the 
area nNMm wiU be equal to 

e raeefe + - rrf& = ^03 - a) (aa + ajS + e) 

= ^(^-a)(OJIf+On). (9) 

If ]3 - a - IT, this gives for the area of the portion 
between two consecutive branches QE'^ and BFRy inter- 
cepted by any right line RR drawn through the pole, 

-RQ.QRj i.e. half the area of the ellipse whose semi-axes 

are RQ and R:Q. 

139. Another SSxpreBsion for Area. — The formula 
in Article 137 still holds, obviously, when AB and ah repre- 
sent portions of different curves. 

It is also easily seen, as in Art. 132, that if a point be 
supposed to move round any closed boundary, the mduded 

area is in all cases represented by - t^dO^ taken round the 

entire boundary, whatever be its form ; the elementary angle 
dO being taken with its proper sign throughout. 

Agson, if we transform to rectangular axes by the rela- 
tions a? = r cos 0, y = r sin fl, we get 

. a y ^0 xdy - ydx 

X cos'0 «* 

Henoe r'rf© « xdy - ydx ; 

[IS a] 
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and the area swept out by the radius vector is represented by 
the integral 



^{icdy - 1/dx), 



taken between suitable limits ; a result which can also be 
easily arrived at geometrically. 

140. Area of SSlUptlc Sector. Iiamberfs Tlieo- 
rein. — ^It is of importance in 
Astronomy to be able to express 
the area AFP swept out by the 
focal radius vector of an ellipse. 
This can be arrived at by inte- 
gration from the polar equation 
of the curve; it is, however, a 
more easily obtained geometri- 
cally. 

JFor, if the ordinate PN be produced to meet the auxiliary 
circle in Q, we have 




Fig. 16. 



BxeskAFP = - X area AFQ = -{ACQ - CFQ) 

ah f .V 

« — iu- e smw), 



(10) 



where u = lACQ. 

By aid of this result, the area of any elliptic sector can be 
expressed in terms of the focal distances of its extremities, 
and of the chord joining them. 

For (Fig. 17), let QFP re- 
present the sector, and let 
FP = PyFQ = p\PQ = S; then, 
denoting by u and u^ the eccen- 
tric angles corresponding to a 
P and Q, the area of the sector 
QFP, by (io),isrepre8entedby '^' ^* 




' M S-A 



— Jfi-tt'- e(sinw-8inu^|. 
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We proceed to show that this result oaa be written in 
the form 

nh 

— {^"-^'- (sin0 - sin0')). (ii) 

where ^ and ^' are given by the equations 



. ^ I Ip + p+S . 6 I jp + p-S 
2 2S a 2 zy a 

For, assume that and ^' are determined by the equations 

w - t/ = - 0', ^(sintt - sint/) = sin^ - sin^'. (a) 

The latter gives 

. w - w' « + w' .0-0' + 0' 

e sm cos = sm - — ^ oos-^- — -. 

2 2 2 2 

, , , . U-¥U' 0+0' 

or by the former, e cos = cos^^ — —. 

2 2 

Again, since the co-ordinates of P and Q are a cos tf, 
d fiin fi, and a cos t/, i sin u\ respectively, we have 

8* = a'(costt - cost/)' + J'(sinti - sint/)* 
= 4Bm* (a* sin' + J' cos' J 

= 4flrBm' ( I - c'cos' J 

,.,0 — .«0 + 
2 2 

/. 8 « 2asin? — ^ sin - — ^ = a(cos0' - oos^). (i) 

Again, from the ellipse, we have 

p =s a(i - «cosf#), /o' = a(i - ^cosw'), 

, r ,v w + w' w - 1/ 

.'. /D + /D = 2a "-a«(cosw + cos wj = 2a-2a^cos cos 

2 2 

•= 2a - 2acos5 — ^ oos2 — ^ = 2a'- a(oos0 + cos^'), (c) 

2 2 
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Henoe, adding and subtraoiing (b) and {c)j we get 

- — ' = 2 (i - COS0) = 4 Sin'-, 

- — =- = 2(1 - eofl^O =4 Bin'—, 

which proves the theorem in question. 

Consequently, the area* of any focal sector of an ellipse can 
be expressed in terms of the focal distances of its extremities^ of 
the chord which joins them^ and of the axes of the curve. 

141. We next proceed to an elementary principle which 
is sometimes useful in determining areas, viz. : — 

The area of any portion of the curve represented by the 
equation 



%• f ) = 



is ab times the area of the corresponding portion of the curve 

F{x,y) =c. 
This result is obvious, for the former equation is trans- 

a 



X t/ 

formed into the latter, by the assumption - = a^, t = ^ ; and 



hence ydx becomes ah/dof ; 

the integrals being taken through corresponding limits — a 
result which is also easily shown by projection. 

Thus, for example, the area of the ellipse — + |f « i 



* This remarkable result is an extenmon, by Lambert (in bis treatise entitled : 
Intignwru orbita cometarum proprietatet^ publiabed in 1761), of tiie correspond- 
ing formula for a parabola given by Euler in Miaeell. Berolin, 1743. It 
fuxniibes an expression for the time of describing any arc of a planet's orbit, in 
tenns of its chord, the distances of its extremities from the sun, and tlie major 
axis of the orbit ; neglecting the disturbing action of the other bodies of the 
solar system. 
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reduoes to tliat of the circle ; and the area of the hyperbola 

to that of the equilateral hyperbola a^ - y* = i. 

Again, let it be proposed to find the area of the curve 






The transformed equation is 



(^^^)'-¥*^; 



or, in polax co-ordinates, 



, a'oof'fl J'sin*0 

r* = — = — + 



/• rn 



% 



But the whole area of this (Art. 136) is - f j^ + — 5 j. 
Oonsequently the whole area of the proposed curve is 

It may be remarked that the equations 

represent similar curves, and their corresponding linear 
dimensions are as a : i. Consequently the areas of similar 
curves are as the squares of their dimensions; as is also 
obvious from geomeixy. 

142. Area of a Pedal Curve. — If from any point 
perpendiculars be drawn to the tangents to any curve, the 
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loons of their feet is a new curve, called the pedal of the 



original (Diff. Calc, Art. 187). 

If p and tof be the polar co- 
ordinates of Ny the foot of the 
perpendicular from the origin 0, ^'^ 
then the polar element of area of 
the locus described by iV is plainly ^j 

^- — , and the sectorial area of any 

portion isaocordinglyrepresentedby 



N T 




^P^dtOy 



taken between proper limits. 

There is another expression for the area of a closed pedal 
curve which is sometimes useful. 

Let 81 denote the whole area of the pedal, and 8 that of 
the original curve ; then the area included between the two 
curves is ultimately equal to the sum of the elements repre- 
sented by NTN' in the figure. 

Hence Si = S + ^NTN' = S f ^ [PN^d^. (12) 

Again, by the preceding, 

8x^^[0N^dia. 

Accordingly, by addition, 

2S1 = flf + i f OP»d«. (13) 

It is easily seen that equation (12) admits of being stated 
in the following form : — 

The whole area of the pedal of any closed curve is equal to 
the sum of the areas of the curve and of the pedal of its evolute: 
both pedals having the same origin. 

For, PN is equal in length to the perpendicular from O 

on the normal at P : and hence --PN^dia represents the ele* 
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ment of area of the locus described by the foot of this perpen- 
dicular, i.e. of the pedal of the evolute of the original curve. 
For example, it follows from Art. 136 that the area 0/ 



the pedal of the evolute of an ellipse w - (a - J)', the centre 

being origin. 

143. Area of Pedal of ISlllpse for any Origin. — 

Suppose to be the pedal 
origin, and OMy OM' perpen- 
diculars on two parallel tan- 
gents to the ellipse ; draw CN A{ 
the perpendicular from the 
centre C ; let OM = i?i, OM' 
= i>a, CN^p, OC=c, lOCA 
= a, lACN= w] then 

Fig. 19. 

Pi = MD - OD =p - coob{(o - a)y 

Pi-p-^C cos (w — a). 

Again, the whole area of the pedal is 

- (jPi* + p%^)dw = {p^ + c'cos'((ii - a)]d(o 

2J0 Jo 

dfo + €^\ cos'((ii - a)rfa; = -(a' + y + c*). (14) 




I V^w + e" I 



That is, the area of the pedal with respect to as origin 
exceeds the area of its pedal with respect to C by half the 
area of the circle whose radius is OC. 

If the origin lie outside the ellipse, the pedal consists 
of two loops intersecting at and lying one inside the other; 
and in that case the expression in (14) represents the sum of 
the areas of the two loops, as can be easily seen. 

The result established above is a particular case of a 
general theorem of Steiner, which we next proceed to 
consider. 

144. Steiner's Tlieoreni on Areas of Pedal Carves. 
Suppose A to be the whole area of the pedal of any closed 
curve with respect to any internal origin 0, and A' the area 
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of its pedal with respeot to another origin (X ; then, if p and 
/>' be the lengths of the perpendiculars from and (/ on a 
tangent to the cnrvey we have 

I f* I f*» 

2jo 2jo 

Also, adopting the notation of the last article, 

jt)' =^p - (JCOs(a; ~ a) = jt? - a^cosoi - y sinw; 

where a?, y represent the co-ordinates of (X with respect to 
rectangular axes drawn through 0. Hence we get 



I V^ 
A' - A^ -\ (orooscu + ysinw)' 

2 Jo 



dijj 



pair 



oosoic^oi — y p sincix/di. 



r2ir r2» raw 

But I cos' (u(f(ii = IT, I siQ^aieiifai = 7r, I sinoicOSbic^ai^o. 

Jo Jo Jo 

rair ra« 

Also, for a given ourye, p cosoi efcu and p sinoi^foi are 

Jo ^ .Jo 

constants when is given. Denotiag their values by g and 

/i, we have 

A'-A^'^{:x^ + y')-gx- hy. (15) 

This equation shows that if be fixed, the locus of the 
origin (7, for which the area of the pedal of a closed curve is 
constant^ is a circle* The centre of this circle is the samOi 
whatever be the given area, and all the circles got by varying 
the pedal area are concentric. 

* It can be seen, -without difficulty, from the demonstration giyen aboYO, 
that when the curve is not closed, the locus of the origin for peOals of equal area 
is a conic: a theorem due to Prof. Baabe, of Zurich. See Crelle*8 Joumaf, 
vol. 1., p. 193. 

The student will find a discussion of these theorems by Prof. Hirst in the 
Transactions of the Royal Society, 1863, ^ which he has investigated the corre- 
sponding relations connecting the volumes of the pedals of surfaces. 
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area 



If the origm be supposed taken at the centre of this 
circle, the constants g and h will disappear ; and, in this case, 
the pedal area is a minimum, and t^ difference between the 
areas of the pedals is equal to half the area of the circle whose 
radius is the distance between the pedal origins. 

For example, if we take the origin at the centre, the 
pedal of a circle, whose radius is a, is the circle itself. For 
anj other origin the pedal is a lima9on ; hence the whole 

of a lima9on is 7r( a' + — 1, as found in Art. 136, Ex. 5. 

145. Areas of Roalettes on Rectilinear Bases. 

The connexion between the areas of roulettes and of pedals 
is contained in a very elegant theorem,* also due to Steiner, 
which may be stated as follows : — 

TFTien a closed curve rolls on a right line^ the area between 
the right line and the roulette generated in complete revolution 
by any point invariably connected with the rolling curve is double 
the area of the pedal of the rolling curvCy this pedal being taken 
with respect to the generating point as origin. 

To prove this, suppose to be the describing point in any 




Fig 20. 

position of the rolling curve, and P the corresponding point 
of contact. Let (/ represent an infinitely near position of the 
describing* point, Q^ the corresponding point of contact, and Q 



* See Creiya Journal, vol. xxi. The corresponding theorem of Steiner 
connecting the lengths of roulettes and pedals will be given in the next Chapter. 

By the area of a roulette we imderstand the area between the roulette, the 
base, and the normals drawn at the extremities of one segment of the roulette. 
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a point on the curve such that PQ = PQ[ ; then Q is the point 
which coincides with Q in the new position of the rolling 
curve ; and, denoting the angle between the tangents at P 
and Q (the angle of contingence) by efoi, we have OPff = rfw, 
since we may regard the curve as turning round P at the in- 
stant (DiflE. Calc, Art. 275). 

Moreover, QQ' ultimately is infinitely small in comparison 
with QPy and consequently the elementary area OPQ'ff is 
ultimately the sum of the areas POff and Q(/Py neglecting 
an area which is infinitely small in comparison with either of 
these areas. 

Again, if OP = r, we have POff = , and area QffP 

= QOP in the limit. 

Also the sum of the elements QOP in an entire revolu- 
tion is equal to the area (S) of the rolling curve. Conse- 
quently the entire area of the roulette described by is 

S + iJr'du,. 

But we have already seen (13) that this is double the area of 
the pedal of the curve with respect to the point ; which 
establishes our proposition. 

Again, from Art. 144, it follows that there is one point in 
any closed curve for which the entire area of the correspond- 
ing roulette is a minimimi. Also, the area of the roulette 
described hy any other point exceeds that of the minimum 
roulette by the area of the circle whose radius is the distance 
between the points. 

For instance, if a circle roll on a right line, its centre de- 
scribes a parallel line, and the area between these lines after 
a complete revolution is equal to the rectangle imder the 
radius of the circle and its droumference ; i.e. is 2na^ ; denot- 
ing the radius by a. 

Consequently, for a point on the circumference, the area 
generated is 27ra* + Tra*, or 37rfl' ; which agrees with the area 
found already for the cycloid. 

In like manner, by Steiner's theorem, the area of the or- 
dinary cycloid is the same as that of the cardioid : and the 
area of a prolate or curtate cycloid the same as that of a 
limajon. 
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Again, if an ellipse roll on a ri^ht line, the area of the 
path described by any point can be immediately obtained. 

For example, the pedal of an ellipse with respect to a focus 
is the circle described on its axis major. Hence, if an ellipse 
roll upon a right line^ the area of the roulette described by its 
focus in a complete revolution is double the area of the auxiliary 
circle. Also, the area of the roulette described by the centre 
of the ellipse is equal to the sum of the circles described on 
the axes of the ellipse as diameters, and is less than the area 
of the roulette described by any other point. 

146. Cfeneral Case of Area of Roulette. — If the 
curve, instead of rolling on a right line, roll on another 
curve, it is easily seen that the method of proof given in the 
last article still holds ; provided we take, instead of £^, the 
sum of the angles of contingence of the two curves at the 
point P. 

Hence the element of area OP(X is in this case 



i op^efo, ( , + ^ ), or 4 Ord^ (i + ^\ 



I ^-rvo , / d(M)\ I 

dio / 



where p and p^ are the radii of curvature at P of the rolling 
and fixed curves, respectively. 

Hence it follows that the area between the roulette, the 
fixed curve, and the two extreme normalsi after a complete 
revolution, is represented by 



S,L^r',.{^ .Ly 



If a closed curve roll on a curve identical with itself, 
having corresponding points always in contact, the formula 
for the area generated becomes 

S-^jr'dof. 

In this case the area generated is four times that of the 
corresponding pedal ; a result which appears at once geome- 
trically by drawing a figure. 
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Examples. 

I. If ^ be the area of a loop of the cmre f«* » a** oos mB, and Ai the area 
of its pedal with respect to the polar origin, prove that 



Ai 



- (■ * -)- 



It is easily seen, as in Diff. Calc, Art. 190, that the angle between the radius 
Tector and the perpendicular on the tangent is m$ ; and .*. « = (m + i)9 
Hence, by Art. 142, 

2Ai = A+ ^i-' /r»d» c= (m + 2) A. 

2. If a circle of radius b roll on a circle of radius a, and if A denote the 
area, after a complete revolution, between the fixed circle, the roulette described 
by any point, and the extreme normals ; and if A' be the area of the pedal of 
the circle with respect to the generating point, prove that 

Aa + Bb=2(a-\-b)A\ 

where 3 is the area of the rolling circle. 

3. Apply this result to find the area included between the fixed circle and the 
arc of an epicycloid extending from one cusp to the next. 

147. Holditch's Theorem.* — If a line OC^ of a given 
length move with its extre- 
mities on two fixed closed 
curves, to find, in terms of 
the areas of the two fixed 
curves, an expression for the 
whole area of the curve gene- 
rated, in a complete revolu- «. ^,^ 
tion, by any given pomt P 
situated on the moving line. 

Let CP = c, PC = c', and suppose (^1, yO, (a?, y), and 
{x2y y^ to be the co-ordinates of the points (7, JP, and C", re- 
spectively, with reference to any rectangular axes. 




* This simple and elegant theorem appeared, in a modified form, as the 
Prize Question, by Mr. Holditch, under the name of '' Petrarch," in the Lady's 
and Gentleman's Diary for the year 1 858. The first proof ffiven above is due to 
Mr. Woolhouse, and contains his extension of Mr. Hdditcn s theorem. 
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Then, if be the angle made by OC^ with the axis of y, 
we have evidently 

iPi = a? - c sin 0, yi = y - c cos ©, 

a?3 = iP + c' sin 0, ya = y + c' cos ©. 
Henoe we have 

Pidxi = ydx - cos 0(dSi? + ydd) + o'oos'Ot^tf ; 
y^dx^ = ycte + o' cos (cte + ydd) + o'* eo^OdO, 

Multiplying the former equation by <fy and the latter by c, 
and adding, we get 

dyxdxx + oyac&a = (c + c') y di» + (c + c') cc' cos* OrfO ; 

/. c' jyidxi + cjyzdXi = (o + o')jydx + (c + (f)co' joo&^OdO. 

If we suppose the rod to make a complete revolution, so 
as to return to its original position, and if we denote by (0), 
(C), (P), the areas of the curves described by the points 
Oy C\ and P, respectively, we shall have (since in this case 
the angle revolves through zit) 

c\C) + c(C') = (o + (1){T) + ir(c + (l)e(!, 

or '^^/ ' - (i") + Tco . (i6) 

This determines the area (P) in terms of the areas (C), 
((7^ and of the segments c, ej'. 

When the extremities (?, C^ move on the same identical 
curve we have {G) = ((?'), and hence {C). - (P) = wcc'. 

Consequently, if a chord of given length move inside any 
closed curvcy having a tracing point P at the distances o and 
c' from its ends, the area comprised between the two curves is 
equal to irc<f. 

More generally, if the extremities (7, 0^ move on curves 
of equal area, we have, as before, 

(C) - (P) = naf. (17) 

Should the extremities, instead of revolving, oscillate 
back to their former positions, then (C) « o, (C) = o, and 
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.'. (P) = - Trcc\ The negative sign implies that the area is 
described in a direction contrary to that in which the rod re- 
volves. 

Again, if the rod returns to its original position after 
n revolutions, the limits for become o and 2^?r, and equa- 
tion (i 6) becomes 

;^^; = (P) + mc^. (i8) 

If {C) = ((?'). this gives 

{C)^{P)^mcc\ (19) 

If the line oscillate back to its former position, without 
maMng a revolution, we have n = o, and (19) becomes 

(C) = (P). 

Hence, in this case, if two points describe curves of equal 
area, then any point on the line joining these points describes 
a curve of the same area. 

The theorem in (16) can also be proved simply in another 
manner, as follows : — 

Let denote the point of intersection of the moving line 
CC with its infinitely near position ; that is to say, the point 
of contact with its envelope ; and let OP = r. Adopting the 
same notation as before, let (0) represent the area of the en- 
velope, and it is easily seen that 

{C) - (0) = i [\0O)HB^:^ r (c - rydO, 

Jo Jo 

(C) - (0) = ^ f'(OC0'rf«= i fV + ryd9, 

Jo Jo 



(P) -(0) = ij(OPrrfe=i|r^rfe; 



hence 

3ir 



d{C) +c((7') - (c + 0(-P) =1 [ '{cj'(^-r)*+c((r+r)»-(c+(j')r^)rffl 



as before. 
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A remarkable extension of HolditeVs theorem was given 
by Mr. E. B. Elliott, in the Messenger of MathematicSy 
February, 1878. 

Mr. Elliott supposed the length of the moving line C^C to 
vary, but that it is in all positions divided in the constant 
ratio m : n in a point P. 

Then, if C travel round the perimeter of any closed area 
{C)y and C move simultaneously roimd another area (C?')> the 
two motions being quite independent and subject to no re- 
strictions whatever, except that both are continuous, having 
no abrupt passage from one position to another finitely differ- 
ing from it, then P will travel simultaneously roimd the 
perimeter of another closed area (P). 

Adopting the same notation as before, we have 

(w + n)a? = mxi + nx2y (w+ »)y = myi + ny2 ; 
.*. {m-vnYydx = {myi + ny^{mdxi + ndx^ 

= m^yidxi + n^y%dXi + mn {y%dxi + y^dx^ 

= {m-\-n){myidxi-\-ny2dXi) -mn{y2-yi)d{x2-Xi). 

Integrating for a complete circuit, and dividing by (w + w), 
we have 

fTlfl C 

(m + n)(P)=w((7)+w(O0-^j;^|(sr3-yi)rf(a?3-a?i)- (20) 

This result is stated as follows by Mr. Elliott : — 
Through any fixed point in the plane of a closed area 8 
let radii vectores be drawn to all points in its perimeter, and let 
chords ABj parallel and equal to the radii vectores, be placed 
with one extremity A in each case in the perimeter of a closed 
area (^), and the other B on that of another (B) ; then, if 
the points -4, P, travel respectively all round the perimeters, 
and do not in either case return to their first positions from 
the same sides as that towards which they left them ; and, if 

[14] 
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{C) represent the area described by a point always dividing J?-4 
in the constant ratio m : «, then the areas (-4), (jB), (C), (8) 
axe connected by the following relation : 

^ m + n {m + ny^ ' ^ ' 

This follows immediately from (20) by altering the nota- 
tion. 

Areas described in opposite directions of rotation must be 
taken with opposite signs. 

For particular modifications in this result, as also for its 
extension to surfaces, the student is referred to Mr. Elliott's 
paper ; as also to Mr. Leudesdorf's papers in the <iame 
Journal. 

147 (a), Kempe's Tbeorem. — We next proceed to the 
consideration of a singularly elegant theorem* discovered by 
Mr. Kempe, and which may be stated as follows : — 

If one plane sliding upon another start from any position, 
move in any manner, and return to its original position after 
making one or more complete revolutions ; then every point 
in the moving area describes a closed curve, and the locusj in 
the moving plane^ of points which describe equal areas is a circle ; 
and by varying the area we get a system of concentric circles for 
loci. 

This result can be readily de- 
duced from Holditch's theorem, for 
if we suppose -4, By 0, to be three 
points which generate equal areas; it 
can easily be seen that any fourth 
point, Dy which generates the same 
area, lies on the circle circum- 
scribing ABC. 

Let AB and CD intersect in P, 
then, let (P) represent the area 
described by the point P, as before ; ^' *** 

and n the number of revolutions made before AB returns 
to its original position : then we have, by (19), denoting by 




♦ Messenger of Mathematical July, 1878. 
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{C) the oommon area described by eaoh of the points 
-4, B, C, 2>, 

and, by same theorem, 

((7)-(P) = n7rCP.P2); 

hence 

AP.PB= CP.PD; 

consequently Ay P, (7, 2>, lie on the circumference of the 
same circle. 

Again, let be the centre of this circle, and join OP and 
OAy then the preceding equation gives 

{C)-{P) = mr{OA''- OP'). 

Hence all points which describe an area equal to that of 
(P) lie on a circle, having for centre, and OP for radius, 
v/hioh establishes the second part of the theorem. 

For the eflEect of two or more loops in the area described 
by a moving point see Art. 132. 

148. AreBM by ApproximaHoii. — In many cases it is 
necessary to approximate to the value of the area included 
within a closed contour. The usual method is by drawing a 
convenient number of parallel ordinates at equal intervals ; 
then, when a rough approximation is sufficient, we may 
regard the area of the curve as that of the polygon got by 
joining the points of intersection of the parallel ordinates 
with the curve. Hence, if A be the common distance between 
the ordinates, and if 

yoy t/iy y^y &C., yn, 

represent the system of parallel ordinates, the area of the 
polygon, since it consists of a number of trapeziums of equal 
breadth, is plainly represented by 

[14 a] 
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Henoe the rule : add together the halves of the extreme 
ordinateSy and the whole of the intermediate ordinateSj and 
multiply the remit by the common interval. 

When a nearer approximation is required, the method 
next in simplicity supposes the curve to consist of a numher 
of parabolic arcs ; eaon parabola having its axis parallel to 
the equidistant ordinates, and being determined by three of 
those ordinates. 

To find the area of the parabola passing through the 
points whose ordinates are yo> Vu y^\ let y = a + j3a? + 73?* be 
the equation of the parabola, and, for simplicity, assume the 
origin at the foot of the intermediate ordinate ^i, then we 
have 

^0 = a - /3^ + 7*% yi = a, ^2 = a + /3A + 7/i'. 

Again, the area between the first and third ordinate is 
(o + /3a? + 7ir*) cte = 2A f a + 7 — J. 
But ^0 + ^2= 2yi + 27A* : hence the area in question is 

- p + 4^1 + yaj. 

Now, if we suppose the number of intervals n to be even, 
and add the different parabolic areas, we get, as an approxi- 
mation to the area, the expression 

h 

- {yo+yn + 4(yi + y8+&c.+yn-i) + 2(y»+y4+&o.+y«-2)}. 

Hence the rule : add together the first and last ordinates^ 
tunce every second intermediate ordinate, and four times each 
remaining ordinate; and multiply by one^thirdof the common 
interval. 

We get a doser approximation by supposing the number 
of equal intervals a multiple of 3, and regarding the curve 
as a series of parabolae of the third degree, each being 
determined by four equidistant ordinates. To find the area 
corresponding to one of these parabolic curves, let yayu yzy y^ 
be four equidistant ordinates, and for convenience assume 



t 
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the origin midway between t/i and i/2 ; then if the equation 
of the parabolio ourre be 

y = a + j3a? + ya:* + Sar^, 

and the common interval on the axis of x be denoted by 2hy 
we have 

yo = a - 3j3A + 97A* - 278A% 

yi = a - j3^ + 7A* - Sh\ 

t/2 = a + fih-\- yh^ + Sh\ 

ya = a + 3/3A + 97A* + 278*'. 

Hence y© + ya = 2 (a + 97A*), yi + ^2 = 2 (o + 7**), 
Again, the parabolio area between yo and ya is 

(o + j3aj + 7ir* + SQ^)dx = 3A(2fi + 67A*). 

Substituting in this the values of a and 7 obtained from 
the two precedbg equations, the expression for the area 
becomes 

V {2^o + y8 + 3(yi + y2)}. 
4 

If the corresponding expressions be added together, we 
easily arrive at the following rule :* — ^Add together the first 
and last ordinates, tmce every third intermediate ordinate, and 
thrice each remaining ordinate ; and multiply by -fths of the 
common interval. 

It is readily seen that these rules also apply to the ap- 
proximation to any closed area, by drawing a system of lines, 
parallel and equidistant, and adopting themtercepts made by 
the curve instead of the ordinates, in each rule. 

Since every definite integral may be represented by a 

* This and the preceding are commonly called ** Simpson's rules ** for cal- 
culating areas ; they were however previously noticed by Newton (see Opuscula, 
Method. Diff.f Prop. 6, scholium) as a particular application of the method of 
interpolation. By taHng seven equidistant ordinates, Mr. Weddle (Camb, and 
Dub, Math, Jour,^ 1^54)) obtained the following simple and important rule for 
finding the area: — To^e times the sum of the even ordinates add the middle ordi- 
nate and all the odd ordinates, multiply the sum by three-tenths of the common 
interval, and the product will be the required area, approximately. The proof, 
which is too long for insertion here, will be found in Mr. Weddle's memoir : 
and also, with applications, in Boole's Calculus of Finite Differences. The student 
is referred to Bertrand's Cale. Int., 1. i , ch. xii., for more general and accurate 
methods of approximation by Cotes and Gauss. 
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curvilinear area, the methods given above are applicable to 
the approximate determination of any such inte^al. 

In practice the accuracy of these methods is mcreased by 
increasing the number of intervals. 

149. Planlmeters. — Several mechanical contrivanoes 
have been introduced for the purpose of practically estimating 
the area inclosed within any curved boundary. Such instru- 
ments are called Flanimeters. The simplest and most elegant 
is that of Professor Amsler of Schaffhausen. It consists of 
two arms jointed together so as to move in perfect freedom in 
one plane. A point at the extremity of one arm is made a 
fixed centre roimd which the instrument turns ; and a wheel 
is fixed to, and turns on the other arm as an axis, and records 
by its revolution the area of the figure traced out by a point 
on this arm. From its construction it is plain that the re- 
volving wheel registers only the motion which is perpendi- 
cular to the moving arm on which it revolves. 

In the practical application of the instrument it is neces- 
sary that the two arms, CA and AB^ should return to their 
original position after the tracing point £ has been moved 
round the entire boundary of the required area. 

We shall commence by showing that the length registered 
by the wheel while B has moved round the entire closed area 
is independent of the wheel's position on the moving arm ; 
t,e, is the same as if the wheel be supposed placed at the joint. 

To prove this, suppose P to represent the point on the 
arm at which the centre of the 
revolving wheel is situated. Let 
A^B^ represent a new position of 
AB very near to AB. and P' the 
corresponding position of the 
point P. Draw PiVperpendicular 
to -4'-B' ; then PiV represents the 
length registered by the wheel 
whUe the arm moves from AB to 
the infinitely near position A'B^. 

Next, draw -4iV perpendicular, 
and AL parallel, to A'B". 

Let PN=^ ds\ AN' = d8,AP = c, 
PAL^di^; thGnPN=PL+AN% 
ov ds^ = ds + cd(p. 




Fig. 23. 
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Now, if we suppose AB after a complete circuit of the 
curve to return to its original position, we have obviously 

5 (dip) = o ; and therefore S (c?/) = 2 (ds) , i.e. the whole length 
registered by the revolving wheel at P is the same as if it 
were placed at A. 

Next, let X and p be the co-ordinates of B with respect to 
rectangular axes drawn through (7, and let -40= «, AB = by 
L ACX = ; and suppose 6 the angle which BA produced 
mates with the axis of x ; then we shaU have 

X = a cos + 6 cos ip, ^ = a sin + 6 sin 0. 

Hence xdt/ - ydx = a^dQ + h^d^ + ah cos (fl - $) d{Q + 0). 

Also ds = ^iVT' = ^^' sin^^'iV^ = « ^0 cos (0 - 0). 

But + = 20 - (0 - ^) ; 

.-. ah cos (0 - 0) e/(0 + ^) 

= 2db cos(0 - 0)rf0 - ah co8(0 - 0) c?(0 - (f) 

= 2 Jflfe - ab cos (0 - 0) d{0 - 0). 

Consequently 

ii^^y - ydx=a^dO + 6*rf0 + zhds - flft cos(0 - 0) fl?(0 - 0). 

But, by Art. 139, the area traced out by .B in a complete 

revolution is represented by \ (xdy - ydx) taken around the 

entire ouyve. 

Also, since AC and AJB return to their original positions, 
the integrals of the terms a*flf0, b^di^ and ah cos (0 - 0) a? (0 - 0) 
disappear ; and hence the area in question is equal to ft/S, where 

6 denotes the entire length registered by the revolving wheel. 

On account of the importance •'of the principle of this in- 
strument, the following proof, for b 
which I am indebted to Prof. Ball, 
based on elementary geometrical 
principles, is also added. 

Let Cy -4, 5 represent, as before, 
the positions of the fixed centre, the 
joint, and the tracing point, respec- 
tively ; and suppose R to represent 
the position of the roller, or revolv- 
ing wheel ; then draw CB and RB 
perpendicular to AB» 




Pig. 24. 
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Let 



AC = a, AB = b, AB^ /, BC^r. 



Nowyaif the instminent be rotated about Cthrongh an 
angle without altering the angle CAB, it is easily seen 
that the circumference of the roller is rotated through an aro 
represented by 



PB.o^li^^-L^^e. 



Again, if the instrument be rotated about 8 through a 
small angle the roller does not revolve. 
Hence a curve can be drawn through B^ 
such that, if the tracing point B be 
moved along it, the roller will not 
revolve. 

Now, let X/i, XV bo the two adjacent 
circles described with C as centre, and 
suppose aa and jifi^ two adjacent non* 
rolling curves, such as just stated : and 
suppose the tracing point B to move 
round the indefinitely small area aa^fi : then the arc through 
which the roller has turned is represented by 




Fig. 25. 



(- 



o' + J»- 



2b 



!^l9-{l+ 



a* + J» - (r + 8r)* 



2b 



— ; — = area of — ?-=-, 



) 



SO 



since aj3 » r S0 ; and Sr » aa' sin )3. 

Now suppose the instrument works correctly for the area 
XX Va, then it will work correctly for the area XX'/3'0 ; for, 
start &om a to X, X^ a^ then the area aXk'a must be regis- 
tered, since the roller does not turn in moving from a' to a ; 
proceed then from a' to /3^ )3, a, then, by what has been just 
proved, the area a'/3'/3a will be added. Hence the instrument 
will work correctly for the strip XX Vm* 

Again, suppose the instnmient works correctly for the 
area Xjapy thcfn it will work correctly for X'f/p ; for suppose 
we start from X to /o, /u, and back to X : then start from A to 
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/n, /u', X' and A ; the two journeys from X to /u and /i to X 
will neutralize eaoh other, and it follows that if the instrument 
works correctly for the area \fipy it will work correctly for 
the area Xfip : hence, if the instrument works correctly for 
any portion of the area, however small, it works correctly for 
the entire area. 

The student will find a description of Amsler's Planimeter, 
with another mode of demonstration, in a communication by 
Mr. F. J. Bramwell, O.E., to the British Association. — See 
Beporty 1872, pp. 401-412. 
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EZAKPLBS. 

I. Find the whole azea between the ouzre 

a:V + «*** = «"!'' 
and its asyinptotes. Ans. iirab, 

a. Find the whole aiea of the curve 



3. Find the whole azea of the onrve 



8a« 



9t 



^wab. 



4. Find the whole area included between the folium of Descartes 

a^ + y' — ^axf/ = o 

and its asymptote. Ans, ^—, 

5. In the logarithmic curve y « 0*, prove that the area between the axis of 
X and any two ordinates is proportional to the difference between the ordinatea. 

6. Find the area of a loop of the curve 

r = a cos ftd. Ans. 



««' 



7. Find the area of a loop of the curve 



IT 



r = a ii08n$ -^ b ojine. „ (a« + ft') - 

It 

The equation of the curve may be written in the form 

r = \/^TP cos {ne + a), 

where tan a = ; and comsequentlj its area can be found from the preceding 

example. 

8. Find the area of a loop of the curve 

r2 = a» cos «« + ft»sin«d. Ans. '^ ^ ^ ^ 
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9. Find the area of the tractrix. 

The characteristic property of the tractrix is that the intercept on a tangent 
to the curve between its point of contact and a fixed right line is constant. 

Denoting the constant by a, and taking the origin at the point for which 
the tangent OA is perpendicular 

to the axis, we have, F being ^^ 

any point on the curve 



^=-tanPriV=- 
dx 



V^«2_, 




Fig. 26. 



.•. ydx = — *s/a^ — y^dy. 

Hence the element of the area of 
the tractrix is equal to that of 
a circle of radius a. 

It follows immediately that the whole area between the four infinite branches 
of the tractrix is equal to icaK This example furnishes an instance of our being 
able to determine ihe area of a curve from a geometrical property of the curve, 
without a previous determination of its equation. 

If the equation of tlie tractrix be required, it can be derived from its differ- 
ential equation 



dx = - 



V^a* - y^dy 



from which we get 



X + \/ a* - y« = a log 



a + ^/ a^ - y2 



That the equation of the tractrix depends on logarithms was noticed by 
Kewton. See his Second Epistle to Oldenburg (Oct. 1676). This was, I 
believe, the first example of the determination of the equation of a curve by 
integration ; or, what at the time was called the imwrw method of tangents, 

10. If each focal radius vector of an ellipse be produced a constant length e^ 
show that the area between the curve so formed and the ellipse is icc(2b + c)y 
b being the semi-axis minor of the ellipse. 

11. Find the area of a loop of the curve r^ = af^ cosnd. 



Ana, 



Vt \2 n) 



13. If a right line carrying three tracing points Ay J9, C, move in any manner 
in a plane, returning to its original position after maldng a complete revolution ; 
and if {A)f {B), {C) represent the entire areas of the closed curves described by 
the points A, B^ C7, respectively, prove that 

BCx{A) + CAx lB) + ABx{C) + w .AB .BC, CA^o, 

in which the lines AB^ BC, &c., are taken with their proper signs ; i.e., 
-4J5 = - BA, &c. 
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1^, A, 3, C, D, axe four points rigidly connected together, and moring in 
any way in a plane ; if they describe closed curves, of areas {A), (B), (C7), (2>), 
respectiyely ; and if x, y, z, be the areolar oo-ox^iinates of D referred to the 
triangle AJ5C, prove trntt 

where < is the length of the tangent from D to the circle circumscribed to the 
triangle ABC, Mr. Leudesdorf, Mettenger of Mathematies^ 1878. 

This follows immediately : for let F be the point of intersection of the lines 
AB and CD, then, by (18), we get a relation between (A\ (J7), and (P^ ; and 
also between ((7), (2>), and (P). If P be ftliminat^Ml between these equations we 
get the required result. 

14. Show that a corresponding equation connects the areas of the pedals of 
any given closed curve with respect to four points A, B, (7, 2), taken respectively 
as pedal origin. Mr. Zeudesdorf. 

15. If a curve be referred to its radius vector r and the perpendicular p on 
the tangent, prove that its area is represented by 



i\ 



prdr 



\/r»-p* 



16. A chord of constant length (e) moves about within a parabola, and 
tangents are drawn at its extremities ; find the totid area between the parabola 
and the locus of intersection of the tangents. 

Ana. — . 

2 

17. From the centre of an ellipse a tangent is drawn to a semicirole 
described on an ordinate to the axis major ; prove that the polar equation of the 
locus of the point of contact is 



r2 = 



«»*» 



*2+(a»+^)tan«e' 
and that the whole area of the locus is 

IT aH 



^^a^-^^ + b 

18. Apply the three methods of approximation of Art. 148 to the calculation 

!^ dx I 

— -, adopting — as the commo^ 

interval in each case. Am. (i), .693669. (2), .693266. (3), .693224. 

The real value of the integral being log 2, or .693147, to the same number 
of decimal places. 

19. Prove that the sectorial area bounded by two focal vectors r and r' of a 
paraliola is represented by 

jjr-^')'-('-^')'i' 

where e is the chord of the arc, and a the semiparameter of the parabola. 
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20. Show that the whole area of the inyerse of the ellipse — + ^ = i is 

a* J* 

lepreseoited by 

where a, iS, are the co-ordinates of the origin of inyersion, and k is the radius of 
the circle of inversion. 

a I. A given arc of a plane curve turns through a given angle round a fixed 
point in its plane ; what is the area described P 

22. Given the base of a triangle, prove that the polar equation of the locus 
of its vertex, when the vertical angle is double one of its base angles is 

a(2 cos 2$ + I) 
2 cos 9 

Hence show that the entire area of the loop of the curve is 3fVj 

4 

23. is a point within a closed oval curve, P any point on the curve, QPQ^ 
a straight line drawn in a given direction such that QF = FQ = FO ; prove that 
as F moves round the curve, Q, Q\ trace out two closed loops the sum of whose 
areas is twice the area of the original curve. Camb. Trip. Exam,^ i^74* 

24. Prove that the area of the pedal of the cardioid r = a (i - cos 9) taken 
with respect to an internal point at the distance e from the pole is 

^ (S<i« - 2ae + a<j2). (/Wrf., 1876.) 

o 

25. The co-ordinates of a point are expressed as follows : 

3« .. 3^' . 



« = sr-r-.» y = 



0^+1' ^ e» + I ' 

find the equation of the curve described by the point, and the area of the portion 
of the plane iaclosed thereby. 
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CHAPTEE VIII. 

r* LENGTHS OF CURVES. 

1 50. lienffth of Carres referred to Rectangular Axes. 

The usual mode of considering the length of a curve is by 
treating it as the limit of a polygon when each of its sides is 
infinitely small. If the curve be referred to rectangular axes 
of co-ordinates, the length of the chord joining the points 

{xy y) and (a? + (jte, y + dy) is \/dx^ + dy'^^ and, consequently, if 
8 represent the length of the curve measured from a fixed 

point on it, we shall have da = ^/dx^ + %*, or, integrating. 



8 



-\h HI)'-. <■) 

taken between suitable limits. 

dv 
The value of — in terms of a? is to be got from the equa- 

(tx 

tion of the curve, and thus the finding of a is reducible to a 

question of integration. 

The determination of the length of an arc of a curve is 
called its rectification. 

It is evident that if y be taken for the independent variable 
we shall have 



^=1>FS 



\2 



Again, when x and y are given functions of a single va- 
riable ^, we have 



^ I 



8 = 



^ 



mmit^- 



In each case the form of the equation of the curve deter- 
mines which of these formulae should be employed. 



/ . 



The Catenary, 
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The ourves whose lengths can be obtained in finite terms 
(compare Art. 2) are very limited in number. We proceed to 
consider some 01 the simplest cases. 
^^ 151. The Parabola. — ^Writing the equation of the 

parabola in the form y* = zmxy we get — = — . 



Hence 



8 



m] 



+ m^dy. 



The value of this integral can be obtained from that of 
the area of a hyperbola (Art. 130), by substituting y for Xy 
and m^ for - a*. 

Thus we have 



8 = 



y^y' 



2m 



+ -log'^ ^^ 



m 



+ m^\ 



(2) 



^>jh^ arc being measured from the vertex of the curve. 
\ 152. The Catenary. — The equation of the catenary 
(Art. 131), is 



Hence 



y = 



dy 



-lif-^e''} 



1/ ? 



-f =-{e* -e 
ax : 



a 



da ( df^ if J -5\ 

I f s if-- a / s --\ 

If 8 be measured from the vertex Vy we have 




8 






the same result as already arrived at in Art. 131. 

Again, since PL = PVj and NL is constant, it follows that 
the catenary is the evolute of the tractrix (see Ex. 9, p. 219). 
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4^5 



153. Seml-cablcal Parabola. — The equation of this 
curve is of the form ay' = aj*. 

,^ «• dy sfx\i da ( gx\i 



.-. s= ( I + — ) (&= — ( I + — ) + const. 
If the arc be measured from the yertex, we get 



8 



-U-fM 



The semi-cubical parabola is the first curve whose length 
was determined. Tms result was discovered by Willmm 
Neil, in 1660. 

M 154. Rectlficatloii of ETolntes. — It may be noted 
that the rectification of the semi-cubical parabola is an 
immediate consequence of its being the evolute of the ordinary 
parabola (see Diff. Gale, Art. 239). In like manner the 
length of any curve can be found if it be the evolute of a 
known curve, from the property that any portion of the arc 
of the evolute is the difference between the two corresponding 
radii of curvature of the curve of which it is the evolute. 

For example, we get by this means the lengths of the 
cycloid, the epicycloid and the hypocydoid. 

Again, since the equation of the evolute of an ellipse is 

{ax)l + (6y)l = (a* - J»)l, 

the length of any arc of this curve can be at once found. 

This can also be readily got otherwise ; for, writing the 
equation in the form 

and making x = a sin'^, we get p = (i cos'^, and 
ds = ((&* + di/*)i = 3 sin ^ cos^(a* sin*^ + /3' cos*^)^^rf# 
3(a* sin'A + j3*cosV)*j/ • . ,, o« a.x 
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Henoe 

« = ^ ^-r^[i — — + <»^t- 

If the arc be measured from the point x^Oyy = fi^ we 
get the constant 

. -ffl _^ . _ (a'8in»» + /3»ooB»»)t-j3' 

If a = /3, the expression for da becomes 3a sin ^ cos ^d^ ; 
henoe we get s^- a sin'^, the arc being measured from the 
same point as above. 



V r ' -^ 



Examples. 
I. Find the lezig^ih of the logarithmio ourye y = M*. 

- <fo b I 

Here logy = jploga + log 0; .•.— = -, where i= ; — . 

"^ dy tf log a 

9 

2* Find the length of the traotriz. 

Here, by definition (see fig. 26), we have FT= a ; 

• y ds a 

•\ sm FTN = -, hence -7- = — ; 
» dy V 

Idy 
— ss - a log y + const. 

If the arc he meaaured from the vertex Ay we get 

arc ^P= a log (-]. 

3. Find in what cases the onrres represented by a»» j** = a;«'+» arc recllliable. 
Here we have 

f ( /m + «\ ' /x\ 

9 



[i»] 
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Substituting b for ^^, and making i -{-bx^ ^ffi, this becomes 



n^a*" 



*-i 



-iii^r '"• 



This expression is immediately integrable when — is a positive integer. 
Hence, if — = r, we see that ounres of the form ay^ =s a;2r+i are rectifiable. 

2l}| 

A.gain, if — be a negative integer, the expression under the integral sign 

2flt 

becomes rational, and can accordingly be integrated. This leads to the form 
y^r = ax^^^. Accordingly, all curves comprised in the equation ay*» s= ««*^ are 
rectifiable, m being any integer. (Compare Art. 62). 

, 155. The Ellipse. — The simplest expression for the arc 
of an ellipse is obtained by taking a; » a sin ^, whence 

y = 6 cos ^, and ds = (a* oos'^ + J* sin'^)i d^ ; 

.*. s = (a* cos*^ + V sin'^)irf^. 
It is often more convenient to write this in the form 

= a (i - e3 sin«^)M^, (3) 

e being the eccentricity of the ellipse. 

It may be observed that ^ is the complement of the eccen- 
tne angle belonging to the point (a?, y). 

The length of an elliptic quadrant is represented by the 
definite integral 



8 



a\ (i - ^ sin*^)ic?^. 



We postpone the further consideration of elliptic arcs to 
a subsequent part of the Chapter. 
^\^ 156. Reetlfieatloii In Polar Co-ordinates. — ^If the 

curve be referred to polar co-ordinates we plainly have (Diff. 
Calc, Art. 180) df? = dr^ + r'c^fl* ; hence we get 



5 = 



f^wf^^' ^"=1(^+^)*'^''- <4> 
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For example, the length of the spiral of ArohimedeSy r = ad^ 
is given bj tne equation 

« 5= i. (r* + a2)i c?r. 

Comparing this with the formula (2) for the parabola, it 
follows that the len^h of any arc of the spiral, measured 
from its pole, is equal to that of a parabola measured from its 
vertex. 

Examples. \ ow^i-^v> 

1. Cardioid, r = a(i + cos B). 

dr 
Here -;- « — a sin 9, and hence 

d$ . 



« = «/{(!+ costf)* + aja^e}^de = 2a j cob -d9 « 4flf sin - + constant. 

z z 

Tke constant becomes zero if we measure $ from the point for which 9 = o. 

2. Logarithmic spiral, r = cfi, 

I / 

Here, if i = . , we get 

log a' ° \ 



rdd 



= a ; .-. a = f "' (i + d2)l<fr = (i + a«)l(n - ro). 



Accordingly, the len^ of any arc is proportional to the differenoe between 
the yectors (3 its extremities ^ a result wmch also follows immediately from the 
property that the curve outs its radius yector at a constant angle. 

3. f« as a* cos m$, 

dr 
Taking the logaxithmio differentials, we S^~^ = - tan m9 ; 

ds 
.'. -^ a= sec m9. 

rdO 

f J^-i 

Hence « e= J (cos m0)"* d». 

Or, writing ^ for m6^ 

•^ -1 

This is readily integrated when — is an integer (see Art. 56). 

[16 a] 
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Whatever betho yalno of fli, we can express the complBte length of a loop of 

the cmre in Gamma Functions. For if we integrate between o and -, we ob- 

Tiously get the length of half the loop. 

Hence the length of the loop (Art. 122) is 



ay T \2m/ 



"^ r 

157. FormulA of Ijesendre on Rectlfleatloii. — 

Another formula* of considerable utility in rectification fol- 
lows immediately from the result obtained in Art. 192, Diff. 
Gale. For, if tnis result be written in the form 

, =i?, we get « - ^ = Ipdw. (5) 

Consequently, the total increment of « - ^ between any two 
points on a curve is equal to Ipdia taken between the same 
two points. 

For example, in the parabola we have p = , and 

COSCtf 



hence 



- t=^a\ — ^ = alogtan( - + -) + const. 
Jcosw ® \\ 2) 



If we measure the arc from the vertex of the curve, and 
observe that ^ = ^> t^is gives 



8 



a sm 01 1 i /it ai\ 

= — z— + a log tan (- + -). 

cos* 01 ^ \4 2/ 



The student can without difficulty identify this result wiQi 
that given in Art. 151. 



* This theorem is due to Legendre. See Traitk de* Fonetumt JSUipUquUf 
tome ii., p. 588. 
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It Bhould be observed that when the curve is closed, its 
whole length is, in general, represented by 



r 



pdw. 



Equation (5) furnishes a simple method of expressing the 
intrinsic equation of a curve^ when we are given its equation 
in terms of ^ and 01. 

For, Up =/(w) we have 



8 



= %'^\p^^ =/(w) + j/M dw, 



(6) 



taken between suitable limits. 

158. Applicatloii to Ellipse. Faipnanl's Theorem. 

In the ellipse we have 

y = a* cos'w + J* sin'w. 

Hence, measuring the arc 
from the vertex Ay and observ- 
ing that in this case P If is to be 
taken with a negative sign, we 
have 




Fig. 28. 



arc 



AP + PIT = I * (a* cos^oi + J* sin* w)» dio, 



where a = lACN. 

But, in Art. 155, we have found that if ^ be measured 
from the vertex B^ the arc is represented by 



f 



(a« cos'^^ + V sin'^)irf^. 



Consequently, if we make L BCQ = a = jL ACNj and draw 
Qif perpen^oulax to the axis major meeting the curve in P\ 
we shall have 

arc^P' = arc ^P + PN^ 
or, taking away the common arc PP^, 

BP-AP^ PN. (7) 
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lis lemarkable lesolt is known as Fagnani's Theorem*^ 
and shows that we oan in an indefinite number of ways find 
two aios of an ellipse whose difference is ezpzessTUe by a light 
line. 

We add a few properties oonneoting the points P and i^ 
in this oonstmotion. 



I. U (g, y) and (4^, y^ be iho oo-OKdinateB of P and P', vespectiyely; prore 
th6 foilUnnng : — 

(i). FN= -^, (1). FN= F'jr, (3). CJf.Cir^CA. CB, 

(4). OP* + cm = <7^+ CB»= (7P^+ Cy*. 

3. Diiidd an elliptic qnadiant into two parts whoae differenoe shall be equal 
to the difEeience of the semiaxes. 

This talces place when F and F* coincide ; in which case CN= ^^^ and 
PA"- a - i. 

We shall designate the point so determined oa the elliptic qnadrant as Fag* 
nani's point. 

3. Show that if a tangent be drawn at Fagnani's point, the intercepts 
between its point of contact and its points of interseetion with llie axes are 
respectLYely equal in length to the semi-axes of the ellipse. 

4. If the lines Pi\r and F'N' be piodnced to meet, show that they intersect 
on the oonf ocal bTperbda which passes through the points of intersection of tiie 
tangenti to the eUipee at its yertices. Show also that this hyperbola cuts the 
dUipee in Fagnani's point. 

* Fagnani, OiomdU d^ LstUtsAi dflialia^ 17 16, reprinted in his iVodimofit 
Matunatiehef 1750. It may be noted that if we integrate the equation of Art 
1 16, Dif, die,, taldng the anjgle C as obtuse, and adopting zero for the lowest 
Umit in each integral, we obtain 

^ \/i - *» fOJi^ada + [ y'l - jfc» ^H db 

"^ Jo V^i *~^Bin^0i^ + ^sin4i8ui5sin0, 

where k ii defined by the equation sin Os= kmnCf and a, 6, are connected by 
therdation 

008 B COB a COB 3 -sin a sin 3 vi - k^ ew?e, 

Tlus equation furnishes a relation between three elliptic arcs, from which 
Fagnani's theorem can be readily deduced, as well as many other theorems con- 
nected with such arcs. See Legendre, Fonc. JBllip. , tome i. , oh. 9. 
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The equation of FNvi 

X tan.$ •¥ y QOB 6 ^ v/a» am^d + b* cos'6, 
and that of P'iV" is 



«cofi9 ^sin9 



If we eliminate 0, we get 






which represents the hyperbola in question. 

159. Tbe Hyperbola. — In the hyperbola we have 

p^ = a^oos'w - J' sin* 01. 

Hence, measuring the are from the vertex A of the onryei 
we find, since bi is measured below the axis, 

PN'-AP^ r (a> cos'oi - V sin' w)i rfw, (8) 

where a^ lACN* 

As we proceed along the hyperbola 
the perpendicular p diminishes, and 
Tanishes when the tangent becomes 
the asymptote. 

Moreover, as the limit of 01 in this 

case becomes tan~^ 7-, it follows that the 



difference between the asymptote and 

the infinite hyperbolic arc, measured 

from the vertex, is represented by the 

definite integral 




[ 



tan-i- 

(a*cos*w - 6'sin*w)*rf«. 




Examples. 

1. If > 6, proye that 

j'(a + 3oos^)l<^ 

is represented by an elliptic arc, and that the semiazes of the ellipse are the 
greatest and least Talues of (a + 3 cos ^}*. 

2. Tla<hy prove that 

/(a 4- 6cos^]i<f^ 

is represented by the difference between a right line and a hyperbolic arc. 



1 
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1 60. Iimnden'ii TlieoreBA mm m Hyperbolle Are.— 

We next prooeed to establish an important theorem, due to 
Landen ;* namely, that any arc of a hyperbola can be eapressed 
in terms of the arcs of two ellipses. 

This can be easily seen as follows: — ^In any triangle, 
adopting the usual notation, we have 

c = a 0085 + b 00a A. 

Now, representing by C the external angle at the vertex 
Cf we have C ^ A ■\-B, and henoe 

edC- (aoosB + b 00a A) dA + {aooaB + b oob A) dB. 

Consequently, supposing the sides a and b constant, and 
the remaining parts variable, we have 

|c^C7= aooBBdA + boosAdB + 2a sinf + const.. 



or 



{y¥+¥T2abo^dC= L/a*-J'sinM dA+Wb^-a^^^B dB 

+ 2a sin5 + const. (9) 

Now, if we suppose « > J, \/a*- J* sin '-4 dA represents 
(Art. 155) the arc of an ellipse, of axis major 2a and ecoen- 

tridty -. Also I ^V - c^mi^BdB represents (Art. 159) the 
difference between a right line and the arc of a hyperbola, 
whose axis major is b and eccentricity ^. 

I Q Q 

Again, ^/a^ + J* + 2ab cos(7= j(a- J)'sin*-+(a + J)*cos*-", 

^ ^ M 



* Landen, Philo9qphical Tranaaetimty 1775 ; also, Mathematiodl Mnnoirs, 
1780. 
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and oonsequentlj the integral 

\/a* + J' + 2ab COB CdC 

represents an are of the ellipse whose semiaxes are a-\-b and 
a-b. 

Hence, Landen's theorem follows immediately. 

It should be noted that the limiting values of Ay B and 
C are connected by the relations 

asin£ = (sin^, and C == A + B. 

Again, if we suppose the angled to increase from o to ir, 
the external angle C will increase at the same time from 
o to TT, while B will commence by increasing from o to a, 

and afterwards diminish from a to o (where a = sin"^- J. 

Moreover, in the latter stage 5 cos ^ is negative, and dB also 
negative, consequently the term b cos A dB is positive through- 
out the entire integration ; and the total value of 

v^J* - d^Biu^BdB is represented by 2 \/b^-a^em^BdB. 

C 

Hence, substituting ^ for — , and integrating between the 

limits indicated, we get, after dividing by 2| 



ft 

"a 



M(a + J)'sin*^ + (a - J)'cosV}*rf* 

= ?{a^ - V w^A)UA + r(y - c? sin»-B)i dB. (10) 

Accordingly, the difference between the length of the asymp- 
tote and of the infinite arc of a hyperbola is equal to the differ^ 
ence between two elliptic quadrants. This result is also due to 
Landen. 

We next proceed to two important theorems, which may 
be regarded as extensions of Fagnani's theorem. 
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i6i. Theorem* of Dr. €f raves. — If from any point 
F on the exterior of two confooal ellipses, tangents PT and 
FT" be drawn to the in- 
terior, then the difference 
(FT ^FT^ ir) between 
the sum of the tangents 
and the arc between their 
points of contact is con- 
stant. 

For, draw the tangents 
QS and Q8' from a point 
Qi regarded as infinitely 
near to P, and drop the 
perpendiculars FN and Fi»- a®- 

ON' ; then, since the conies are confocal, we have 

L FQN= L QFN'\ .-. FN' = QN. 
Also, FT-^TE + BN^ TR + R8+ SN'-ra+SN 
^T8+8Q- ON. 

In like manner 

Fr=^FN'+8'Q-r8'; 
.-. FT + Fr = QS+ Q8'+T8^ r8\ 

or pr + pr - rr - QS + qs' - 88\ 

Hence, FT + FT - TT does not change in passing to 
the consecutive point Q ; which proves that FT + FT - TT 
has a constant value. 



* This elegant theorem was arriyed at hy Dr. Grayes, now Bishop of Limerick, 
for the more general case of spherical conies, from the reciprocal theorem, yis. : — 
If two spherical conies have the same cjolio arcs, then any arc touching the 
inner will cut from the outer a segment oi constant area. (See Grayes' tranala- 
tion of Ghasles on Qmet and Spheriedl Gmict, p. 77, Dublin, 1841.J 

It should be remarked that the theorems of tms and of the following article 
were inyestigated independently by M. Ghasles. The student will find in the 
Comptes £endu8f 1S43, 1844, a number of beautiful applications by that great 
geometrician of these theorems, as well to properties of confocal conies, as also 
to the addition of elliptio functions of the first species. 



Theorem of Dr. Graves. 
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This value can be readily expressed by taking the point 
at JB^y one of the extremities 
of the minor axis of the 
exterior ellipse. Let D be 
the point of contact of the 
tangent drawn from ff, and 
drop DM, and DIf perpen- 
dicolar to CA and CB, 
req)ectiYely. 

Let CA = a, CB = by 
CA^^dy CJff-Vj e the eccen- 
tricity of interior ellipse. 
Then, by Art. 155, the length of arc 




Fig. 3«« 



where 



Again, 



BD--a \{i - e*sin'^)*rf0j 



DM CN CB^ 6 
coso-^-^- CjB''6" 



S'D* = fflP + DIP = (6' - 6 cosa)» + a» sin'a 



i^-'vM'-v)-- 



hence 



(^ 



FD = T7\/6'* - 6' = a' sine. 




Consequently we have 

BD -BD^(/Biaa-a T (i - ^sin»^)irf*, 
Hence, in general, 
FT + PT' - TT' = 2^?^ sin a - 2a (1 - e^ sin'^^jM^, 



(11) 



where 



a = COST* 



(^ 
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Fig. 3a. 



The analogous theorem, due to Piofefisor Mac Gullagh, 
xoay be stated as follows : — 

162. Theorem. — ^If tangents PTy PT be drawn to an 
ellipse from any point on a oon- 
fooal hyperbola, then the differ- 
ence of the tangents is equal to 
the difference of the arcs Tf and 
KT. 

The proof is left to the student, 
and is nearly identical with that 
given for the previous theorem. 

This result still holds when 
the tangents are drawn from a 
point on an ellipse to a confocal 
nyperbola, provided that the tan- 
gents both touch the same branch 
of the hyperbola; as can be seen 
without difficulty. 

As an application* we shall prove another theorem of 
Landen; viz., that the difference between the length of the 
asymptote and of the infinite branch of 
a hyperbola can be eocpressed in terms 
of an arc of the hyperbola. 

For, let the tangent at A meet 
the asymptote in i>, and suppose a 

Then, regarding DT as a tangent to 
the hyperbola, it follows, by the 
theorem just established, that the 
difference between DT and KT is 
equal to the difference between DA 
and AK. 

Oonsequently the difference be- 
tween the asymptote CT and the 
hyperbolic branch AT i& equal to 
DA + DC - 2KA. Consequently the 
required difference is expressible in 




Fig- 33- 



terms of given lines and of the hyperbolic arc AK. 



* I am indebted to Dr. Ingrain for this application of Professor M'Gulla^h's 
theorem. 
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We next proceed to consider two important cnrves whose 
reotifioation depends on that of the ellipse. 

163. Tbe IdmafToii. — From the equation of the lima9on, 

df* 
r = a COS + J, we get ^s = - a sin 0, 

au 

and hence 

(fe = (a» + y + 2db cos d)Hd\ 

.-.»=[ [{a + by cos' I + (a - S)' sin'|j*i0. 

Accordingly, the rectification of the lima9on depends on 
that of the ellipse whose semiaxes are a + 5 and a-b. 

164. Tbe Epitroehoid and Hypotrciehotd. — The 

epitrochoid is represented by the equations (see Diff. Calc, 
Art. 284) 

a? = (a + J) cos - c cos — ^ 0, 



y -ifl+ J)sin0-osin — r— 9. 



Hence 



dx , , V ( . ^ c . a-\-b A 
^ = -(a + J)JBme-j8m-^ej, 

^-(«+6)J0O8©-j0OB-3-ej. 

Squaring and adding we get 



.•. » = — T- I J' + C* - 2 Jc COS -T-} rf9. 



9 Ajl 

Hence, substituting — ^ for 0, we get 



8 = 



^ f ({b + c)» sin»^ + (J - c)* oos»^}»rf^. 
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Consequently the length of an arc of the epitrochoid is equal 
to that of an ellipse. 

The eorresponding form for the hypotrochoid is obtained 
by changing the sign of b. 

165. Stetaer'B Theorem on Reetffieatlon of 
Roulettes. — If any curve roll on a right line, the length 
of the arc of the roulette described by any point is equal 
to that of the corresponding arc of the pedal, taken with 
respect to the generating point as origin. 

For (see fig. 20, Art. 145), the element Offoi the roulette 
is equal to OFdw. 

Again, to find the element of the pedal. Since the angles 
at N and N^ are right, the 
quadrilateral NN'TO is insori- 
bable in a circle, and consequently 
NN' = OT sin NON\ But, in 
the limit, iVJ^T' becomes the ele- 
ment of the pedal, and OTbecomes ^ 
OP : hence the element of pedal 
is OPdin) ; consequently the ele- 
ment of the pedal is equal to the 
corresponding element of the Fig. 34. 

roulette; /. &c. 

We proceed to point out a few elementary examples of this 
principle. In the first place it follows that the length of an 
arc of the cycloid is the same as iliat of the cardioid ; and 
the length of the trochoid as that of the lima9on. Again, if 
an ellipse roll on a right line, the length of the roulette 
described by either focus is equal to the corresponding arc of 
the auxiliary circle. 

Moreover, it is easily seen, as in Art. 146, that, if one 
curve roll on another, the elements ds and dffj of the roulette, 
and of the corresponding pedal are connected by the relation 




ds B d^ 



'(■ * ?)• 



In the case of one circle rolling on another, this relation 
shows that the arcs of epicycloids and of epitrochoids are 
proportional to the arcs of cardioids and of lima9ons, which 
agrees with the results established already. 



Oval of Descartes. 
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1 66. Oval of Descartes. — ^We next proceed to the 
rectification of the Ovals of Descartes, some properties of 
which curves we have given in chapter xx., Diff. Calc. 

The curve is de- 
fined as the locus of 
a point whose dis- 
tances, rand r',from 
two fixed points are 
connected by the 
equation 

mr + 1/ - d, 

where /, m, d are 
constants. 

For convenience 
we shall write the 
equation in the form 

mr + //= ncy (12) 

where c is the dis- 
tance between the 
fixedpoints. 

The polar equation of the curve is easily got. For, let F 
and Fi be the fixed points, and z FiFF = (?, men we have 

/* = /^ + c* - 2rc cos ; 
also from (12), 

P/^ = (wo - mrYj 

hence the polar equation of the locus is readily seen to be 




Fig. 35. 



r^ - 2rc 



mn - P cos 6 ^ n* - /' 



+ & 



o. 



(13) 



For simplicity we shall write this in the form 

r* - zrQ + C7 = o. (14) 

Solving this equation for r, we get 

r = Q± v/Q^^ or J?Pi = + yo»^, JP= O - yS*^^ 

It can be seen without difficulty that, so long as /, m, n are 
real and unequal, the curve consists of two ovals, one lying 
inside the other, as in the figure. 
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Again we get from (14), bj differentiation 

(r - £t)rfr =rO'rf0, where O' « -^ ; 






Or (fe = Q^QjJlgl Z-grfe t yQ' + Q-», (7rfg, (15) 

the upper sign corresponding to the outer oyal, and the lower 
to the inner. 

Hence the difference between the two corresponding 
elementary arcs is equal to 

2^/0^+ C- CdBy or, 2 v^a» + lab cos© + J» - CdO, 

(writing O in the form a + 5 cos 0) ; this plainly represents 
the element of an ellipse. Consequently, the difference 
between two corresponding arcs of tne ovals can be repre- 
sented by the arc 01 an eUipse. This remarkable theorem is 
due to Mr. W. Eoberts (Liouville, 1 847, p. 1 95). Some years 
after its publication it was shown by Professor Genocchi 
(Tortolini, 1864, p. 97), that the arc* of a Cartesian is ex- 
pressible in terms of tluiee elliptic arcs. 

In order to establish this result we commence by proving 
one or two elementary properties of the curve. 

Suppose a circle described through F^ F^ and P ; and let 

PQ be me normal at P to the oval, meeting the circle in Q, 

and join FQ and J?iQ; then let L FPQ = oi, andPiPQ » oi'; 

, . dr jd/ 1. 7 • / 

and smce m ^ + / -r- = o, we nave / sm oi = m sm oi ; 
da da 

.-. FQ\FiQ^l'.m. 



* For the proof of this theozem giyen in the text I am indebted to Mr. 
Fanton. 
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AlsOi fiinoe mr + l/ ^nc; and (by Ptolemy's theorem) 

wettare 

FQ FiQ FQ 

I M n 

m 

Henoe, denoting the common value of these fractions by 
«, we have 

FQ = lu, FiQ = muy FQ = nu. 

Again ^ 

dr O' v/o*"^ 

tan (i> = — ^ = — ■ ; .'. cos w = •— — — — 

Hence the first term in the expression for ds in (15) is 
equal to 

Qdd e mn- P COB .-. 

COS w nr - r cos cu 

Again, let z JPPJl = 1^, z PjPi<7 = ^, 

and we have the two following relations between the angles 

'^ = + )^, /sind + m sin^ = n sin^. (16) 

Hence 

dip- dO " d\pj I cos 0(f0 + m cos^c^ = n 0OBx[/d\p ; 
.*. (mn - /• cos 0)rf0 = w (n + /cos^)rf^ - n (m + / cos ^)c?^, 



or 



ww-/*cos0,^ n + /cos0 - m + looB\L,, , , 

dd = m -d6-n -dw. (17) 

cos w cos 01 ^ cos a> ^ ^ ' / 

Again, from the triangle FFQ, we have 

r cos (II - PQ + FQ cos ^ = (n + / cos ^)w ; 

... ^±iiS5^ = ;: = yFTi^ 

[16] 



2/n COS0. 

cos (II ti ' ^ 
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In the same maimer it can be diown that 

1- = - = y^^ + in* + 2m cos y\t. 



\ 



008 ill U 

Henoe we have 



5 — - v^/' + m* + 2lm cos ^rfi^. (i8) 

Each of these latter integrals is represented by the arc of an 
ellipse, and, accordingly, the arc of a Cartesian Oval is 
expressible in the required manner. 

It should be noted that the limiting values of 0, 0, and y\i 
are connected by the relations given in (i6). 

Again, it can be shown without difficulty that the axes of 
the eUvpses are the lines {AB;CD)j {AGy BD)j and {AD, BO), 
respectively : a result also given by Signer Genocchi. First, 

with respect to the ellipse whose element is -v/ct* + Q'* - C^, 
it is plam that its axes are the gre atest and leas t values of 

2 -v/o' + Q'*- C, or of 2^/a^ + 6^ + lab cos - C; but these 

are 2 a/ {a + 6)' - C7 and 2 ^/(a - 6)' - (7, which are plainly 
the same as the greatest and least values of PPi ; ana, con- 
sequently, are AB and CD. 

Again, from the equation tnr -\- 1/ = ne, we get 

mFB + l(FB + c) = no; .-. FB = l^H^. 

In like manner, 

(n + l)e 



FC^ 



/+ m 



Aj^ain, since we get the points on the outer oval by 
ohangmg the sign of /, we have 



FA = 



{n + l)c jpj. (n-/)c 



i 
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and, oonsequentlj, 



AD = i^. JBC= '*^ 



but these are readily seen to be the values for the axes of the 
ellipses in ( 1 8). 

It should be noted that if we substitute in (15) the values 
for a and by the expression for the element ds beoomes of the 
following e^mmetnoal form : 



mC yrz = : , flC 



Iq 

± —7 — r„ A/m' + n' - 2inn oos 9dd. (10) 

We shall oonclude the Chapter with a brief account of 
the rectification of curves of double curvature. 

167. Rectlfieatloii of Cnrres of Double Cnrratiire. 

If the points in a curve be not situated in the same plane, the 
curve is said to be one of double curvature. The expression 
for its length is obtained in an analogous manner to that 
adopted for plane curves ; for, if we refer the curve to a 
system of octangular axes in space, and denote the co-ordi* 
nates of two consecutive points by (iP,y,2), (a?+cfo,y+d'y, «+rf«), 
we get for the element of length, da^ the value 



da - ^da? + rfy* + dff. 

The curve is commonly supposed to be determined by the 
intersection of two cylindridd surfaces, whose equations are 
of the form 

du da 

From these equations, if -f and -r- be determined, the formula 

dx ax 

of rectification is 

-ii-(i)'*(i)r- c^> 

[16 a] 
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When z is taken as the independent variablei this formula 
becomes 



s 



IH^hitlt-- 



the limits being in each case determined by the conditions of 
the question. 

The simplest example is that of the helix, or the cnrve 
formed by the thread of a screw. From its mode of generation 
it is easily seen that the helix is represented by two equations 
of the form 



z 



Hence 



3J = acos[Tl> y = asmiT). 
dx a . /2\ dt/ a fz\ 

.'.&=( I + —j f&, or« = (i + T;l«; 

the arc being measured from the point in which the helix 
meets the pLuie of xy. 

This result can also be readily established geometrically. 

Examples. 
I. Find the length of the curye whose equations are 






^ = -' *-6a^- 



Here - ((i + J + gi)*^- = }(' + 5) ^" = *-*-^' = * + '' 

the arc being measured from the origin. 

This is a case of a system of curves which are readily rectified ; for, in g6« 
neral, whenever 

\dxl * dx' 

wehaye ('+^+^) =1'+^)' 

and therefore dsssdx-k- dx, or «3« + s + const 
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dy 
Thus, if y —f{x) be one of the equations of a cnrre, we get -j- =/*(»), and 

henoe, if a second equation be deteimined from the equatioQ 

the length of the curre is represented by jc 4- s + const. ; the tbIuc of the con- 
stant beuig determined by the conditions of tiie problem. 
For instanoe, if y = a sin«, we get/'(«) ^ aoosx, and 

dz tfl a' 

-;-=— cos'«; .*.«= — (« + cos « sin*). 

dx 2 4 ^ ' 

Hence fhe length of the curye of intersection of the cylindrical soilaces 

a* 
4 

iss + c; the length being measured from the origin. 

2. y=2^/ax — x. Bssx — ./ — . Afu, 8 = X •\- y " e. 



M * 



3. -3-^=19 « = - (^ + '), the length being measured from the point 



of intersection of the curve with tiie plane of xy. 



An». » = (?l±i!)! (^ . ^2)1. 



246 Lengths of Curves. 



Examples. 
I. Find the length of any arc of the catemuy 

« / • -f\ 

and show that tibe aiea between the curve, 1^ azu of «, and the ordinates at 
two points on tibe cnire, is equal to a times the length of the arc tenninated by 
those points. 

, and hence find the length of a 
parabolic aio. 

may be represented by an arc of 
a circle, and find the limiting yalues of « for its possibility. 

4. Show that Hiid length of an elliptic arc is represented by I ^ — ^ ^ dx^ 

where a is the semiaziB major, and e the eccentricity. 

5. Express the length of an elliptic quadrant in a series of ascending powers 
of its eccentricity. 

-?i■-0)•^(.-!)■^(^)■^H• 

6. Prove that the integral of 



can be represented by an arc of the ellipse whose semiaxes are a and fi. 

7. Show that the rectification of the sinusoid ff^b anxiB the same as that 
of an ellipse. 

8. Prove that the whole length of the^«^ negative pedal of an ellipse, taken 
with respect to a focus, is equal to the circumference d the circle described on 
the axis minor as diameter. 

9. Show that the length of an arc of the curve r = a sin »d is equal to that 
of an arc of the ellipse wnose semiaxes are a and na. 

10. If, from the equation of a curve referred to rectangular co-ordinates, we 
form an equation in polar co-ordinates, by taking r = y and rd$ — dx, then l^e 
lengths oi. the corresponding arcs of the two curves are equal, and the area J ydx 
of the former curve is equal to the corresponding sectorial area of the latter. 

11. Prove that the difference between the lengths of the two loops of the 
lima^on rsacos^ + ^is equal to 86 : a being greater than b, 

12. Being given three points A^ B, C on the circumference of an ellipse, 
show that we can always mid, at either side of C, a fourth point i> such that the 
difference between AB and CD shall be equal to a right line. 
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13. If a circle be described touching two tangents to an ellipse and also 
toudung the ellipse, prove that the point of contact wil^ the ellipse divides the 
ellrptb arc between the points of contact of the tangents into two parts, whose 
difrerence is equal to the difference of the lengths of the tangents (Chasles, 
Comptei Bendus, 1843). 

14. Ftoye that the entire length of any closed curve is represented by 

pds 

— taken round the entire curve ; p being the radius of curvature at any 
.P 
point, and^ the length of the peipendicular from any fixed point on the tangent. 

15. Jle9 =s be the equation of a curve, prove that j- = , and 

hence rectify the curve. 

16. Calculate approximately, by the tables of Art 125, the whole length of 

a loop of the curve r =^a cos - 9. 

5 
Here, by Ex. 3, Art. 156, the required length is 



I 



'(i) ■■(f) 



12 Q 

Hence, taldng logarithms, and observing that -~ = 1*^25, and -= 1.125, we 

o o 

get as the required approximation a x 3.29488. The figure of this curve is 
exhibited in Art. 268, Di£, Calo. 

17. In a Cartesian Oval whose two internal foci coincide, prove that the 
difference of the two arcs, intercepted by any two transversals from the exter- 
nal focus, is equal to a stoaight line wmch may be found. [The above curve 
is the inverse of an. ellipse from a focus.] — rrofessor Croftbn, Hdue, Timet, 
June, 1874. 

From (13) Art 166, it follows, making » = m, that the equation of the 
lima9on, in this case, is 

„ P GOsO - m* 

P - m^ 
which is of the form 

r» + 2r (a cos « - i8) + (a - ^)* = o. 

Hence, by (ij), the difference between two corresponding elementary arcs is 

4\/ aj8 cos - d0. 

2 

Consequently, if 9i and $% be the values of for the two transversalfl in 
question, we get the difference of the corresponding arcs 



= S\/a$lan. sin— j. 



Also, it can be readily seen that the distance between the vertices of the 
lima9on is 4 v aiS ; .*. &c. 
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i8. Show that the length of an arc of the eDipee -^ + ^ ts i is repieeented 
by the integral 

*.( ft 

J (a9 maSA J. i 



«2 



(a> coB>9 + ^ 8in>«)< 



This leeult ia easily seen, for we have ds = pd$, and p =--«- ; .*. &c. 

19. Show, in like manner, that the length of a hyperbolic arc is represented 
by 

de 



a2^f — 



(a»co8««-^8in*0)* 

20. Hence prore that the integral 

!dx 
(a - *j«)» («' - ft V)* 

is represented by an elliptic arc when ab' > 60', and by a hyperbolic arc when 
ab' < hd, 

21. Froye that the differential of the arc of the curye found by cutting in 
1^ ratio n : i the nonnals to the cycloid 

ysa + ftcosM, x^ou\ hwiu^ 



V(« + 



is '^ (« + »»*)' + 4««A sin* - d/a, 

32. Each element of the periphery of an ellipse is divided by the diameter 
parallel to it : find the sum of all the elementary quotients extended to the entire 
ellipse. Am, ir. 

23. In the figure of Art. 158, if o = Z ACN\ and ^ = lBCN^ prove that 

tana taniS 

24. Find the length, measured from the origin, of the curve 






(a + jtX 
I — a;. 



25. Find the length, measured from = o, of the curve which is represented 
by the equations 

d; = (2a - ft) sin ^ - (a — ft) sin'^, 

y s (2ft ~ 0) cos ^ — (ft — 0) cos^^. 

Ans. « = •( (a + ft)^ + f (a — ft) sin CO60. 

26. Frove that the sides of a polygon of maximum perimeter inscribed in a 
conic are tangents to a confocal conic. — Chasles, Comptes Mendus, 1845. 

27. To two arcs of an equilateral hyperbola, whose difPerence is rectifiable, 
correspond equal arcs of the lemniscate which is the pedal of the hyperbola. 
Jbid. 
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28. The tangents at the extremities of two arcs of a conic, whose difference 
is rectifiable, forma qnadiilateral, whose sides are tangents to the same circle. — 
Jbid, 

29. In an equilateral hyperbola prove that 

and hence show that J rds taken between any two points on the ciure is equal to 
the rectangle under the chord joining the points and the line connecting the 
middle point of the chord with the cen^ of the hyperbola. Mr. W, S. M*Cay. 

30. If 

« + «5 z —z^ 

I + «*' ^ I + «* 

be any point on a curye, show that the arc is the integral of 

a y/l "7==. (^- ®®™* 

What curye do the equations represent P 

31. Through any point in a plane two conies of a confocal system can be 
drawn. If the distance between the foci be 20, and the transverse semi-axes of 
these conies be /i, v, prove tiie following expression for any arc of a curve 



*'=("'-''> {;^-s^!- 



32. Prove that the following relation is satisfied by the ft, and v oi any point 
on a tangent to the ellipse for which fi has the value fii : 

dti dy 

■ =0. 



33. The arc of the envelope of the right line a; sin a — y cos a =/(a) is the 
intejgral of (/(a) + f (a)) da, (Heimite, Cours €p Analyse.) 

34. The arc of the curve in which y^ + a^x^ — 2aa? = o and«*— i*«* + 2*iP = o 
intersect, if a* «■ i + **, is 

V 2(a T- b)dx 



1 



'v/a?(2 — ax) (2 - bx) 



(Ibid). 



35. Show that the arc of the curve — + 7-^1 depends on an integral of 
the fonn 

dz 's/ali (i + «)* + ^'^(i - «)*, where Ar = 2. 



I 



m 

36. Show that rectification may, in general, be reduced to quadratures as 
foUowB : — 

Produce each ordinate of the curve to be rectified imtil the whole length is in 
a constant ratio to the corresponding normal divided by the old ordinate, then 
the locus of the extremity of tiie ordinate so produced is a curve whose area is in 
a constant ratio to the length of the ^ven curve. 

By this theorem Van Huraet rectified the semi-cubical parabola nearly simul- 
taneously with Wm. Neil. 
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CHAPTER IX. 



VOLUMES AND SURFACES OF SOLIDS. 



xT 



1 68. Solids. — The Prism and Cylinder. — The most 
simple solid is the ouhe, which is aeoordinglj the measure of 
all solids, as the square is that of all areas. Hence the 
findiiig the volume of a solid is called its cubature. Before 
proceeding to the application of the Integral Calculus to 
finding the volumes and surfaces of solids we propose to show 
hoW) in certain cases, such volumes and surfaces can be found 
from geometrical considerations. In the first place, the 
volume of a rectangular parallelepiped is measured by the 
continued product of the three adjacent edges ; and that of 
any parallelepiped by the area of a face multiplied by its 
distance from the opposite face. 

Again, the volume of a right prism is measured by the 
product of its altitude into the area of its 
base. For example, the volume of the right 
prism represented in the figure is mea- 
sured by the area of the polygon ABCDE^ 
multipUed by the altitude AA\ Again, 
since each lateral face, AB SA for ex- 
ample, is a rectangle, it follows that the 
sum of the areas of all the faces (exclusive 
of the two bases), i.e. the area of the sur- 
face of the prism, is equal to the rectangle 
under the altitude and the perimeter of 
the polygon which forms its base. 

This and the preceding result still hold 
in the limit, when the base, instead of a polygon, is a closed 
curve of any form, in which case the surface generated is 
called a cylinder. Hence, if V denote the volume of the por- 
tion of a cylinder bounded by two planes drawn perpendi- 
cular to its edges, h its height, and A the area of its base, we 
get V = Ah. 




Kg. 36. 
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Again, if 2 denote the superficial area of a cylinder, 
bounded as before, and 8 the le^fth of the curve which forms 
its base, we have 2 = 8h. 

769. The Pyramid and Cone. — If the angular points 
of a polygon be joined to any external point, me solid so 
formed is called 9, pyramid. Any section of a pyramid by a 
plane parallel to its base is a polygon similar to that 
which forms the base, and the ratio of their homologous 
sides is the same as that of the distances of the planes from 
the vertex of the pyramid. Hence it follows that pyramids 
standing on the same base, and whose vertices lie in a plane 
parallel to the base, are equal in volume. For, the sections 
made by any plane parallel to the base are equal in e^ery 
respect ; and, consequently, if we suppose the pyramids 
divided into an indefinite number of slices by planes parallel 
to the base, the volumes of the corresponding slices will be 
the same for all the pyramids ; and hence the entire volumes 
are equal. 

Also, if two pyramids have equal altitudes, but stand on 
different polygonal bases, the volumes of the pyramids will 
be to each other in the same proportion as the areas of the 
polygonal bases. For, this proportion holds between the 
areas of the sections made by any plane parallel to the base ; 
and consequently between the sUces made by two infinitely 
near planes. 

Again, the pyramid whose base is one of the faces of a 
cube, and whose vertex is at the centre of the cube, is 
the one-sixth part of the cube ; for the entire cube can be 
divided into six equal pyramids, one for each face. Hence, 
denoting the side of a cube by 0, the volume of the pyramid 

in question is represented by — ; i. e. by the product of the 

area of its base into one-third of its height. 

Now, if we vary the base, without altering the height, 
from what has been established above it follows that the 
volume of any pyramid is the area of its base multiplied by 
one-third of its height.* 



* This demonstration is taken from Clairaut's EKmena de O^ometrie. The 
student is supposed familiar with the more ancient proof, from the property that 
a trian^^ular prism can he divided into three pyramids of equal volume. 
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If the base of the pyramid be any closed onrvey the solid 
80 formed is called a cone ; and we infer that the volume of a 
cone is equal to one^third of the product of the area of its base 
into its height. 

If the base of a pyramid be a regular polygon, and the 
vertex be equidistant from the angular points of the polygon, 
the pyramid is called a right pyramid. 

In this case eeu^face of the pyramid is an isosceles triangle, 
whose area is the rectangle under the side of the polygon 
and haK the perpendicular of the triangle. Hence the 
surface of the pyramid is equal to the rectangle under the 
semi-perimeter of the regular polygon and the perpendicular 
common to each face of the pyramid. 

Again, if we suppose the number of sides of the regular 
polygon to become mfinite, the pyramid becomes a right 
cone ; and we infer that the entire surface of a right cone is 
equal to the rectangle under the semi-circumference of its 
circular base and the length of an edge of the cone. 

Hence, if a be the semi-angle of the cone, / the length of 
an edge, and r the radius of its base, wo have r = I sin a, and 
the siirface of the cone is represented by irP sin a. 

If a right cone be divided by two planes ABC, DEF^ 
perpendicular to its axis, as in figure, the o 

part intercepted by the planes is called a 
truncated cone. " 

The surface of a truncated cone is 
easily expressed; for if OA = ly OD = /', 
the required surface is ir sina (/' - Z'*), /~^X''^^'\ 

orir(/- /')(^+0 sina. / \ 

Now, if the circular section iifiV be l, 
drawn bisecting the distance between / Sf 

ABC and DEPy the circumference of the /.- 

circle LMN is ir (/ + /') sin a. Hence the "^C^^^ ^^^ 

surface of the truncated cone is equal to b 

the rectangle under the edge AD and the Fig. 37. 

circumference of LMN its mean section. 

^ 1 70. liurface and ITolame of a Spbere. — ^To find the 
superficial area of a sphere ; suppose a regular polygon in- 
scribed in a semicircle, and let the figure revolve around the 
diameter *AB ; then each side of the polygon, PQ for 
example, will describe a truncated cone. 
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ALr M 



Fig. 38. 



Now, from the centre C draw CD perpendicular to PQf 
and construct, as in figure ; then, by the preceding Article^ 
the surface generated by PQ is 
equal to zn PQ . DL 

Again, by similar triangles, 
we have DC: DI=^ PQ : MN; 
.'. PQ.DI=DC.MN. 

Accordingly, since the per- 

J^endioular CD is of same length 
or each side of the polygon, the 
surface generated by the entire 
polygon in a complete revo- 

lution is equal to 2ir CD . AB = 4ir i? cos - ; where w repre- 
sents the number of sides of the polygon, and R the radius of 
the circle. 

If we suppose n to become infinite, the solid generated 
by the polygon becomes a sphere ; and we get ^nR^ for the 
entire surface of the sphere. Hence, the surface of a sphere 
is equal to four times the area of one of its great circles. 

Again, it is easy to find the surface generated by any 
number of sides of the polygon. Thus, for example, that 
generated by all the sides lying between the points A and Q 
is plainly equal to 2ir CD . AN. 

Hence, in the limit, 'the surface generated in a complete 
revolution by the arc ^Q is equal to iw .AC . AN. Such a 
portion of a sphere is called a spherical cap. 

Again, suppose the points A and Q connected ; then, since 
AQ^ = AB . ANf it follows that the area of the spherical cap 
generated by the arc ^Q is equal to the area of the circle 
whose radius is the chord AQ. 

The volume of a sphere is readily found from its surface ; 
for we may regard the volume as consisting of an infinitely 
great number of pyramids, having their common vertex at 
the centre, and whose bases form the entire surface. But the 
volume of each pyramid is represented by the product of one- 
third of its heignt (i. e. the radius) by its base. Hence the 
entire volume of the sphere is one-third of its radius multi- 
plied by its surface, i. e. — R\ 
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EXAHPLES. 

1. If a sphere and its drcmnsciibing cylinder be cut by planes perpendi- 
cular to the axis of the cylinder, prove uiat the intercepted portions of the 
surfaces are equal in area. 

2. Prove that the volmne of a sphere is to that of its circumscribing cylinder 
in the proportion of 2 to 3 : and that their surfaces also are in the same propor- 
tion. .These results were discovered by Archimedes. 

171. Surfaces of ReTolotloii. — In the preceding we 
have regarded a sphere as generated by the revolution of a 
circle around a diameter. In general, if any plane be sup- 
posed to revolve around a fixed line situated in it, every point 
in the plane will describe a circle, and any curve lying in the 
plane will generate a surface. 

Sach a surface is called a surface of revolution ; and the 
fixed line, round which the revolution takes place, is called 
the axis of revolution. 

It is obvious that the section of a surface of revolution 
made by any plane drawn perpendicular to its axis is a 
circle. 

If we suppose any solid of revolution to be cut by a series 
of planes perpendicular to its axis, the volume of the solid 
intercepted between any two such sections may be regarded 
as the limit of the sum of an indefinite number of thin cylin- 
drical plates. 

Now, if we suppose the generating curve to be referred to 
rectangular axes, the axis of revolution being that of ;r, the 
area of the circle generated by a point (a?, y) is plainly e(|ual 
to TT^, and the cylindrical plate standing on it, whose thick- 
ness is dxy is represented by -KX^dx. 

Hence, the element of volume of the surface of revolution 
is iry^dxy and the entire volume comprised between two sec- 
tions, corresponding to the abscissae a and j3, is obviously 
represented by the definite integral 



'f 



y^dx^ 



in which the value oiym terms of ;p is to be got from the 
equation of the generating curve. 



J 
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In like manner^ the yolume of the surface generated by 
the revolution of a curve around the axis of y is represented 
by wja^dj/f taken between suitable limits. 

Again, we may regard the surface generated by any 
element da of the curve as being ultimately a portion of the 
surface of a truncated cone, as in Art. 1 70 ; and hence the 
surface generated by efo in a complete revolution round the 
axis of 0? is represented hy ziri/ds; and accordingly the entire 
surface generated is represented by 

2ir \t/d8j 

taken between proper limits. 

We proceed to apply these formulae to a few elementary 
examples. 

^ 172, The Sphere. — Let aj* + y^ = a* be the equation of 
the generating circle ; then, substituting a' - x^ for y\ we get 
for me volume 

V = IT \{a^ - x^) dx = nia^x j + const. 

If we take o and a as limits, we get for the volume of 

® 3 

the hemisphere ; .*. the entire volume of the sphere is - — , 

as in Art. 1 70. 

To find the volume of a spherical cap, let h be the length 
of the portion of the diameter cut off by the bounding plane, 
and we get for the corresponding volume 

TT (a^ - aP)dx = irh^la - - j. 

Again, to find the superficial area, we have 

ds=li + -^]dx = [ I + -Adx =- dx: .•. yds = adx. 
\ dx^J \ y J y 

Hence, the surface of the zone contained between two 
parallel planes corresponding to the absdssse Xi and Xq is^ 



2ir adx=^ 2Tfa{xi-x^\ 

J«0 
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that is the product of the oiroiimferenee of a great circle by 
the breadth of the zone. This agrees with Art. 1 70. 

i73nUglit Cone. — If a denote, as before, the an^le 
which the right line which generates a cone makes with its 
axis of revolution, we get y - x tan a, taking the vertex of the 
cone as origin, and the axis of revolution as that of x ; accord- 
ingly, the element of volume is ir tan^aa^dx. 

Hence, if h denote the height of the cone, we get its 
volume equal to 

irtan'al a^dx = — tan'a; 
Jo 3 

i.e. - X area of its base, as in Art. 169. 
3 
Again, to find its surface, we have efo = sec adx ; 

/. 2n J f/ds = 2ir tan a sec a xdx = irV tan a sec o ; 

J 

which agrees with the result already obtained. 



Examples. 

1. The base of a cylinder is a circle whose area is equal to the sux&ce of a 
sphere of radius 5 ft. ; being given that the volume of the cylinder is equal to 
the sum of the volumes of two spheres of radii 9 ft. and 16 ft., find the neight 
of the cylinder. Ans, 64)^ ft 

2. A solid sector is cut out of a sphere of 10 ft. radius, by a cone the angle 
of which is 1200 ; find the radius of tiie sphere whose solid contents are equal to 

those of the sector. Ans, 5 vs. 

3. Two eones have a common base, the radius of which is 12 ft. ; the alti- 
tude of one is 9 ft. ; and that of the other is 5 ft. ; find the radius of a sphere 
whose entire surface is equal to the sum of the areas of the cones. 

Ana, 2y^2i ft. 
y 

174. Paraboloid of ReTolntloii, — ^Writing the equa- 
tion of a parabola in the form y^ = zmx, we get for the 
volume of the solid generated by its revolution round the 
axis of d? 

2irm f xdx = irwwj* + const. = - y*x + const. 

2 ^ 
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Hence, the volume of the surface generated by the revo- 
lution of the part of a parabola between its vertex and the 

point (a?i, yi) is represented by - y\Xi^ i. e. is equal to half the 

mm 

volume of the circumscribing cylinder. 

Again, to find the surface of the paraboloid, we have 

f P^\^ I 

yds^yli+^^j dy ^-(2/* + m')^ydy. 

Hence, the surface of the paraboloid, between the same 
limits as above, is represented by 

^ j ' (y' + m')^ydy = ^ |(yi' + m')^ - my 

175* »pl>^<^>*oid8 of ReTolotloii. — If we suppose an 
ellipse to revolve roimd its axis major, the surface generated 
by the revolving curve is called a, prolate spheroid. If it re- 
volve round the axis minor the surface is called an oblate 
spheroid. 

The volume of a spheroid is easily obtained ; for, taking 

n^ y^ . 

-^ + ~ = I as the equation of the curve, we get, on substitut- 

ing*Mi-^]fory% 

F = TT -^ (a* - Q^)dx = -Y a? f a' j + const. 

Hence the entire volume is — ai^ In like manner, the to- 

3 

lome of an oblate spheroid is obTiousl j — he?. 

176. Sarfitce of Spberold. — ^In the case of a prolate 
spheroid we have 



<& 






\yf\ 
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Hence, if Clf = a-i, CM = aib, we get for S, the zone gene- 
rated in a complete revo- 
lution by the arc PQ^ 



^■"TS^-^h 



a 



Now, if we take CD = - 



e' 




and construct an ellipse 

whose semiaxes are CD Fig. 39. 

and C£^ it is easily seen 

(Art. 129) that the elementary area between two oonseoutiye 

be fa* V 
ordinates of this ellipse is— f-j-a?*] dx. Hence it follows 

that the area of the zone generated by the arc PQ is ir times 
the area of the portion PiQiQiP% of this ellipse. 

Again, if AJEi be the tangent at the vertex of the original 
ellipse, we see that the entire surface of the spheroid is 4ir 
X the area BCAEi ; but this is seen, without difficulty, to be 



2Trlr + 27r 



ah 



sin"*^. 



(I) 



In like manner, we get for the surface iS generated by tlie 
revolution of an ellipse round its minor axis 



b\ 



^ 



i.i. 



«,^- 



5 = 2ir I xds = 2ir 






d^ 






= 27r 



a^e 



^^+^y^y- 



If this be integrated, as in Art. 151, we get, after some 
obvious reductions, 



ay 



S^ir^ifl^^y" + 6*)4 + 7r-log 



aey + {a^e^t^ + J*)i 



If this be taken between the limits o and i, and doubled^ we 
get fojr the entire surface of the ellipsoid 



2r«' + ,r^l0g(i4-*). 



(=) 



Ellipsoid of Revolution. 



269 



It is readily seen, as in the former case, that the surface 
of any zone of this ellipsoid is ir times the area of a corre- 
sponding portion of the hyperbola 



a?' a^^y^ 



a^ 



= I 



bounded by lines drawn parallel to the axis of x. 

The area of the surface generated by the revolution of a 
hyperbola round either axis admits of a similar investigation. 



Examples. 

I. Find the volume of the suiface generated by the revolntion of a cycloid 
round its base. 

Here, referring the cycloid to DA and nVIl ^ 

DB as co-ordinate axes, we have (see Diff. 
Gale.) Art. 272) 

a; = a(^ + ain^), y = a(i + cos^), 

where L TOL = ^. 
. Hence 

dV-s-icy^dx = ira8(i + cos ^fd^ ; 
. •. for the entire yolume F, we get 




AN 



Fig. 40* 



Jo 



F= 2ira5 1 (I + cos ^)'^ = i6ira» l co8« -rf;^ 
^0 Jo * 



r 

j( 



^ 



32ira3 1 co8*9<}9, making - = 9. 
Jo 2 



Hence 



r-5»'«'. 



2. Find the wbde surface generated in the same case. 



Here 



8-2r I y <fo = 4ira« I (i + cos ^) cos - rf^ ; 



hence the entire surface is 



C08>-<^ 
* 

[17 a] 



64V O* 
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3. Find the yolume and the Buiface of the solid generated by the xerolation 
of the ■ 



le tractiiz round its aids, 
(i). Here we have 



hence the yolume generated by 
the portion AF is 

Jy 3 

The Tolmne generated by the 



2ir 



entire tractriz is — o^: i. e. half 

3 
the yolume of the sphere whose 

radius is OA. 

(2). The sux&ce generated by ^P is 




Fig. 41. 



air 



I yd» = 2ira I dy (see Ex. 2, Art. 134) 



= 2ira(a -y). 

Hence the entire surface generated is 2ira^ ; i.e. half the surface of the sphere 
of radius OA, 

4. Find the yolume, and also the surface, generated by the reydutioa of the 
catenary around the axis of x, 

(i). Here the ydume of the solid gene- ^ 
rated by VF is represented by 

J r« / — - — 



!:••-=?!:( 



«« + tf • + 2 iflfc 



) 



=tIK''"'"")^H 







where t — FV. 
(2). Again, since 



Fig. 4a. 



* = j(^- + .-«)^-^, 



wehaye 



2T 



I y<«»= — I y^ds. 



Surfacet of Revolution. 



261 



CoDBeqaeatly the surface generated by FV in a complete revolution is - 

X the ydume generated ; i e. = ir {jy* + ax). 

5. In the same curve to find the surface generated by its reyolutLon round 
the axis OF. 
Here 

X f X 

xe'^dx. 



Again 



i9 = 2v I xds s IT I xe' dx •¥ ir\ 



X mg W 



X X 



xe^dx= axe'— a\ e' dx = a{xe^ - aef^ -^ a). 
Jo 



Also the yalue of 



! 



xe'^dx 




is obtained by changing the sign of a in the last result. 
Hence 






xe 'dx^t^ - axe " - a^e «; 



= air (a* + «« — ay). 

177. Anniilar Solids. — If a y 

closed curve, which is symmetrical 
with respect to a right line, be made 
to revolve roimd a parallel line, then 
the superficial area generated in a 
complete revolution is equal to the 
product of the length of the moving 
curve into the circumference of the 
circle whose radius is the distance 
between the parallel lines. 

This is easily proved: for let 
APBP" be any curve, synmietrical with respect to ABy and 
suppose OX to be the azis of revolution ; and draw PN^ QM 
two indefinitely near lines perpendicular to the axis. It is evi- 
dent that PQ = P'Q', Again, let PN^ y, FN^]/, PQ = P'Q' 
>= dsy DN = h ; then the sum of the elementary zones described 
by PQ and P'Q' in a complete revolution is represented by 

27r (y + /) c?s = 47rbds. 




Fig. 43- 
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Consequently the surf aoe generated by the entire curve is 
2irb8f where 8 denotes the whole length of the curve. 

A similar theorem holds for the volume of the solid ge- 
nerated : viz., the volume generated is equal to the product 
of the area of the revolving curve into the circumference of 
the sanre circle as before. 

For the volume of this solid is plainly represented by 

or by TT {y-yf){y^f)dx^ 2nh\ {y-^dx. 

But the area of the curve is represented by 



f 



{y -i/)dx: 



consequently, denoting this area by A^ and the volume by F, 
we have 

F= 2wb X A. 

In these results the axis of revolution is supposed not 
to intersect the curve ; if it does, the expression zirb x A 
represents the difference between the volumes of the surfaces 
generated by the portions of the curve lying at opposite sides 
of the axis of revolution ; as is readily seen. A similar alte- 
ration must be made in the former theorem in this case. 

If a circle revolve round any external axis situated in its 
plane, the surface generated is called a spherical ring. From 
the preceding it follows that the entire surface of such a ring 
is 4Tr'a( ; where a is the radius of the circle, and h the dis- 
tance of its centre from the axis of revolution. 

In like manner the volume of the ring is zir^a^b. 

It would be easy to add other applications of these 
theorems. 

178. Cfnldlii's* Theorems. — The results established in 
the preceding Article are but particular cases of two general 

* Guldin, Centroharyiea, aeu de eentro gravitaiis trium apederum guantitatis 
coniiniWm 1635. Guldinaniyedat his principle by induction from a small niim- 
ber of elementary cases, but his attempt at a general demonstration was an 
eminent failure. See Montucla HisL det Math., tom. ii. p. 34* Montucla has 
shown, torn. ii. p. 92, that Guldin's theorems can be established from geome- 
trical considerations, without recourse to the Calculus. 
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propositions, usually called Gfuldin's Theorems, but originally 
enunciated by Pappus (see Walton's Mechanical Problems^ 
p. 42, third Edition). They may be stated as follows : — 

(i). If a plane curve revolve round any external axis, 
situated in its plane, the area of the surface generated is equal 
to the product of the perimeter of the revolving curve by the 
length of the path described, during the revolution, by the centre 
of gravity of that perimeter. 

(2). Under the same circumstances, the volume of the solid 
generated is equal to the product of the area of the generating 
curve into the path described by the centre of gravity of the re- 
volving area. 

To prove the former, let s denote the whole length of the 
curve, a?, y, the co-ordinates of one of its points, i, y, those 
of the centre of gravity of the curve ; then, from the defi- 
nition of these latter, we have 

- lyds 

.*. iirys = 27r j ydSy 

i.e. the surface generated by revolution round the axis of ^is 
equal to the product of /S, the length of the generating curvci 
into 2ny, the path described by the centre of gravity. 

To prove the second proposition ; let A denote the area 
of the generating curve, and dA the element of area corre- 
sponding to any point x, y. Also let^, y be the co-ordinates 
of the centre of gravity of the area, thea 

_ ^ SWi „ /il^ (substituting cforfy iordA) ; 

.'. 2iryA = ZfT jjydxdy = irjy^dx; 

where the integral is supposed taken for every point round the 
perimeter of the curve: but, from Art. 171, the integral at 
the right-hand side represents the volume of the solid gene- 
rated ; hence the proposition in question follows. 

For example, tho volume of the ring generated by the 
revolution of an ellipse around any exterior line situated in 
its plane is at once 2v*abc, where a and b are the semiaxea 
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of the ellipse, and c is the distance of its centre from the axis 
of revolution. 

It may be noted that these results still hold if we suppose 
the curve, instead of making a complete revolution, to turn 
round the axis through any angle. For, let be the circular 
measure of the angle of rotation, and in the former case we 
have 

O^s^d j yds. 

But Oy is the length of the path described by the centre 
of gravity, and Oj ydsis the area of the surface generated by 
the curve; .*. &c. 

In like manner the second proposition can be shown to 
hold. 

Again, Ghildin^s theorems are still true if we suppose the 
rotation to take place around a number of different axes in 
succession ; in which case the centre of gravity, instead of 
describing a single circle, would describe a number of arcs of 
circles consecutively ; and the whole area of the surface ge- 
nerated will still be measured by the product of the length of 
the generating curve into the path of its centre of gravity ; 
for fliis result holds for the part of the surface corresponding 
to each axis of revolution separately, and therefore holds for 
the sum. 

Again, in the limit, when we suppose each separate rota- 
tion indefinitely small, we deduce the following theorem. If 
any plane curve move so that the path of its centre of gravity 
is at each instant perpendicular to the moving plane, then the 
surface generated by the curve is equal to the length of the 
curve into the path described by its centre of gravity. 

The corresponding theorem holds for the volume of the 
surface generated. 

These extensions of Guldin's theorems were given by 
Leibnitz {Act. JErud. lips., 1695). 

179. Expression for ITolume of any Solid. — The 
method given in Art. 1 7 1 of investigating the volume bounded 
by a surface of revolution can be readily extended to a solid 
bounded in any manner. For, if we suppose the volume 
divided into slices by a system of parallel planes, the entire 
volume may, as before, be regarded as the limit of the sum 
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of a numbeor of infinitely thin oylindrioal plates. Thus, if we 
suppose a system of rectangular co-ordinate axes taken, and 
the cutting planes drawn parallel to that of xp ; then, if Az 
represent the area of the section made by a plane drawn at 
the distance z from the origin, the entire volume is denoted 
by 

J Azdzy 

taken between proper limits. 

The area ^^ is to be determined in each case as a function 
of z from the conditions of the bounding surface. 

For example, to find the volume of the portion of a cone 
cut off by any plane ; we take the origin at the vertex, and 
the axis of z perpendicular to the cutting plane ; then, if B 
denote the area of the base, and h the height of the cone, it 
is easily seen that we have 

Bz^ 
Az:B=z^ : h% or -4, = -r^- ; 






* I 

z^dz ^ - B X h; as in Art. 169. 

3 



If the cutting planes be parallel to that of t/z, the volume 
is denoted hj jAa:dx; where Ax denotes the area of the sec- 
tion at the distance x &om the origin. 

180. ITolume of ISlliptic Paraboloid. — Let it be 

proposed to find the volume of the portion of the elliptic 
paraboloid 

- + — = 22, 
P Q 

out off by a plane drawn perpendicular to the axis of the sur- 
face. Here, considering z as constant, the area of the ellipse 

— + — = 22, by Art. 128, is 2^^z^/pq. 

Hence, denoting by c the distance of the bounding plane 
from the vertex of the surface, we have 



F=27r 
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This result admits of being exhibited in another form ; for if 
B be the area of the elliptic section made by the bounding 
plane, we have 

B = zvc^ypq. 

Hence F « ^ oironmscribing cylinder, as in paraboloid of re- 
volution. 

i8i. The ElHysoid. — ^Next, to find the volume of the 
ellipsoid 

a^ y* «' 

a* 6' (T 

The section of the surface at the distance z from the origin 
is the ellipse 

X' If 2' 

the area of this ellipse is 

Trf I --Aahy i.e. ui. = irf i -—Aah. 

Hence, denoting the entire volume by F, we have 

V=2rrab\ 1 1 - — ]dz --irabc. 
JoV ^V 3 

182. €ase of Oblique Axes. — ^It is sometimes more 
convenient to refer the surface to a system of oblique axes. 
In this case, if, as before, we take the cutting planes parallel 
to that of xt/y and if a; be the angle the axis of z makes with 
the plane of xpy the expression for the volume becomes 

an (i> j AgdZf 

taken between proper limits, where An represents the area of 
the section, as in the former case. 

For example, let us seek the volume of the portion of an 
ellipsoid cut ofE by any plane. 



* 

1 
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Suppose DJEZyjSf' to represent the section made by the 
plane, and ABA'B' the parallel central section. Take OAj 
OB, the axes of this section as axes of 
X and y respectively ; and the conju- 
gate diameter 00 as axis of z. 

Then the equation of the surface 
is 



a^ 1^ z^ 

4- ■— - H = I ' 




Fig. 44. 



where OA ^cC^OB^ h\ 00 --(f. 

It will now be convenient to transfer the origin to the 
point C\ without altering the directions of the axes, when the 
equation of the surface becomes 

a? y^ 2z s' 
The area Ag of the section, by Art. 128, is 

hence, denoting C^If by A, the volume cut ofE by the plane 
DJEZy is represented by 



ira 
or 



;'ysinc.|'(y-^,)ef«, 



va sm<i> 



But, by a well-known theorem,* we have 

d'ft V sin a> s abcy 

where a, 6, Cy are the principal semiaxes of the surface. 

Hence the expression for the volume V in question be- 
comes 

F=^«fc(^-^,); (4) 

• Salmon's Geometry of Thru Dimensions^ Art. 96. 
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or, denoting ^tq by *, 



•(-?) 



V = vahck 



This result shows that the volume out off is constant for all 

sections for which k has the same value. Again, since 

ON 

•jr^, = I - A, the locus of iVis a similar ellipsoid ; and we infer 

that if a plane cut a constant volume from an ellipsoid^ the locus 
of the centre of the section is a similar and similarly situated 
ellipsoid, 

183. Elliptic Paraboloid. — ^The corresponding results 
for the elliptic paraboloid can be deduced from the preceding 
by adopting the usual method of such derivation : viz., by 
taking 

ii^-pCy b^ = qCf 

and afterwards maMng c infinite ; observing that in this case 

ft 
the ratio -p becomes unity. 

Making these substitutions in (4), it becomes 

F = TT \/pqh^ f I -\ or rrh^ x/pq^ since <f -co. 

Hence, if a constant length be measured on any diameter 
of an elliptic paraboloid and a conjugate plane drawn, then 
the volume* of the segment cut from the paraboloid by the 
plane is constant. • 

Again, the area of an elliptic section by (3) is 

,^j2h h^\ irahc (ih V\ 



* For a more direct investigation the student is referred to a memoir ** On 
some Properties of tlie Paraboloid/' Quarltrly Journal of Mathematical June, 
1874, by Professor Allman. 
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On making the same substitutions, this becomes for the 
pturaboloid 

27r vpg 



smoi 



h. 



Now, if we suppose a cylinder to stand on this section, 
the Tolume of the portion cut off by the parallel tangent 
plane to the paraboloid is obtained by multiplying the area 
of the section by ^ sin o) ; and, consequently, is 



2ir 



^/piV, 



i. e. is double the corresponding volume of the paraboloid. 
This is an extension of the theorem of Art. i8o. 

Examples. 

1. Prove that the Yolume of the segment cut from a paraboloid by any plane 
is Jths of that of the circumscribing cone standing on the section made by the 
pleme as base. 

2. A cylinder intersects the plane of ^ in an ellipse of semiaxes OA « a, 
OB = h^ and the plane of o^z in an ellipse of semiaxes OA = a, OG = e ; the 
edges of the cylinder being parallel to BC ; find the yolume of the portion of the 
cylinder bounded by the three co-ordinate planes. Ans. \ abe, 

3. The axes of two equal right cylinders intersect at right angles ; find the 
yolume common to both. Ans. ^ a^, where a is the radius of either cylinder. 
This surface is called a Ghroin. 

184. ITolume by Double Integration. — In the ap- 
plication of the preceding method of finding volumes the 
area represented by A^, instead of being immediately known, 
requires in general a previous integration ; so that the deter- 
mination of the volume of a surface involves two successive 
integrations, and consequently V is expressed by a double 
integral. 

Thus, as the area Ax lies in a plane parallel to that of vis, 
its value, as in Art. 126, may generally be represented by 
J zd^y taken between proper limits. Hence Fmay be repre- 
sented by 

!ljzdy]dx; 

or, adopting the usual notation, by 

jjzdi/dXf 

taken between limits determined by the data of the question. 
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The value of « is supposed given by a relation z =/(ir, y), 
hj means of the equation of the bounding surface ; hence 

!^dyjf{x,y)df/. 

In the determination of this integral we regard x as 
constant (since all the points in the area have the same 
value of x)f and integrate with respect to y between its proper 
limits. 

Thus, if i/i and y^ denote the limiting values of f/y the 
definite integral 

A^y y) dy 

becomes a function of x : this function, when integrated 
with respect to x between the proper limits, determines the 
volume in question. 

If Xi and Xa denote the limits of x, Vm&j be represented 
bj the double integral 



i 



I yi^fy)dt/dx. 



We shall exemplify this by a figure, in which we suppose 
the volume bounded by the plane of a?y, by a cylinder 
perpendicular to that plane, and 
also by any surface.* Let 
RPRQ represent the section of 
the cylinder by the plane of xy ; 
and suppose PMNQ to be the 
section of the volimie by a plane 
parallel to yz at the distance x 
from the origin. Let PL = y^ 
QL = yo, then the area PMNQ 
is represented by the integral 



^zdy. 




Fig. 45. 



* The detennination of a yolume of any f onn is virtually contained in this. 
For, if we suppose the surface circumscribed by a cylinder perpendicular to tlie 
plane of xy, the required volume will become the difference between two 
cylinders, bounded by the upper and lower portionB of the surface, respectiT^y. 
^ee Bertrand, Calc, tnt. { 447. 
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The values* of yi and yo in terms of x cure obtained from 
the equation of the curve RPRQ. 

Again, suppose f^MN'Q[ to represent the parallel section 
at the infinitesimal distance dx from PMNQy then the 
elementary volume between PMNQ and P^M'N'Q' is repre- 
sented by 



dx 



^zdy. 



Now, if iZr and RT^ be tangents to the bounding curve, 
drawn perpendicular to the axis of a;, and if OT ^x^ OT^Xqj 
the entire volume is represented by 



J 'o J y© 



zdydx. 

It should be. observed that zdydx represents the volume 
of the parallelepiped, whose height is 2, and whose base is the 
infinitesimal rectangle having dx and dy as sides ; and conse- 
quently the volume may be regarded as the sum of all such 
parallelepipeds corresponding to every point within the turea 
EPIlfQ. 

It is also plain that we shall arrive at the same result 
whether we integrate first with respect to a?, and afterwards 
with respect to y, or vice-versd ; i. e. whether we conceive the 
volume divided into slices parallel to the plane of xZy or to 
that of yz. 

We shall illustrate the preceding by an example.f 

Suppose -BPjB'Q to be tiie circle 

{x-ay+{y-hy^R\ 

and the bounding surface the hyperbolic paraboloid 

xy - cz; 



* In our investigation we liave assumed that the parallels intSrseot the 
curve in but two points each ; the general case is omili^d, as the solution in 
such cases can be rarely obtained, and also as the investigation is unsuited for 
an elementary treatise. 

I This and the next example are taken from Cauohy*s Applications Oiome- 
triquet du Cakul Infinititimal^ p. 109. 
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then we have 

and 

fy» I f y* a? , 2bx / 

%dy = -\ xydy^ — (yi*-yo') = — \/i?- (a?-a)*. 
Again, a?i = a + jB, x^^a-R\ 

Now let a? - fl = jB sin 0, and we get 



y^2hW_ 



c 

a 



[ ooB'd(a + J2Bin0)<;0. 



IT 



But i ' ooB'drfd = -, f ' oos'd sin dd9 = o, 



^ aft 5' 
c 

Aeain, if for the oylindrioal surface which has for its 
base the circle we substitute a system of four planes x^ Xq^ 
x = Xjy = yojy^ F, we get 



r=f ( "^dydx 
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in which Si, Sa, z^y s^^ are the ordinates of the four comer 
points of the portion of the surface in question. 

Again, from the well-known properties of the surface, in 
order to construct the hyperbolic paraboloid it is sufficient 
to trace the gauche quadrilateral whose summits are the 
extremities of the ordinates isi, Zz, Zs, Zi ; then a right line 
moving on a pair of opposite sides of this quadrilateral, and 
comprised in a plane parallel to the other pair, will generate 
the paraboloid in question. 

Hence we arrive at the following proposition : — 

Having traced a gauche quadrilateral on the four lateral 
faces of a right prism standing on a rectangular base, if a 
right line move on two opposite sides of tibis quadrilateral 
and be parallel to the planes of the faces which contain the 
other two sides, then the volume cut from the prism by the 
surface so generated is equal to the product of the area of 
the rectangular base of the prism by one-fourth of the sum 
of the edges of the prism between the vertices of the 
rectangle and those of the quadrilateral. 

185. Double Integration. — ^From the preceding Article 
it is readily seen that the double integral 



!!■ 



/(^> y)dydx 



can be represented geometrically by a volume ; and the deter- 
mination of the double integral, when the limits are given, is 
the same as the finding the volume of a solid with correspond- 
ing limits. 

For instance, the example in the preceding page is equi- 
valent to finding the value of the double integral 



w 



xydxdy 

taken for all values of x and y subject to the condition 

(iP-a)'+ (y-ft)»-iP<o; 

and similarly in other cases. 

When the limits of a; and ^^ are constants, as in 

raf r1/ 

I I fi?>yy)dydx, 
[18] 
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the double integral represents the Tolnme out by the surface 

« =/(^, y) 

from the parallelepiped whose base is the rectangle formed 
by the Unes 

a; = o, a? = d', y = 6, y = 6'. 

It is plain that in this case the order of integration is in- 
different, as abready seen in Art. 1 15. 

186. It is sometimes more oonvenient to refer the curve 
RPRQ to polar oo-ordinates, in which case we conceive the 
area divided into infinitesimal rectangles of the type rdrdO. 

The corresponding parallelepiped is represented by 
zrdrdOy and the expression for V becomes 



r=[[sr(frc?e, 



taken between proper limits. 

For instance, if the bounding surface be a sphere, whose 
centre is the origin, we have 

s = v^a* - r*, 
and the equation becomes 

r^lly^'^^rdrdO; 

but ly/^'^rdr = - ^(a* - r»)i. 

Hence, if V denote the volume included between the 
sphere and the exterior surface of the cylinder, we shall have 



^=*j(«'-r')id0, 



-\» k 



where we suppose each radius of the sphere to out the 
cylinder in but one point. 

For example, let i^e base of the cylinder be the pedal of 
an ellipse whose major axis ooinddes with a diameter of the 
sphere; then 

r* = fl*oos»9 + yain»e, 

and r= i{a» - y)t J sin'OrfO. 
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If this be integrated between the limits o and - we get 
the -^th of the entire volume ; hence the entire volume 

9 

Examples. 

1. A sphere is cut by a right cylinder, the radius of whose base is half that 
of the sphere, and one of whose edges passes through the centre of the sphere ; 
find the yolume common to both surfaces. 

Ant, , a beinff the radius of the sphere. 

3 9 

2. If the base of the cylinder be the conralete curve represented by the 
equation r = a cos n9, where n is any integer, find the yolume of the solid be- 
tween the surface of the sphere and me external surface of the cylinder. 

187. It is readily seen, as in Art. 141, that the volume in^ 
eluded within the surface represented by the equation 

^& f- 3) - ° 

ie abc x the volume of the surface 

F{x, y, 2) = o. 

For, let - = a<, r - j/, - = Zy and we shall have 
a c 

zdxdy = abcz' daf d]/ y 
and .*. J \ zdxdy = abc jjz'dafdi/ ; 

which proves the theorem. 

Henoe, for example, the determination of the volume of 
tm ellipsoid is reduced to that of a sphere. 

Again, if the point (^, y, z) move along a plane, the cor- 
responding point {off j/, 2^ will describe another plane. From 
this property the expression for the volume of an ellipsoidal 
cap (Art. 182) can be immediately deduced from that of a 
spherical cap (Art. 170). 

[18 al 
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In like manner the Tolume included between a cone en- 
velopingan ellipsoid and the surface of the ellipsoid is reducible to 
the corresponding volume for a sphere. 

1 88. I^vadrature on the Spbere. — We next propose 
to give a brief disoussion of quadrature on a sphere, and 
commence with the results on the subject usually given in 
treatises on Spherical Trigonometry. In the first place, 
since the area of a lune is to that of the entire sphere as the 
angle of the lune to four right angles, the area of a lune of 
angle A is represented by zJR^A ; where JR is the radius of 
the sphere, and A is expressed in circular measure. 

Again, the area of a spherical triangle ABC is expressed 
by JS!^{A + B + C -vr) ; for, the sum of the three lunes 
exceeds the hemisphere by twice the area of the triangle, as 
is easily seen from a figure. 

Hence, it readily follows that the area 2 of a spherical 
polygon of n sides is represented by 

S = i2'{^ + -B+ (7 + &0. -(n-2)ir); 

Aj By Gy &c., being the angles of the polygon. 

This result admits of being expressed in terms of the 
sides of the polar polygon ; f or, representing these sides by 
off b\ c'j &o., we have 

A = IT - a'y B = IT - b\ &c., 
and consequently 

S = B^2ir - {a' + 6' + (f+&o.)]. 

Or, denoting the perimeter of the polar figure by 8^ 

S + JK/S = 2irB\ (6) 

This proof is perfectly general, and holds in the limit, 
when the polygon becomes any curve ; and, accordingly, the 
area bounded by any closed spherical curve is connected with 
the perimeter of its polar curve by the relation (6). 

Again, the spherical area bounded by a lesser circle 
(Art. 170) admits of a simple expression. If p denote the 
circular radius of the circle, or the arc from its pole to its 
ciroumf erenoe, the area in question is represented by 

27riP(i - cos/o); 
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for (see fig. Art. 170) we have 

AN^ AC - CN^ R{i - ooB/t>). 

This result also follows immediately as a simple ease of 
equation (6). 

Again, the area bounded by the lesser oirde and by two 
arcs £awn to its pole is plainly represented by 

JB^a(i - cosp), 

where a is the oiroular measure of the angle between the arcs. 

We can now find an expression for the area boimded by 
any dosed curve on a sphere; for 
the position of any point P on the 
surface can be expressed by means 
of the arc OP drawn to a fixed 
pointy and of the angle POX 
between this arc and a fixed arc 
through 0. These are called the 
polar co-ordinates of the point, and 

are analogous to ordinary polar 

co-ordinates on a plane. pj^ .5 

Now, let OP = p, and POX= w ; 
then any curve on the sphere maybe supposed to be expressed 
by a relation between p and oi. 

Again, suppose OQ to represent an infinitely near vector, 
and draw PR perpendicular to OP; then, neglecting in 
iiie limit the area jPQ22, the elementary area OPQ by the 
preceding is represented by 

-B*(i -cos/o)dcii. 

Hence the area bounded by two vectors from is 

xpressed by the integral B^ ( i - cos p) (^a>, taken between 

suitable limits. 

If the curve be dosed, the entire superficial area becomes 

raw 
J? (i - QO%p)dta* 

Jo 

The value of cos p in terms of a; is to be determined in 
eadi case by means of the equation of the bounding curve. 




e 
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The integral IP\ oob p dto obviously represents the area 

included between the closed curve and the great circle which 
has for its pole. 

The length of the curve can also be represented by a 
definite integral ; for, regarding PEQ as ultimately a right- 
angled triangle, we have in the limit, 

PQ* = PIP + jBQ* : also Pi2 = sinprfw. 
Hence A' = rfr* + sin'p efw', 



or 



Again, it is manifest from (6) that the determination of 
the length of any spherical curve is reducible to finding the 
area of its polar curve, and vice versd. 



Examples. 

I. Find the area of the portaoii of the surface of a sphere which is inter- 
ested hy a right o^^linder, one of whose edges passes through the centre of the 
sphere, and the radius of whose hase is half that of the sphere. 

Here, the equation of the base may be written in the form r » i2 sin «, 
J2 being the radius of the sphere, and » being measured from the tangent to the 
circular base. 

Again, from the S]^here we have rsJ2ain/>;. *./> = » is the equation of 
the curve of intersection of the sphere and the cylinder ; hence the area in 
question is 



2ipf (l - cos C»)<^ = 2J2S f'-ij. 



This being doubled gives the whole intercepted area = sir JS* - 4i^. 

This is the celebrated Florentine enigma, proposed by Vincent Viviani aa a 
challenge to the Mathematicians of his time, in the following form : — ** Inter 
venerabitia olim Grsciss monumenta eztat adhuc, i>erpetuo quidem duratorum, 
Templum augustissimum ichnographia circulari Almso Geometiiffi dicatum, quod 
Teetudine intus perf ecte henusphserica qperitur : sed in hac f enestrarum quatuor 
flsquales aresB (drcum ac supra basin hemisphsero ipsius dispositarum) tali con- 
figuratione, amplitudine, tantaque industria, ao ingenii acumine sunt exstructe^ 
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ut his detractis, superstes cuira Testudinis superficies, pretioso opere musivo 
omata, Tetragomsiuiyere geometricisit capax." — Acta JEruditorum, Leipsio, 1692. 
[See Montada, Siatoire de» MathematiqueSy tome ii., p. 94.] 

In general, if r =/(») be the equation of the base 01 a cylinder, it is easily 
seen that the equation 01 the curve of its intersection with the sphere may be 
written in the form 12 sin /> =/(»)• 

For example, let the diameter of the right cyUnder be less than half that 
of the sj^here ; then writing the equation of the base in the form r = a sin », 
where a is the diameter of &e section, we get i2sinp = asin», orsinpsfcsinw 
(where k is < i), as the equation of the curve of intersection of the sphere and 
the cylinder. 

Hence the intercepted area is denoted by 

IT IT 

2J2« J (I -v^i -«2sin2«)rf« = irJP - 2ii« J y/i -K«8in*«<f«. 

Hence the area in question depends on the rectification of an ellipse. 

2. Find the area of the portion of the surface of the cylinder intercepted by 
the sphere, in the preceding. 

Here the area m question is easily seen to be represented by 2 / 2<fe, where 
da denotes the element of the curve which forms the base, corresponding to the 
edge 2. 

Now (i), when the diameter of the base is equal to the radius of the sphere, 
we have 

2 = i^ cos », and da = Rdw ; 

IT 

.*. area in question = iS? I cos <od(o=^ ^B?^ ; i.e. the square of the diameter of 

Jo 
the sphere. 

2. When the diameter is less than the radius of the sphere, 
2 I zda =s 2a I -v/iZ* — a* ^Xi?ad<» = 2aR \ \/l — jc'sin^w doo; .*. &c. 

189. I^uadrature of ISurfaces. — In seeking the area 
of a portion of any surface we regard it as the limit of a 
number of infinitely small elements, each of which is con- 
sidered aa a portion of a plane which is ultimately a tangent 
plane to the surface. Now let d8 denote such an element of 
the superficial area, and d<r its projection on a fixed plane 
which makes the angle with the plane of the element ; then, 
from elementary geometry, we shall have 

d<r = cos dd8, or d8 = sec dda. 

Hence /S = I sec dda^ 

taken between suitable limits. 



■n 
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The applioations of this formula usually involve double 
integration, and are generally very complicated ; there is, 
however, one mode by which the determination of the area of 
a portion of a surface can be reduced to a single integration, 
and by whose aid its value can in some cases be found ; viz., 
by supposing the surface divided into zones by a system* of 
curves along each of which the angle between the tangent 
plane and a fixed plane is constant ; then, if dS denote the 
superficial area of the zone between the two infinitely near 
curves corresponding to the angles and + dO; and, if dA 
be the projection of this area on the fixed plane, we shall 
have dS = sec OdA, 

If we suppose the surface referred to a rectangular 
system of axes, the fixed plane being that of an/ ; and 
adopting the usual notation, if we take A, fiy v as the direction 
angles of the normal at any point on the surface, we get 
for dS, the area of the zone between the curves corresponding 
to V and V + dvy the equation 

dS = sec vdA, 

where A denotes the area of the projection on the plane of 
an/ of the closed curve defined by the equation v = constant. 

Now whenever we can express the area A in terms of v 
and constants, then the area of a portion of the surface, 
bounded by two curves of the system in question, is reducible 
to a single integration. 

The most important applications of this method are 
furnished by surfaces of the second degree, to which we 
proceed to apply it, commencing with the paraboloid. 

190. ituadratnre of the Paraboloid. — ^Writing the 
equation of the surface in the form 

P q 



* This method has been employed in a more or less modified form by 
M. Catalan, Ziouville, tome iv., p. 323, by Mr. Jellett, Camb, and Dub, Math. 
Journal, yoL i., as also by other writers. The curyes employed are called 
parallel curves by M. Lebesgno, Ziouville, tome zi., p. 332, and Ourtfen uokliner 
Normalen^ by Dr. Schlomilch. 
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the equation of the tangent plane at the point (x, y^ z) is 

xX yY 

p g 

where X, Y^ Z are the co-ordinates of any point on the plane. 
Oomparing this with the equation 

i cos X + F cos /ii + Z cos V = P, 

we iret cosX = — cosv, oosu = --.cosv: 

P 9. 

substituting in the identical equation 

cos^X + cos* ft + cos*v = I, 

we get »^ "^ ? " *^^'*'' ^-^^ 

Consequently the curve along which the tangent plane 
makes the anele v with the tangent plane at the Tcrtex is 
projected on that plane into the ellipse 

a?* </* 

-z + ^ = tan*v. 

P t 

The area A of this ellipse is ir^gtan'v ; accordingly, we 
have 

dA = 7rj?3'rf(tan*v) ; 

.*. d8 = Tfpq sec vei?(tan'*v) = irpq sec vrf(sec*v) ; 

hence the area of the paraboloidal cap bounded by the curve 
V = a is 

TTjpci secve^(sec*v) = f 7rj9g(sec'a - i). 

Also the area of the belt* between the curves 

V = a and V = a' is ■|ir^g(sec'a' - sec' a). (8) 

* This fonnfor the quadrature of a paraboloid is, I belieye. due to Mr. Jellett: 
see Camh, and Dub, Math. Journal, vol. i p. 65. The prooi given above is iu 
a great measure taken from Mr. Albnan's paper in the Quarter^ Journal^ already 
r^erred to. 
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191. auadratore of the EUlpsold.— Proceeding in 
like manner to the ellipsoid 

0?" y* «* 

a* 6* (T 

the equation of the tangent plane at the point {xj y^ z) is 

Xx Ty Zz _ 

Hence, comparing with the equation 

XcosA + Fcos/Lt + ZooBv = P, 

we get 

^ c^ X (? y 

COB A = — - cos V, cos a = 75 - cos V. 
a*» ^ Vz 

Hence, we have 

coB*i/-r(-i + ~) « cos' X + COS* II «sin*v; 
2' \a* Ir) 

or, substituting i - - - 1.^ for ^, 

-^fa' sin'v + <r* cos'v) + ^(6* sin*v + c* cos'v j = 8in*v. 

This shows that the projection on the plane of 0^ of 
a curve along which v » constant is an ellipse. 
AgaiQ the area A of this ellipse is 

wa^V^Ac^v 

(a* sin*v + (? cos*v)i(6' sin'v + c* cos'v)** 

and accordingly, the area dA of the elementary annulus 
between two consecutive ellipses is 



Tra* 



j2 £_ ( sin'v \ 

dv ((a* sin'v + (? cos'v)*(6' sin*v + (? oo8*v)i) 



The corresponding elementary ellipsoidal zone dS is 
represented by 



TTfl'ft* d ( sin'v 



cos V dv ((a'sin'v + (? cos'v)4(6' sin'v + (? oos' 



S0»1 '*"• 



where / 
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Now, if 8 denote the superficial area* between two 
curves corresponding to v » a and v = a, after one or two 
reductions, it is easily seen that 

iS = ira*6V (/+/'), (9) 

_ f •' sin V dv 

"" ]^ (6* sin' V + c* cos* v)* (a* sin'* v + o* cos* v)^' 

, f*' sinyg^v 

* J ^ (a* sin' V + c' cos' 1;)* (6' sin' v + c* cos'v)^^' 

It is easily shown that the former of these integrals is 
represented by an arc of an ellipse, and the latter by an arc 
of a hyperbola ; it being assumed that a> b> c. 

For, assuming a' - c* » a»«', and 6' - c* = b*e'\ and 
making cos v « a?, we get 

I f««» dx 



J< 



«6'Jco.. (i -^aj')»(i -^a:y 

dx 



J rcoaa 



Again, let esr « sin in the former integral, and ^'^ » sin 
in the latter, and we get 



"a6'J(^'-^si 



sin'O)*' 
dO 



e' sin^O)^* 

Now, since e > e\ the former integral represents an 
arc of an ellipse, and the latter an arc of a hyperbola. (See 
Ex. 19, p. 249). 

* This form for the quadrature of an ellipsoid is given by Mr. Jellett in 
the memoir already referred to. He has also shown that the ellipse and the 
hyperbola in question are the focal conies of the reciprocal ellipsoid ; a result 
which can be easily arrived at from the forms of I and /' given above. 

For application to the hyperboloid, and further development of these results, 
the student is referred to Mx, Jellett's memoir. 
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192. iHtegraitoB •▼cr m CT—ca Surface. — ^We shall 
condnde this Chapter with the oonffldenti<m of some general 
f omralaD in double integration rehitiTe to any dosed sor&oe. 
We oommenoeby adopting the same notation as in Art. 189, 
where A, fi, v are taken as the angles whidi the exterior 
normal at the element d8 makes with the positiye directions 
of the axes of x, y^ s, respectiyely. 

Agam, let each element of the sorface be projected on 
the plane of xy^ and suppose* for simplidty that each 2 ordi- 
nate meets the surface in but two points : then, if the indefi- 
nitely small cylind^ standing on any element dA in the 
plane of xy intersects the surface in the two elementary por- 
tions dSx and dS% (where d&x is the upper, and dS^ the lower 
element), and if vi and v% be the corresponding values of v, it 
is plain that vi is an acute, and v% an obtuse angle, and we 
have 

dA = cosviifiSi = - ooBvtdSt. 

Hence, if we take into account all the elements of the surface, 
attending to the sign of cos v, we shall have 

JJcos vifS = o. 

In like manner we get 

JJ co8Xt^S=o, and J/coS|i^iS = o; 

the integrals extending in each case over the whole of the 
closed curve 

These formula are comprised in the equation 

J/ (o cos A + /3 cos/Li + 7 cos v)d8 = o. (10) 

Again, if Si and 23 be the values of z corresponding to the 
element dA^ then, denoting by dViiie element of volume 
standing on dA and intercepted by the surface, we plainly 
have 

dV= («i - sh)dA = zidSi cos vi + Zid82 cos v». 



* It it easily seen that this and the following denumBtiations are perf eody 
general, inasmuch as each ordinate must meet a dosed sui&oe in an eyennuniber 
of points, which may he considered in pairs. 
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and the sum of all such elementB, that is, the whole volmne^ 
is evidently represented by 

11% ooQ vd8. 

Henoe, denoting the whole volume by F, we have 

V-llx oosXdS = jjt/ Qos fidS = j j z 00& vdS ; 

the integrals, as before, being extended over the entire 
surface. 

Again, it is easily seen that we have 

jj X cos vd8 = o, JJ y cos vt^iS = o, J/ x cos ^dS = o, 

II y oosXdS = o, jj z oo6\d8= o, jj z cos /idS = o. 

For, as in the first case, it readily appears that the elements 
are equal and opposite in pairs in each of these integrals. 
These results are comprised in the equation 

!!(ax + /3y + 72) (a cos X + /3' cos /LC + 7' cos v) d8 

= (aa' + /3^' + 7/) ^- (") 
For a like reason, we have 

fjxy ooBvd8 = o, jj zx COB fid8 = o, jjyz cosXrf/8 = o. 

Also jjx^ cos vd8 = o, jj x^ 00s fid8 = o, &c. 

Next, let us consider the integral 

jjxz ooB vd8. 

This integral is equivalent to jj xdV; consequently, if 
Xj yy s, be the co-ordinates of the centre of gravity of the 
enclosed volume F, we get // xz cos vd8 ^jjxdV^xV\ in 
like manner J/ a» cos XrfS = i F. 

Again, the integral 

jjz^ ooBvd8 
consists of elements of the form (^i^ - 22') dA ; but 

(«i* - sh^)dA = («i + Zi) {zi - Zt) dA 
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Bat the z ordinate of the centre of graYify of dV is 
plainly -^ , and oonseqiiently 

[ [s'coBvrfS=2 [ [5^rfF= izV. 

In like manner it can be shown that 

J Jar* cos Xrf5 = 2iF; f f t/" gob fidS ^ 2yV. 
Accordingly we have 
Fi = ij/a?* oosXdS'^ jjxy ooBfgdS^fjxzGOBvdS, 

Fy = jjf/xoosXdS = ^fjf^ooBfidS^fjt/zGOBvdSf 

Vz = jjzx QoaXdS = f jzy oosfidS = ^jj z* oob vdS. 

193. Expreflsloii for Totante ofm dosed Sorfiace. 

— ^Nexty if we suppose a cone described with its vertex 
at the origin 0, and standing on the elementary base dS, 
its Tolume is represented (Art. 169) by ipdS^ where J9 is the 
length of the perpendicular drawn from to the tangent 
plane at the point. 

Also, if r be the distance of from the point, and 7 the 
angle which r makes with the internal normal, we have 
p = r cos 7. 

Hence the elementary volume is equal to -J- r cos ydSf and 
it is easily seen that if we integrate over the entire surface, 
the enclosed volume is represented by 

^JJr cos7rfS. 

194. Again, if we suppose a sphere of unit radius described 
with as centre, and if dot represent the superficial portion 
of this sphere intercepted by the elementary cone standing on 
dS, then it is easily seen that cos ydS » f*dw ; 

- OOBydS 
.". aw = r— . 

Now if be inside tbe closed surface, and the integral 
be extended over the entire sur&oe,it is plain that//^ = 4ir, 
being the surface of the sphere of radius unily ; 

cos 7^5 



- If 



• 4ir. 
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Again, if be outside the Burface, the oone will out the 
surf aoe in an even number of elements, for which the values 
of cos y will be alternately positive and negative, and, the 
corresponding elements of the integral being equal but with 
opposite signs, their sum is equal to zero, and we shall have 



II 



oosy d8 
k — = o. 



If be situated on the surface, it follows in like manner 
that 



w 



— T-i dS = 27r. 



Hence, we oondude that 



II 



cos 7 -^ 

—^dS = 4ir, 2ir, or o, (12) 



according as the origin is inside, on, or outside the surface. 

The multiple integrals introduced into this and the two 
preceding Articles are principallj due to Ghtuss. 

The student will find some important applications of 
this method in Bertrand's Cale. Int. 9 §§437, 455, 456, 
476, &o. 
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EZAHPLBS. 

I. A sphere of 15 feet ladiua is cut by two parallel planes at distances of 
3 and 7 feet from its centre ; find the supemcial area of the portion of the snr- 
faoe included between the planes approximately. Ans. 376.9908 sq. feet. 

3. Being given the slant height of a right cone, find the cosine of half its 
vertical angle when its volume is a mam'Tnum. i 

V3 

3. Prove that the volume of a truncated cone of height h is represented by 

3 
where R and r are the radii of its two bases. 

4. A cone is circumscribed to a sphere of radius J2, the vertex of the cone 
being at tiie distance D from the centre ; find the ratio of the superficial area of 
the cone to that of the sphere. IP — S^ 

5. Two spheres, A and B, have for radii 9 feet and 40 feet ; the superficial 
area of a third sphere (7 is equal to the sum of the areas of A and B ; calculate 
the excess, in cubic feet, of the volume of over &e sum of the volumes of A 
andS. Ans, 17558. 

6. If any arc of a plane curve revolve successively round two parallel axes, 
show that the difference of the surfaces generated is equal to the product of the 
length of the arc into the circumference of the circle described by any point on 
either axis turning round the other. 

If the axes of revolution lie at opposite sides of the curve, the sum of the 
surfaces must be taken instead of the difference. 

7. Find, in terms of the sides, the volume of the solid generated by the 
complete revolution of a triangle round its side e. 

^^ 4ir *(^"g)(^-^)(*-g) 

'3 « 

8. Apply Guldin's theorem to determine the distance, from the centre, of the 
centre of gravity, ( i) of a semicircular area ; (2) of a semicircular arc. 

An,, (i)^ (2)-. 
3ir » 

9. If a triangle revolve round any external axis, lying in its plane, find an 
expression for the area of the surface generated in a complete revolution. 

10. Prove that the volume cut from the surface 

«• = Ag^ + By^ 

by any plane parallel to that of «y, is th part of the cylinder standing on 

n + I 

the plane section, and terminated by the plane of xy. 
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II. A cone is cirouinscribed to a sphere of 33 feet radius, the yertez of the 
oone being 265 feet distant from the centre of the sphere ; find the ratio of the 
superficial area of the cone to that of the sphere. 

12* The axis of a right circular cylinder passes through the centre of a 
sphere ; find the Tolume m the solid included between the ooncave surface of the 
sphere and the convex surface of the cylinder. 

Ans, -^, where c is the length of the portion of any edge of the cylinder 

intercepted by the sphere. 

This question is the same as that of finding the yoluine of the solid generated 
b^ the segment of a circle cut oS by any chord, in a leyolution round the 
diameter parallel to the chord. 

13. Find the yolume of the solid generated by the revolution of an arc of a 
circle round its chord. Am, 2»a { ea\f 

where a s radius, e s distance of chord from centre, and cos a a .. 

a 

In this we suppose the arc less than a semicircle : the modification when it 

is greater is easily seen. 

14. If the ellipsoid of reyolution, 



and the hyperboloid 






«^ + i?-^y» = «», 



be cut by two planes perpendicnlar to the axis of revolution, prove that the 
zones intercepted on tiie two surfaces are of equal area. 

15. Find the entire volume bounded by the positive sides of the three co- 
ordinate planes, and 



OMi)'- e)'- 



V abc 
Am, — . 
90 



16. Find the volume of the surface generated by the revolution of an arc of 

a parabola roimd its chord ; tiie chord being peipendicular to the axis of the 

ourve. 

g 

Ana, — T^^, where e is the length of the chord, and h the intercept made 

by it on the diameter of the pazabola passing through the middle point of the 
chord. 

17. A sphere of radius r is cut by a plane at distance d from the centre ; find 
the difference of the volumes of the two cones having as a common base the 
cirde in which the plane cuts the sphere, and whose vertices are the opposite 
ends of the diameter perpendicular to the cutting plane. 

Am. firrf (r» - d^). 

[19] 
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i8. Find the aiea of a spherical triangle ; and prore that if a cnrre traced 
on a sphere have for its equation sin x s /(/), \ denoting hititude, and / lon^- 
tude, the area hetween the curve and the equator » Sf{l)dl. 

19. Show that the TdLume contained hetween the surface of a hyperboloid 
of one sheet, its asymptotic cone, and two planes parallel to that of the real 
axes, is proportional to the distance hetween those j^anes. 



20. Find the entire volume of the sniface 



©■^0)'*e)'- 



Ans, 



5.7 



21. The vertex of a cone of the second degree is in the surface of a sphere, 
and its internal axis is the diameter passing through its vertex ; find the volume 
of the portion of the sphere intercepted within the cone. 

22. Prove that the volume of the portion of a cylinder intercepted hetween 
any two planes is equal to the product of the area of a perpendicular section 
into the distance hetween the centres of gravity of the areas of the bounding 
sectious. 

23. If ^ he the area of the section of any surface made by the plane of zy, 
prov4^ is in Art. 192, that 

A s ^coBvdSf 

the integral being extended through the portion of the surface which Hes above 
the pliae of xy. 

24. If a right cone stand on an ellipse, prove that its volume is represented 
by 

- {OA,OA')^Bm'acosa; 

where is the vertex of the cone, A and A* the extremities of the major axis 
of the ellipse, and a is the semi-angle of the cone. 

25. In the same case prove that the superficial area of the cone is 

- (OA + OA*) {OA . OA')^ sin a. 
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CHAPTER X. 

INTEGRALS OF INERTIA. 

195. Integrals of Inertia. — The following integrals are 
of such frequent occurrence in mechanical investigations, 
that it is proposed to give a brief discussion of them in this 
Chapter. 

If each element of the mass of any solid body be supposed 
to be multiplied by the square of its distance from any fixed 
right line, and the sum extended throughout every element 
of the body, the quantity thus obtained is called the moment 
of inertia of the body with respect to the fixed line or cum. 

Hence, denoting the element of mass by dm^ its distance 
from the axis by p^ and the moment of inertia by J, we have 

I-^^p'dm. (i) 

In like manner, if each element of mass of a body be 
multiplied by the square of its distance from a plane, the 
Bum of such products is called the moment of inertia of the 
hody relative to the plane. 

If the system be referred to rectangular axes of co- 
ordinates, then the expression for the moment of inertia 
relative to the axis of 2 is obviously represented by 

S(a?* + y^)dm. 

Similarly, the moments of inertia relative to the axes of 
X and y are represented by S (y* + s*) dm and S («^ + 2') dm^ 
respectively. 

Again, the quantities 'Sa^dm, ^y^dm^ '^z^dm, are the 
moments of inertia of the body with respect to the plaHes 
of yzy xZy and o^, respectively. Also the quantities ^xydm, 
'2zxdmy 'Syzdmj are called the products of inertia relative to 
the same system of co-ordinate axes. 

In like manner the moment of inertia of the hody with 
reference to a point is Sr't^w, where r denotes the distance of 
the element dm from the point. Thus the moment of inertia 
relative to the origin is S (ar* + y* + z^)dm. 

[19 a] 
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196. ■•Bfteste of ImertlA relatlTe tm Pmrallel 

Axes, or Pkuies. — ^The following result is of fondamental 
impoitanoe : — The moment of inertia of a body with respect to 
any axis exceeds its moment of inertia with respect to a parallel 
axis drawn through its centre of gravity^ by the product of the 
mass of the body into the square of the distance between the 
parallel axes. 

For, let /be the moment of inertia relative to the axis 
through the oentre of gravity, /' that for the parallel axis, 
Jf the mass of the body, and a the distance between the axes. 

Then, taking the oentre of gravity as origin, the fixed 
axis through it as the axis of 2, and the plane through the 
parallel axes for that of sx, we shall have 

Henoe r - /= za^dm + if^dm « tfM, 

sinoe ^dm = o as the centre of gravity is at the origin ; 

.-. r^I+a^M. (2) 

Consequently, the moment of inertia of a body relative to 
any axis can be found when that for the parallel axis through 
its centre of gravity is known. 

Also, the moments of inertia of a body are the same for 
all parallel axes situated at the same distuice from its centre 
of gravity. 

Again, it may be observed that of all parallel axes that 
which passes through the centre of gravity of a body has the 
least moment of inertia. 

It is also apparent that the same theorem holds if the 
moments of inertia be taken with respect to parallel planes, 
instead of parallel axes. 

A sinuLir property also connects the moment of inertia 
relative to any point with that relative to the centre of 
gravity of the body. 

In finding the moment of iuertia of a body relative to 
any axis, we usuaUy suppose the body divided into a system 
of mdefimtely thin plates, or laminwy bv a system of planes 
perpendicular to the axis ; then, when me moment of inertia 
is determined for a lamina, we seek by integration to find 
that of the entire body. 
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197. Radios of C^yratloii. — ^If k denote the distance 
from an axis at whioh the entire mass of a body should be 
concentrated that its moment of inertia relative to the axis 
may remain unaltered, we shall have 

.aft' = / = Si)Vm. (3) 

The length h is called the radius of gyration of the body 
with respect to the fixed axis. 

In homogeneous bodies, which shall be here treated of 
principallv, since the mass of any part varies directly as its 
volume, the preceding equation may be written in the form 

where £^F denotes the element of volume, and Fthe entire 
volume of the body. 

Hence, in homogeneous bodies, the value of k is indepen- 
dent of the density of the body, and depends only on its form. 

We shall in our investigations represent the moment of 
inertia in the form / = Jfi'. 

and, it is plain that in its determination for homogeneom 
bodies we may take the elementof volume for the element of mass j 
and the total volume of the body instead of its mass. 

Also, in finding the moment of inertia of a lamina, since its 
radius of gyrationis independent of the thickness of the lamina, 
we may take the element of area instead of the element of 
mass, and the total area of the lamina instead of its mass. 

198. If A and B be the moments of inertia of an infi- 
nitely thin plate, or lamina, with respect to two rectangular 
axes OX, OF, lying in its plane, and if O be the moment of 
inertia relative to OZ drawn perpendicular to the plane, we 

^"^ C=A + B. (4) 

For, we have in this case A = ^Sy^dm^ B = Sa^rfw, and 

Again, for every two rectangular axes in the plane of the 
lamina, at any point, we have 

^a^dm + ^y^dm = const. 

Hence, if one be a maximum, the other is a minimum, and 
wee versd. 

We shall, in all investigations concerning laminae, take C 
for the moment of inertia relative to a line perpendicular to 
«he lamina. 
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199. Cidfonii Rod, Rectangular Iiamliia. — ^We 

oommenoe with the simple case of a rod, the axis being perpen- 
dicular to its length, and passing through either extremity. 

Let X be the distance of any element dm of the rod from 
the extremity ; then, since the rod is uniform, dm is propor- 
tional to dx^ and we may assume dm - fidxi hence, the 
moment of inertia J is represented by /Li2a^(2r, or by 

li\ oi?dXy 

where / is the length of the rod. 

Hence I =^^- = M -. 

3 3 

If the axis be drawn through the middle point of the rod, 

perpendicular to its length, the moment of inertia is plainly 

the same for each half of the rod, and we shall have in this case 

12 

Next, let us take a rectangular lamina, and suppose the 
axis drawn through its centre, parallel to one of its sidesr 

Here, it is evident that the lamina may be regarded as 

made up of an infinite number of parallel rods of equal 

length, perpendicular to the axis, each having the same 

* radius of gyration, and consequently the radius of gyration 

of the lamma is the s€une as that of one of the rods. 

Accordingly, we have, denoting the lengths of the sides 
of the rectangle by 2a and 26, and the moments of inertiA 
round axes through the centre parallel to the sides, by ^ and 
Bf respectively, 

A = ^Mb', B = ^Ma\ (5) 

3 3 ^ 

Hence also, by (4), the moment of inertia round an axis 
through the centre of gravity and perpendicular to the plane 
of the lamina, is 

i M{a^ + b'). (6) 

By applying the principle of Art. 196 we can n6w find 
its moments of inertia with respect to any right line either 
lying in, or perpendicular to^ the plane of the lamina. 
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200. Rectangular Parallelepiped. — Since a parallel- 
epiped may be conoeived as consisting of an infinite number 
of laminad, each of which has the same radius of gyration 
relative to an axis drawn perpendicular to their planes, it 
follows that the radius of gyration of the parallelepiped is 
the same as that of one of the laminse. 

Hence, if the length of the sides of the parallelepiped be 
2a, 2 J, and 2c, respectively ; and, if -4, -B, C be respectively 
the moments of inertia relative to three axes drawn through 
the centre of gravity, parallel to the edges of the parallel- 
epiped, we have, by the last, 

^ = iif(y + c'), £ = ijf(c' + fl*), = -Jf(a»+y). (7) 

<) u o 

201. C^lrenlar Plate, Cylinder. — If the axis be 
drawn through its centre, perpendicular to the plane of a 
circular ring of infinitely small breadth, since eacn point of 
the ring may be regarded as at the same distance r n'om the 
axis, its moment of inertia is t^dmy where dm represents its 
mass. 

Hence, considering each ring as an element of a circular 
plate, and observinff that dm = fxiirrdry we get for C, the 
moment of inertia of the circular plate of radius a, 



C = 2Tr/j, r^dr = 



"U^^M^. 



Consequently, the moment of inertia of a ring whose 
outer and inner radii are a and by respectively, with respect to 
the same axis, is 

J* 2 2 

Again, by (4), the moment of inertia of a circular plate 

a' 
about any diameter is Jf — , since the moments of inertia are 

4 

obviously the same respecting all diameters. 

In like manner, the moment of inertia of a ring relative 

to any diameter is 
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AlflOy tibe moment of ineriia of a iig)it ejlinder about its 
axk of figme 18 

a being the ladins of the section of the cylinder. 

A^iin, tibe moment of inertia relatiye to any edge of the 

cylinder « I Jfo*. 



202. Might €!•■«• — ^To find the moment of inertia of a 
right cone relative to its axis, we conceiye it divided into an 
infinite nmnber of circular plates, whose centres lie along the 
axis ; and, denoting by x the distance of the centre of any 
section frcon the vertex of the cone, and by a the semi-angle 
of the cone, we have 



j=^^p**&= 



wfib^h 



lO 

where h is the height of the cone, and 6the radins of its base. 
Hence, since by Ait. 169 the yolmne of the cone is - b% 
we have 

I=^MV. (8) 

ID 

203. Eniptfe Plate. — ^Next let ns suppose the lamina 
an ellipse, of semi-axes a and b ; and 
let A and B be the moments of inertia 
relative to these axes, respectively. 

Describe a circle with the axis 
minor for diameter, and suppose the 
lamina divided into rods by sections 
perpendicular to this axis. Let ff be 
the moment of inertia for the cirole ^•47- 

round its diameter. 

Then, denoting by dB and dff the moments of inertia of 
corresponding rods, we have 

dBidB^ {npy:(npy^{payi{oby^<^z 6»; 

.-. BiB^^f^iV. 
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But ffj by Art. 201, is ; 

4 

.*. B ^ — T- = — » . 

4 * 4 

Similarly, -4 = — 6". 

'^ 4 

Henoe the moment (7 round a line through the centre of 
the ellipse^ perpendicular to its plane, is 

f («» + J'). (9) 

4 

It is plain, as before, that the expression for the moment 
of inertia of an elliptical cylinder relative to its axis is of the 
same form. 

204. Sphere. — ^If we suppose a sphere divided into an 
infinite number of concentric spherical shells, the moment of 
inertia of each shell is plainly the same for all diameters ; 
and accordingly, representing the mass of any element of a 
shell by dm^ and by a?, y, % any point on it, we have 

But S(ir»+y* + «»)rfm = Sr»rfm; 

2 

Hence, (a) the moment of inertia of a shell whose radius 

• 2 

is r with respect to any diameter is - wr*, where m repre- 

Bents the mass of the shell. 

A^ain, {b) for a soHd sphere of radius By since the volume 
of an mdefinitely thin shell of radius r is 4.wr^drf we get 

^r'dv = 47r f r*e&- = ^wB' = ^ VB". 
Jo 5 5 

When this is substituted, the moment of inertia of a solid 
homogeneous sphere relative to any diameter is found to be 

^MB\ (10) 

5 ^ ^ 
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205. Ellipsoid. — ^Let the equation of an ellipsoid be 

a? y^ z^ 
a' A' c* 

and suppose ^, ^, (7 to be the moments of inertia relative to 
the axes a^ by c^ respectively ; then 

Now, let - = ^1 7 = /» - = «'» 

a c 

and we get 

where the integrals are extended to all points within the 
sphere 

a?'» + 3/* + 2^ = I. 
But, by the last example we have 

/. C=— iTfiabc (a» + y) = — (a* + b'). (11) 

In like manner, 

5 ^ 5 

It should be remarked that the moments of inertia of the 
ellipsoid with respect to its ^qq principal planes are 

— a\ — J*, — (J*, respectively. 
000 
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206. Moments of Inertia of a Iiamina. — Suppose 
that any plane lamina is referred to two rectangular axes 
drawn tlirough any origin 0, and that a is the angle which 
any right line through 0, lying in the plane, makes with the 
axis of a; ; then, if J be the moment of inertia of the. lamina 
relative to this line, we have 

J= ^p^dm = S (y cos a - a? sin aYdm 

= 00s'a ^t/^dm + sin^a^x^dm - 2 sin a cos a'Ext/ dm 

-a oOB^a + Jsin^a - 2^ sin a cos a; (12) 

where a and b represent the moments of inertia relative to 
the axes of x and ^, respectively ; and h is the product of 
inertia relative to the same axes. 

Again, supposing X and F to be the co-ordinates of a point 
taken on the same line at a distance M from the origin, we 

X . Y 

get cos a = -^, sin a = p- ; and, consequently, 

HP^aX^ + bY^-zhXY. 

Accordingly, if an ellipse be constructed whose equation is 

aX^ + bY^- 2hXY= const., (13) 

we have 

IIP = const. ; 

and, consequently, the moment of inertia relative to any line 
drawn through the origin varies inversely as the square of 
the corresponding radius vector of this ellipse. 

The form and position of this ellipse are evidently inde- 
pendent of the particul£ur axes assumed ; but its equation is 
more simple if the axes, major and minor, of the eUipse heid 
been assumed as the axes of co-ordinates. Again, since in 
this case the coefficient of XY disappears from the equa- 
tion of the curve, we see that there exists at every point in 
a body one pair of rectangular axes for which the quantity 
A or ^xydm = o. 

This pair of axes is called the principal axes at the 
point ; and the corresponding moments of inertia are called the 
principal mwnents of inertia of the lamina relative to the point. 
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Agoiiiy if A and B repiesent the piincipal moments of 
inertia, equation (12) becomes 

J=^ 006*a + J^sin'a. (14) 

Hence, for a lamina, the moment of inertia relatiye to 
any axis through a point can be found when the principal 
moments relative to the point are determined. 

The equation of the ellipse (13) becomes, when referred 
to the principal axes, 

-4 J* + BT^ = const. 

207. Momental saiipse. — Since the moments of inertia 
for all axes are determined when those relative to the centre 
of gravity are known, it is sufficient to consider the case 
where the origin is at the centre of gravity. With reference 
to this case, tihie ellipse 

AX^ + BT^ = const. (15) 

is called the momental ellipse of the lamina. 

Again, if two different distributions of matter in the 
same plane have a common centre of gravity, and have the 
same principal axes and principal moments of inertia, at 
that point, they have the same moments of inertia relative to 
all axes. 

This is an immediate consequence of (14). Hence it is 
easily seen that the moments of inertia for any lamina are 

the same as for the system of four equal masses, each — » 

4 
placed on the two central principal axes, at the four dis- 
tances ± a and ± ft, from the centre of gravity, where a and h 
are determined by the equations 

A^'Mb\ B^^Ma\ 
2 2 

Again, if two systems of the same total mass, in a plane, 
have a common centre of ^avity , and have equal moments 
of inertia relative to any three axes, through their oonmion 
centre of gravity, they have the same moments of inertia for 
all axes. 
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This follows immediately sinoe an ellipse is determined 
when its centre and three points on its circumference are 
given. 

Again, it may be observed that the boundary of an 
elliptical lamina may be regarded as the momental ellipse of 
the lamina. 

For, if J be the moment of inertia relative to any 
diameter making the angle a with the axis major, we have 

/ = -4 cos'a + JB sin'o. 
But, by Art. 203, 

4 4 

M 
/. J= — (J' oos*o + a' sin' a) 
4 ^ ^ 



4 \ a' b' J 



Ma^b' 



4 f^ 

Hence the moment of inertia varies inversely as the square 
of the semi-diameter r ; and, consequently, the elUpse may be 
regarded as its own momental ellipse. 

208. Products oflnertia ofliaiiiina. — Suppose the 
lamina referred to its principal axes at a point ; and let p 
and q be the distances of any element dm from two axes, 
which make the angles a and j3 with the axis of x ; then we 
have 

^pqdm « S(y oosa -a? sina)(y cosj3 - x sinj3)c?m 

= cosa cosj3 ^y^dm + sina sinjSSo^e^m 

- sin (a + ^)^xydm 
<B ^ cos a cos j3 + ^ sin a sin j3, 

since A « ^y^dm^ B = So^e^m, and ILxydm => o. 

Hence, if ^pqdm = o, we have 

^ cos a cos j3 + ^ sin a sin j3 » o. 
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and aooordingly the axes are a pair of conjugate diameters 
of the momental ellipse 

-4X' + BY^ = const. 

Hence, if two laminaa in the same plane have for any point 

two pairs of axes for which ^pqdm = o and '2p^^dm^ = o, 

they have the same principal axes at the point. This follows 

from the easily established property, that if two ellipses have 

two pairs of conjugate diameters in common, they must be 

similar and coaxal. 

209. Tria^olv I.amlna and Prtem.-Suppose a 

triangular lamina, whose sides are a, i, c, to be divided into 

a system of rods parallel to a side a ; 

and let A represent the moment of 

inertia relative to a line parallel to 

the side a, and drawn through the 

opposite vertex; also let p be the 

perpendicular of the triangle on 

the side a, and x the distance of an 

elementary rod from the vertex; then 

we have, since the mass dm of the 

cue 
elementary rod may be represented by /u — (&, 

A = ^a?dm = fi^a? — dx 

P 







Kg. 48. 



a p 

Pjo 



ap^ M , 
4 2 '^ 



In like manner, let B and C be the moments of inertia 
relative to lines drawn through the other vertices parallel to 
b and c ; and let q, r be the corresponding perpendiculars of 
the triangle, and we have 

B = — q\ O- — r. 

2 ^ 2 



Again, if Aoy Boy Coy represent the moments of inertia 
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relative to three parallels to tlie sides, drawn through the 
centre of gravity of the lamina, we have, by (2), 

Ao = ^^Mp\ 5„=^Jfy», C„ = ^Jfr'. (i6) 

Also, if Aiy Bi, Ci, be the moments of inertia relative 
to the sides a, J, c, respectively, it follows, in like manner, 
from (2), that 

A^ = ^Mp\ Bi = ^Mq\ Oi = ijfr». (17) 

Again, it is readily seen that the values of -4, -4o, Ai, &c., 
are the same as if the whole mass M were divided into three 
equal masses, placed respectively at the middle points of the 
sides of the lamina. 

Consequently, by Art. 207, the moments of inertia of the 
triangular lamina relative to all axes are the same as for 

M 

three masses, each — , placed at the middle points of the 

sides of the triangle. 

Hence, if I be the moment of inertia of a triangular 
lamina with respect to the perpendicular to its plane drawn 
through its centre of gravity, we have 

I='^M{a^ + b'' + e'). (18) 

This expression also holds for the moment of inertia of a 
right triangular prism with respect to its axis.* 

In like manner the moments of inertia of the triangular 
lamina relative to the three perpendiculars to its plane, 
drawn through its vertices, are 

^mU' + c'—X i.Jf^c* + a^--Y iMfa' + b^-^); 

and the same expressions hold for a triangular prism relative 
to its edges. 

* By the axis of a prism is understood the right line drawn through its 
centre o£ grayity parallel to its edges. 
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2IO. Momental Ellipse of a Triangle. — ^It can be 

shown without difficulty that the ellipse which touches at the 
middle points of the sides 
may be taken for the mo- 
mental ellipse of the triangle. 

For, let a?, y, « be the JK^ / ^^y 

middle points of the sides, 
and it is easily seen that o 
is the centre of this ellipse ; f 
also, if Ji, Izf Iz be the _. 

moments of inertia of the '^•49- 

lamina relative to the lines axy hy^ cz, respectiyely, it can be 
readily shown from (17), that we have 




(axY ' ipyy • {czY 



{oxY • {oyy • {ozy 

Accordingly, by Art. 207, the ellipse ayz may be taken for 
the momental ellipse of the lamina. 

211. Tetrahedron. — ^If a solid tetrahedron be supposed 
divided into thin laminae parallel to one of its faces, and if 
Af Bj Cy D represent its moments of inertia with regard 
to the four planes drawn respectively through its vertices 
parallel to its faces ; then, denoting the areas of the corre- 
sponding faces by a, 5, Cj dy and the corresponding perpin- 
£culars of the tetrahedron by p, ^, r, a, respectively, it is 
easily seen, as in Art. 209, that we shall have 

f VJo 

5 5 
In like manner we have 

B^^M^, 0-^^Mf^, D^^Mf. 
5 5 5 
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Again, if Aq, Boj Co, Do be the corresponding moments of 
inertia relative to the parallel planes drawn through the 
centre of gravity of the tetrahedron, we have, by (2), 

^„ = ^JIfi>», Bo = I^Mf, C,= ^Mf», A-^Jf**. (19) 

Also, if Ai, Biy Cif A be the moments of inertia relative 
to the four faces of the tetrahedron, we have 

A, = — Mp\ B^= — Mq\ Ci=—Mr\ A = — Jfa*. (20) 
10 10 10 10 ^ ' 

212. liolld Ring* — If a plane closed curve, which is 
symmetrical with respect to an axis AB, be made to revolve 
round a parallel axis, lying in 
its plane, but not intersecting the 
curve, to prove that the moment 
of inertia I of the generated solid, 
taken with respect to the axis of 
revolution, is represented by 

where M is the mass of the solid, 
h the distance between the parallel 
axes, and k the radius of gyration 
of the generating area relative to its axis. 

For, if the axis of revolution be taken as the axis of ^r, 
and, if y, Y be the distances of any point P within the 
generating area from AB, and from OX, respectively ; and, 
if ^ be the corresponding element of the area, then the 
volume of the elementary ring generated by dA is 2ir YdA^ 
and its mass zirfi YdA ; hence the moment of inertia of this 
elementary ring, relative to the axis of X, is ivnY^dA. 
Accordingly, we have 

/ = 27r)LiS Y^dA = 2ir/uS (A + yYdA 

« 2ir|iS (A» + ^h^y + 3Ay» + y*) dA. 
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* The theorems of this Article were giyen hy Professor Townsend in Um 
QuarUrlif Journal qf Mathematict, 1869. 

[ao] 
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Moreover, slnoe the ourve is symmetrical with respeot to 
the axis AB^ it is easily seen that we have 

Syrf-4 = o, "S^fdA = o. 

Also, by definition, ^y^dA^ Al^. 

Henoe I = zirfihA (A* + 3A*). 

Again, by Art. 177, 2f = 2vfihA ; 

.-. J=Jf(A» + 3A'). (21) 

This leads immediately to some important cases. 

Thus, for example, the moment of inertia of a circular 
ring, of radius a, round its axis is 



M 



h'A 



Again, if a square of side a revolve round any line in its 
plane, situated at the distance h from its centre, we have 

There is no difficulty in adding other examples. 

213. C^eneral CSxpresslon for Products of Inertia. 

— ^We shall conclude this Chapter with a short discussion of 
the general case of the moments and products of inertia, for 
any body, or system. 

Let us suppose the system referred to three rectangular 
planes, and let p^ g, r represent the respective distances of 
any element dm from the three planes 

a? cos a + y cos/3 + s cos 7 = o, 

a? cos a' + y cos /3' + 2 cos 7' = o, 

X cos a" + y cos /3" + 2 cos 7" = o. 
Then 

Si?g'£fo»=S(a?cosa+ycosj3+«cos7)(a?coso'+ycos/3'+«oos7')rfm 

- ooso coso'2a^(fw + cos /3 qob fi'^t/* dm + 00Q y ooBy' 'Zz^dm 

+ (cos a COS /y + COS /3 COS a) '2xt/dm 

+ (C0S7 cos a + COS a COS 7') 2z^(fm 

+ (cos j3 COS 7' + COS 7 cos /3') ^yzdm ; 

and we get similar expressions for ^prdm and ^qrdm* 



i 
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Now, suppose that we take 

^a^dm = a, ^y^dm = J, ^z^dm = c, 
^yzdm-fy 'Siczdm=g, ^an/dm= h; 

then the preoeding equation may be written 

^pqdm = COS a {a cos a' + A cos /3' + ^ cos 7') 

+ cos/3 (A cos a' + J cos /3' +/cos y') 

+ cos 7 {g cos a' +/ cos ]3' + c cos 7') ; {22) 

along with similar expressions for ^rpdm and Sgrrfm. 

214. Principal Axes. — Next, let us suppose that the 
planes are so assumed as to satisfy the equations 

^pqdm = o, '2rpdm = o, '2qrdm = o ; 

then it is easily seen* that these planes are a system of con- 
jugate diamelral planes in the ellipsoid represented by the 
equation 

aX» + JF» + cZ* + 2fYZ+ 2gZX + 2hXT-^ const. (23) 

Hence it follows that at any point there exists one et/stem of 
rectangular planes for which the coiTcsponding products of 
inertia^ for any hody^ mnish : viz., the principal planes of the 
preceding ellipsoid.'f 

These three planes are called the principal planes of the 
body relative to the point, and the right lines in which they 
intersect are called the principal axes for the point. 

Again, every two solids have for every point at least one 
common system of planes for which ^pqdm = o^ ^rpdm - o^ 
^qrdm = o, ^p'q drn = o, ^rp'dw! = o, ^([r'dni = o; 
where the unaccented letters refer to the elements of one 
solid, and the accented to those of the other. 

This is obvious from the property that every two con- 
centric ellipsoids have one common system of diametral planes. 



*. Salmon's Geometry of Three Dimensions^ Art. 72, 
t The exceptional cases when the ellipsoid is of reyolution, or ib a sphere, 
will be considerod subsequently. 

[80 a] 
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Again, if two solids have for any point more than one 
system of planes for which the foregoing six products of 
inertia vanish, they must have the same principal planes at 
the point. This follows since the two ellipsoids in that case 
must be similar and coaxal. 

215. Principal Moments of Inertia. — Let us now 
suppose the co-ordinate planes to be the principal planes of 
the Dody for the origin, then the moment of inertia relative 
to the plane 

X cos a + y cos j3 + « cos 7 = 
is 

^p^dm = S (a? cos o + y cos /3 + 2 cos yydm 

■ oos*aSa^rfw + 00s' /3 ^^dm + cos'7 Sss'rfw, (24) 

since in this case we have 

'Sixydm = o, ^zxdm = o, ^yzdm = o. 

Again, let I be the moment of inertia of the body relative 
to the line through the origin whose direction angles are 
«i /3> 7 ; then we have 

/. I = cos'a S (y' + «') dm + oos'^/S 2(2' ■\-a?)dm 

+ cos'7S(ir* + y*)efw; 
or I^ A co8*a + B Qo^^fi 4- C cos*7, (25) 

where A^ By C are the moments of inertia of the body 
relative to its three principal axes. 

Ay By (7 are called the three principal momenta of inertia 
of the body relative to the origin. 

If the centre of gravity be taken as the origin, the 
corresponding values of Ay B, C are called the principal 
momenta of inertia of the body. 

We suppose, in general, that A is the greatest, and C the 
least of the three principal moments. 

It follows from (25) that the moment of inertia of a body 
relative to any line passing through a given point is known, 
whenever the angles which the line makes with the principal 
axes are known, as also the moments of inertia relative to 
these axes. 
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216. Ellipsoid of Cfyratlon. — Suppose, as before, the 
solid referred to its three principal axes at any point, and let 
a, 6, c be the corresponding radii of gyration, i.e. let 

and I = Mif ; then equation (25) becomes 

k^ = a* cos^ a + 6* cos'^jS + c'cos'y. (26) 

Now, if we suppose an ellipsoid described having the 
principal axes for the directions, and a, J, c for the lengths 
of its corresponding semi-axes ; then (26) shows that the 
radius of gyration of the body, relative to the perpendicular 
from the origin on any tangent plane to this ellipsoid, is 
equal in length to this perpendicular. (Salmon's Geometry 
of Three Dimensions, Art. 89.^ 

The foregoing ellipsoid is called the ellipsoid of gyration 
relative to the point. It should, however, be observed that 
by the ellipsoid of gyration of a body is meant the ellipsoid 
in the particular case where the origin is at the centre of 
gravity of the body. 

217. Momentai Ellipsoid. — If X, F, Z be the co- 
ordinates of a point R taken on the right line through the 
origin 0, whose direction angles are a, /3, 7, we have 

X=OJScosa, F=OiJ oosjS, Z= OB cosy. 

Substituting the values of cos a, cos /3, cos 7, deduced 
from these equations, in (25), it becomes 

I.OIP = AX' + BY" + CZ^. 

Suppose, now, that the point E lies on the ellipsoid 

AX' + BY'+CZ' = const., (27) 

and we get I . OB? = X, denoting the constant by X ; 

Hence the moment of inertia relative to any axis, drawn 
through the origin, varies inversely as the square of the cor" 
responding diameter of the ellipsoid (zy). 
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From this property the ellipsoid is called the momental 
ellipsoid at the point. 

When the origin is taken at the centre of gravity of the 
body, this ellipsoid is called the central ellipsoid of the body. 

If two of tne principal moments of inertia relative to any 
point be equal, the momental ellipsoid becomes one of re- 
volution, and in this case all diameters perpendicular to its 
axis of revolution are principal axes relative to the point. 

If the three principal moments at any point be equal, the 
ellipsoid becomes a sphere, and the moments of inertia for all 
axes drawn through the point are equal. Every such axis is 
a principal axis at the point. 

For example, it is plain that the three principal moments 
for the centre of a cube are equal, and, consequently, its 
moments of inertia for all axes, through its centre, are equal 

218. Eqaimomeiital Cone. — ^Again, since 

C08*a + C08*/3 + COS'7 = I, 

equation (25) may be written in the form 

(J[ - /) oos»a + (5 - /) cos'/3 + (0- /) cos'y = o ; 

hence the equation 

(^- J)XM(5- J) F»+ ((7- J)Z^-o (29) 

represents a cone such that the moment of inertia is the same 
for each of its edges. Such a cone is called an equimomental 
cone of the body. 

Again, the three axes of any equimomental cone, for any 
solid, are the principal axes of the solid relative to the vertex 
of the cone. 

When I^ Bf the cone breaks up into two planes ; viz., 
the cyclic sections of the momental ellipsoid. 

For a more complete discussion of the general theory of 
moments of inertia and principal axes, the student is referred 
to Eouth's Bigid Dynamics^ chapters i. and 11. ; as also to 
Professor Townsend's papers in the Camb. and Dub. Math. 
Journalj 1846, 1847. 
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Examples. 

Find the expressions for the moments of inertia in the following, the bodies 
being supposed homogeneous in all cases : — 

I. A parallelogram, of sides a, b, and angle 0, with respect to its sides. 

M M 

Ans, — d* sin* $, — a* sin* 0. 

3 3 

3. A rod, of length a, with respect to an axis perpendicular to the rod and 
at a distance d from its middle point. 

Ana, 



t. Ml^-^dA, 



3. An equilateral trianele, of side a, rektiye to a line in its plane at the 
distance d man. its centre 01 gravity. 

Ans. m(^-^ dA . 

4. A right-angled triangle, of hypothenuse c, relative to a perpendicular to 
its plane passing through the right angle. 



Ane. M—. 
6 



5. A hollow circular cylinder, relative to its axis. 



f 2 ^ f'i 
Am. M , where r and r' are the radii of the bounding circles. 

6. A truncated cone with reference to its axis. 

Ana, - — zx — 77;, where b and b' are the radii of its bases. 
10 6^-b^ 

. 7. A right cone with respect to an axis drawn through its vertex perpen- 
dicular to its axis. 

Ana, — I ^^ + — I • where h denotes the altitude of the cone, 
5X4/ 
and b the radius of its base. 

8. An ellipsoid with respect to a diameter making angles a, iS, 7 with its 
axes. 



Ana. — f 08 siu'o + i»sin»iB + ^w?y\ . 



9. Area bounded by two rectangles having a common centre, and whose 
sides are respectively parallel, with respect to an axis through their centre 
perpendicular to the plane. 

Ana. — -i ' ,., •' . 

12 06 - a'b' 
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10. A square, of aide a, relatiye to any line in its plane, passing through its 
centre. 

Afu. M — . 

12 

1 1. A regular polygon, or prism, with respect to its axis. 

Ana, -ri^-^^^^i ^^'^^ -R and r are the radii of the 
cirdes circumscrihed, and inscribed to the polygon. 

12. Prove that a parallelogram and its Tnaximum inscribed ellipse have the 
same principal axes at their common centre of figure. 

13. Prove that the moments and products of inertia of any triangular 
lamina, of mass M^ are the same as for three masses, each — , placed at the 
three vertices of the triangle, combined with a mass - M placed at its centre of 
gravity. 

14. Prove that the moments and products of inertia of any tetrahedron are 
the same as for four masses, each — , placed at the vertices of the tetrahedron, 
combined with a mass - M placed at its centre of gravity. 

15. If a system of equimomental axes, for any solid, all lie in a principal 
plane passing through its centre of gravity, prove that they envelop a conic, 
having that point for centre, and the principal axes in the plane for axes. 

1 6. Prove also that the ellipses obtained by varying the magnitude of the 
moment of infirtia form a conf ocal system. 

17. Prove that the sum of the moments of inertia of a body relative to any 
three rectangular axes drawn through the same point is constant. 

18. Prove that a principal axis belonging to the centre of gravity of a body 
is also a principal axis with respect to every point on its length. 

19. Prove that the envelope of a plane for which the moment of inertia of 
a body is constant is an ellipsoid, conf ocal with the ellipsoid of gyration of the 
body. 

30. If a system of equimomental planes pass through a point, prove that 
they envelop a cone of me second degree. 

21. For different values of the constant moment the several enveloped cones 
are conf ocal P 

22. The common axes of this system of cones are the three principal axes of 
the body for the point P 

23. The three principal axes at any point are the normals to the thr«e sur- 
faces confocal to the ellipsoid of gyration, which pass through the point 
(M. Binety Jour, tU VEc, Foly. 1813.) 
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CHAPTER XI. 



MULTIPLE INTEGRALS. 



219. Double Integratton. — In the preoeding Chapters we 
have considered several oases of double and triple integra- 
tion in the determination of volumes and other problems 
connected with surfaces. We now proceed to a short treat- 
ment of the general problem of Multiple Integration, com- 
mencing with double integrals. 

The general form of a double integral may be written 



Ax,y)dxdy, 



in which we suppose the integration first taken with respect 
to y^ regarding x as constant. In this case, F, ^09 the limits 
of y^ are, in general, functions of x ; and the limits of x are 
constants. 

Let us take for example the integral 



a' 



J7= j 1 a^^y'^^dxdy, 

Jo JX 

in which / is supposed greater than m. 

J'» I /a'** \ 



•fW \ ^ ^t ifH 



I f* /a*"* \ 
therefore C^=— ^M^r-^Mfe^ ,2 2- 

In manj cases the variables are to be taken so as to in- 
clude all values limited by a certain condition, which can be 
expressed by an inequality : for instance, to find 



cr=[[a?^*2r-* 



dxdyj 



extended to all positive values of x and y subject to the oon^ 
dition aj + w < A. 

[81] 
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Here the limits for y are o and h-x\ and the subsequent 
limits of X are o and A. 



Hence 



Jq Jo 



Let X = hUy then 



U = 



h^ 



m 



ri 



U 



l~\ 



(i - u)^du = 



A^*-r(/)r(m) 



(I) 



r{l-^m-^ i) ' 
by Art. 121. 

220. Change of Order of Integratton. — ^We have 

seen (Art. 115) that when the limits of x and y are con- 
stants in a double integral we may change the order of inte- 
gration, the limits remaining unaltered. But when the 
limits of y are functions of x^ if the order of integration be 
changed, it is necessary to find the new limits for x as func- 
tions of 1/. This is usually best obtained from geometrical 
considerations. 

For example, in the integral 



Jo Jx 



dxdyj 



X and the 



the limits for y are given by the right line y 
hyperbola xy^a^\ and the integral 
extends to all points in the space 
included by the hyperbola AL^ the 
right line 0-4, where A is the ver- 
tex of the hyperbola, and the axis 
of y. Draw AB perpendicular to 
the axis of y. Now when the order 
of integration is changed, we sup- 
pose the lines which divide the area 
into strips taken parallel to the axis 
of X instead of the axis of y. Thus 
the integral breaks up into two parts — one corresponding to 
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the triangle OAB^ the other to the remaming area : henoe 

J7= r Zf{x, y)dydx + [ ^ f{x, y)dydx. 

Jo Jo Ja Jo 

As another example, let ns interchange the variables in 
the integral 

nix 
Vdxdy. 
nx 

Here, let OC and OD be the 
lines represented hjy^lx and 
y = mx; and let OA = a. f 

Then the integral is extended to 
all points within the triangle OCDl 

Aooordingly, changing the order, 
we get 

y 
rla Ca Cfnm rm 

U-=\ rdydx+\ Vdydx. 

Jma jy Jo Jy 




A X 



EXAICPLBS. 

I. Find the yalue of the double integral 



Jo Jo V(a-a:)(«-y)' 



Here, changing the order, the integral becomes 



But 

2. ProTethat 



f r ^ 

Jo Jy V(a — ^)(«-y) 
—===== n; hence U^^lf{a)^f{0)] 



Jo ''o ''«-yaa-y« 

[SI a] 
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3. Hence find dM ralue of 

Jo .'• ^4^2^^ {x^ + y-)* * 

-rfn*. «a*{f(a)-^(oj} 

4. Clumge Uie order of integratioii in the double integnl 



f2m rV^** 
Vdxdy. 
Jv«-,.,. 



The limits of |f are represented by the circle j;'+ y* = 2«r, and the parabola 
y^ — 2ax ; and we readily find that 



U cm 



em f«-*/«»-r" r« r** f"« f« 



221. ]Hrlclilet% Theorem. — The result given in 
equation (i) has been generalized by Diriohlet (llouville's 
Jaumaly 1839), and extended to a large class of multiple 
integrals, as follows : 

Gommenoing with three Tariables, let us consider the inte- 
gral 



in which the variables are supposed always positive, and 
limited by the condition 

« + y + 2 < I. 

In this case the limits of s are o and i- x - yi those of 
y are o and i - x\ and those of Xj o and i. 

X -' y"»-* i^^dxdydzn 

Jo 

It is easily seen, from (i), that 

r"*f"^ r(m)r(«) 

J» Jo r(w + n+i) 
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therefore 

r(w + n+ i) Jo ^ 

^ r(m)r(n) r(/)r(m + nH-i) ^ rfflr(m)r(n) 

r(w+w+ 1) * r{/+w + n+ 1) "" r(/+m + w + 1) 

Again, in the same multiple integral, if Xy y, s, being 
still always poisitiye, are subject to the condition 

jr + y + s < A, 
we get 

^'^ r(/+m + n+i)- ^^^ 

This readily appears by substituting x = hafj y = hy\ 
% = hz\ in the multiple integral. 

There is no difficulty in extending these results to any 
number of variables. We proceed from (3) to the case of 
four variables ; and so by induction to any number. 

Thus, the value of the midtiple integral 

V 

Z7= JJJ . . . aj'-i y«»-i s"-i . . . dxdyd% . . . , 

extended to aU positive values of a?, y, s, &o., subject to the 
condition 

a? + y + « + &c. < I, 
is 

v^ rW TH r(«) . . . 

r(i + /+W+W + . . .) ^^' 

Again, in the integral 

suppose the variables to be still always positive, but limited 
by the condition 

/«V f'iM fzY 
(- + f + - <i; 
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then making 



(!)'-«. (1)'-" (0'- 



Wn 



the integral transforms into 



cr= 



V9T J 



rr « 



i.i *-i •-! 



i^p" f?< K?' dudvdtffy 



where u ■\- v -^w < i . 
Accordingly 






1>^^ p 



Again, from (3), the value of the triple integral 

\\\ ^^ jT"^ 2"'' dxdydz, 
extended to all positive values, subject to the condition 

X + p + z> u and < w + du^ 
is 

r(or(m)r(n) ^^ ^^. ^^ WWi:^)„'— rf«. 

Hence the multiple integral 

/// F{x + y + 2) a^^ ^^ z"^^ dxdydZy 

taken between the same limits, has for its value 



r(OrHr(n) 
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Aocordinglj, the value of the multiple integral 
S!!F{x + y + 2) aj'-^ ^'' z""' dxdydz, 

extended to all positive values of the variables, subject to the 
condition 

0? + y + s < A, 



IS 



r(/)r(m)r(n ) 
r(/+w-i-«) 



\ rh 

■M F{u)u 

In 



J«»t«-i <;„_ 



(6) 



In like manner it iB seen that if the multiple integral 



Z7-= 



"'■^'* (IT* (• 



7^^tf^-^%^^ dxdydz 



be extended to all positive values, subject to the condition 






a 



we have 



^*'* rf^ + ^ + ^\ Jo 



(7) 



These results can be readily extended to anj number of 
variables. 



I. Find the value of 



Examples. 



//«*-* y"' «•♦* i* dy. 



extended to aU poatiye yalueB, subject i/o x •\- y < h. 



TT 



Ana. - — — (tf* — i), 
8in /tt ^ 
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2. More genenllyy pioye that 

wbere a: + jf < A. » 

3. Find the value of 

extended to all poaitiTe yalues of the Tariablea, subject to the condition 

a^i* + ara« + . . . + «»* < iP. 

Ant, 



4. Prove that 

rrf dx dy dt )r' 



' \2 J "7 — ^' 



the integral being extended to all podtiye yalues of the yaiiables for which the 
ion is real. 



expression 

5. Show in general that 



tM_l 

dx\ dx2 dxi . . dxn x ^ 






2"r 



under the same condition as in (3). 

222. Transformation of Mnltlple Integrals. — ^We 

proceed to oonBider the transformation of a multiple integral 
to a new system of independent variables. 

Suppose it be required to transform the integral 

m/i^^Pi 2) dxdpdz 

to another system of variables, u^ Vy w^ being given x^ y^%m 
terms of t*, r, w. 

This transformation implies in general three parts — 
(i) the expression of / (a?, y, 2) in terms of UyV^w; (2) the 
determination of the new system or systems of liznits ; 
(3) the substitution for dx dy dz. 

The solution of the first two questions is a purely algebraical 
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problem. We here limit ourselves to the consideration of the 
third question, and write the integral in the form 

jdxjdt/jf{(t,i/,z)dz. 

In the integration with respect to 2, x and t/ are regarded 

as constant ; accordingly, in order to replace z by the new 

variable w^ we suppose z expressed, by means of the given 

equations, in terms of x^ p^ w; and then we replace dz by 

dz . 

— dw, J Again, to transform the integration from y to t?, we 

must suppose t/ expressed in terms of t?, tr, x, and then dp 

dt/ dx 

replaced hy -^ dv: we next suppose x replaced hj —du ; and 
av du 

we finally replace 

dz dy dx 
dx dy dz by -r- t- t du dv dw. 
*^ dw dv du 

It should be observed that in each of the latter transfor- 
mations a change in the order of integration is supposed. 
By this means the transformed expression is 

d% dy ckc 
6 (w, Vy w) T^-^ du dv dw, (8) 

^ ^ dwdv du ^ ' 

where ^ (t*, t?, w) is the transformation of/ (a?, y, z). 

The preceding would present, in general, a problem of 
extrem^e diflSculty, especially in the investigation of the new 
limits at each change in the order of integration. The one 
matter in every case to be carefully observed is, that the trans- 
formed integral or integrals must include every element 
which enters into the original expression, and no more. 

Again, it may be observed that in the foregoing substitu- 
tions for dxdydz the order may be interchanged in any 
manner. 

Thus, if we commence by replacing x by 1^, we must 
suppose X expressed in terms of u^y^z] and then replace dx 

by -7- du. &c. 
•^ du 
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As an illustration we shall consider the ordinary trans- 
formation from rectangular to polar coordinates, viz. : — 

0? = r sin sin ^, ^ = r sin cos ^, 2 = r cos 0. 
Here we have 

therefore a?* « r* - y* - s' ; 



hence 



dx r 



dr X sin sin ^ 



Agam 37: = - r sin 0, ;^ = - r sin sin ^ ; 

d\M d(^ 

dx dz dy , ^ 

therefore 3- 33 -^ = r* sin ; 

ar au di^ 

and for the element of volume dx dy dz we substitute 

r* sin fl?r dO dtji, 

a result which can be also readily shown from geometrical 
considerations. 

Next, let us consider the more general transformation 



ir = rsin0v/i-w*sin'^, y=r sin^v^i-w'sin*0, 2=rcos0cos^, 
in which m* + n» = i . 

Squaring, and adding the three equations, we get 

In replacing x by r, we get, therefore, 

dx r I 



dr X sin -y/i - w* sin' 0* 
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Next, to replace y by ^, we must express y in terms of r, 
^, and z : thus 



y » r sin a/^' + ♦** cos* - sin 6 iw? r* + — - 
^ ^ ^\ cos* 



« 



Hence 
dy 



= tan ^ v/wVcos' ^ + w' s*. 
m' r* sin* ^ 



di^ ^ ^ ^ v^mV cos* ^ + n' «' 

f»* r* cos*^ + n'«'sec*^ r {w? cos' ^ + n* cos' B)^ 
y/w? r* cos' 4- w' 2' cos ^ -v/m' + n' cos' d 

and, finally, --rT:- - r ^uiB om^, 

uu 

Hence for dx dy dz we substitute 



r* (w'oos'^ + n'sin' ^) drdOdip 
-v/i - w' sin' ^ >v/i - n' sin' 



(9) 



In general (Diff» Calc.y Art. 325), the product -i- :r y 

aw av du 

is the Jacobian of the original system of variables, x, y^ «, 

regarded as functions of the new system, u, t?, w. 

Accordingly, the general substitution for dxdy dzis 



dx dx dx 

du dv dw 

dy dy dy^ 

du dv dw 

dz dz dz 

du dv dw 



du dv dw. 



(10) 



223. Transfbrmatloii fbr Implicit Functions. — ^If, 
instead of being given x^ y, z explicitly as functions of Uj r, tr. 
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we are given equations of the form 

Fi{x,t/yZ, u,v,w) =o, Fi{x,y,z, w,t?,M?) = o, Fz{x,y,z, UyVjw)=o, 

we have {Dif. Calc, Art. 324), adopting the usual notation 
for Jaoobians, 

d{F,, F,, F,) 

d {x, y, z) d (t#, t?, w) 



d{u,v,w) d(F„F2yF,y 

d {x, y, z) 

And for dxdydzwe must then substitute 

-=? dudvdWy (11) 

where Ji is the Jacobian of the given system of equations 
with respect to the new variables, and J2 their Jacobian 
with respect to the original system. 

224. Transformation of Element of Surface. — If 

the equation of a surface be referred to a system of rectangu- 
lar axes it is easily seen, from Art. 1 89, that the element of 
its superficial area, whose projection on the plane of o?^ is 
dx dy, is equal to 



'*^''^J'^(|)-^i^-'- 



Accordingly the area of a surface may be represented by 



>/'-^(SJHIJ'^''^' 



taken between proper limits. In this result z is regarded as 
a function of x and y by means of the equation of the 
surface. 

To transform this expression to new variables u, v, we, 
by the preceding Article, substitute 

- — r " -r- -7- 1 du dv instead of dx dy. 
^du dv du dvj 
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Also 



therefore 



dz 
du 


dz dx 
dx du 


dz dy 
dy dv! 


ds 
dp 


dz dx 
dx dv 


dz dy ^ 
dy rfo' 


dz 


dz dy 
^ du dv 


dy dz " 
du dv 


dx 


dx dy 
du dv 


dy dx 
du dv 


dz 

= 


dz dx 
dv du 


dx dz 
dv du 


dy 


dx dy 


dy dx 




du dv 


du dv 



(12) 



Substituting, the expression for the superficial area be- 
comes 

Mdxdy dydxV fdxdz dzdxV fdzdy dy dz\} 
du dv du dv) \dv du dv du) \dv du dv du) 

225. General Transformation for n Tarlables. — 

The transformation of Art. 223 can be readily generalized. 
Thus, for the case of n variables, in the transformation of 
the multiple integral 

m . . Vdxi dxzdXi . , . dxn 

to a system of new yariables, yi, ^2, . . . yny we substitute 
for dxiy dxty . . . dxn the Jacobian of Xi, 0^3, .. . Xn regarded 
as functions of yi, ^2, yz.. *ynl hence 



dxi dx% • . . dXf^= 



d{XijX2y . . .Xn) 



-w -^-^ — ( dyi dy^. . . dy^. (13) 

And in the case of implicit functions, we substitute 

4 rfyi dy^. . . dyny 
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where Ji and J2 are respeotively the Jaoobians of the system 
of equations with respect to the new, and to the original, 
system of variables (compare Diff^. Calc.y Art 324). 

226. Careen's Tbeorems. — We shall conclude this 
Chapter with a brief notice of the very remarkable theorems 
given by Ghreen (" Essay on the Application of Mathematics to 
Electricity and Magnetism," Nottingham, 1828, reprinted, 
1 871), as follows: — 

If U and V be functions of a?, y, 3, the rectangular coordi- 
nates of a point ; then, provided U and V are finite and con' 
tinuous for all points within a given closed surface 8^ we have 



1 



dUdV dUdV dUdr\ 
dx dx dy dy dz dz J 



■11 



dV 
dn 



dS- 




-( 



dT d^r d 
(te* dy' dx 






dxdyd* 



dxdydz 



r'^ds 

dn 



-111 



d'U d^U d'U\^ , , 



dx' 



where the triple integrals are extended to all points within 
the surface 8y and the double integrals to all points on 8 ; 
aud dn is the element of the normal to the surface at dS^ 
measured outwards. 



dx\ dx J dx dx doi? ^ 



For, since 
we have 



rdUdV 



dx dx 



dxdy dz 



d^V 
U -^dadydz, 



(14) 



the integrals being extended to all points within 8. 

Again, since S is a closed surface, any intersecting right 
line meets it in an even number of points ; consequently 
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where a?i, ar3, ?7i, ZTi, represent the values of a?, CT, for two 
corresponding points of intersection with 8, made by an 
indefinitely thin parallelepiped standing on di/dz; and 2 
denotes the summation extended to all such points of inter- 
section. Now, as in Art. 192, let dSi, efiS,, dSs^ &c., repre- 
sent the corresponding elementary portions of the surface; 
and Xi, Xs, X3, &c., the angles that the exterior normals make 
with the positive direction of the axis oi x; we shall have 

d7/dz = cos Xi dSi = - cos X2 fl?Sj = cosXs dSz = - cos X4 dSi = &c. 
Accordingly 

l(z7^.^.,*=jjir^cosXef5. (.5) 

under the same restrictions as to limits as before. 
Hence, from (14), we find 



m-^H\'^ 



dV 
dx 



cos \d8 " 



J J 



XT -z-rdxdydzj 



dix? 



along with corresponding equations for y and 2. 
Accordingly 

(dUdV dUdV dUdV\ 






, + -z— rr- + -T- -T— ]dxdydz 
dx dy dy dz dz J 



dV . dV dV \ ,^ 

cosX + -V- cosjLc + -7- cos V J ao 



-7- cosu + -7- cos 
dy dx 

d^r d'V d^V 



M dy" dz' 
Again, we obviously have 



) 



dx dy dz. 



^ dx dy dz 

cos X = -T-t cos u = -7-, cos V = — ; 
dn dn dn 



therefore 



dV ^ dV dV dV 

-7— cos X + -r- cos i* + ^- COS V = 

dx dy dz 



dn * 
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Hence 



[[UdUdv ^dUdv ^dUdr\ 

JJJ \dx dx dy dy dx ds J 



\ 



.0. 



dn 

dU 



d8- 



r":^d8- 
dn 






dT dT 






dxdj/dz y. (i6) 



_,'d»Cr d'U d'U\. , . 



The latter expression is obtained by the interchange of ZT'and 
V in the preceding. 
If U^ F, we get 



Ill(t7Kf)Mt7h*^ 



+ -T-T- + -^nr- 1 dxdydz. 



,da? ' dy" dz^ 

We shall now determine the modification to be made when 
one of the functions, 27 for example, becomes infinite within 8. 
Suppose this to take place at one point P only : moreover, infi- 
nitely near this point let TT be sensibly equal to -, r being 

the distance from P. If we suppose an indefinitely small 
sphere, of radius a, described with its centre at P, it is clear 
that ( 1 6) is applicable to all points exterior to the sphere; 
also since 



[da^'^ df/''^ dzyr ' 



it is evident that the triple integrals may be supposed to extend 
through the entire enclosed space, since the pait arising from 
points within the sphere is a small quantity of the order of a*. 

Moreover, the part of I 27— d8, due to the surface of the 

sphere is indefinitely small of the order of a. It only remains 

to consider the part of F^— <^S due to the spherical sur- 
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face. Here, as Fis supposed to vary continuously, we may 
take for its value that ( F^) at the point P : also 



<^ . 



dU^dU 

dn dr dr i* a*' 



V — dSf for the sphere is 



Thus (i6) becomes 



If 



where, as before, the integrals extend over the whole volume 
and over the whole exterior surface. 

The same method will evidently apply however great 
may be the number of points, such as P, at which either U 
or F becomes infinite. 



EXAMFLBS. 

I. If U=aeoau + bajiueoBV-\-cajni[pn.v, 

prove that I | /( U) an u du dv = 2ir \ f{Aw) ivdWj 

where A = Va* + i* + «*. 

Let »ssQOBu, ff^wnueoBV, ssainMsmv; 



then {x, ff, g) are the coordinates of a point on a sphere of unit radius, 
with centre at the origin. 

Also let a a Aa, b = Afi^ e^Ay ; then a, iS, 7 is also a point on the samo 
sphere, and 

• cof M + 6 flin ff cosf^ + sin « sin v s ^ cos 9, 

[d2] 
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where 9 is the arc joining the point a, /B, 7 to a;, y, z. Again, the elemeiit of 
the surface of the sphere at the hitter point may he represented hj mn.u du tht or 
hj ajx9d$ dff indifferentlj. Consequently 

f^aeoBu^'banucoBV + eanumnv)mnudud9ssf(AG(M^)an.$d$dp, 
Integrating each of these oyer the entire surface, we get 

[»[ V(I^) ■mwrfMiir = f **[' /(^ coB$)an$d9d^=^ 2w (^/(^ cos •) sin a i». 

3. Hence, deduce the following : 

I f(JJ)anucoBudud9^—-\ f{Au)wdtffy 

(w Pair 2v^r'*'^ 

f{U)Bm^ucoBvdudp=—--\ f{Atp)wdw. 

These are deduced from (i) hy differentiation under the sign of integration. 
3. Show that the integral 

supposed extended to all positiye yalues suhject to the condition « + y < A:, can 
be reduced to a single definite integral, hy the substitution 

x = uv, y = tf (i — v). 

Here d; + y « m» and dx dp becomes udp dv ; also the limits for u axe o and k, 
and those f orir are o and i ; hence 



17= f* [ /(«) f**^! r»-> (1 - v)'^'^dudv 



r (m) f* 

tW /(«) u^^'^ du. (Compare Art. 22 1). 



r(Qr(m) 



4. Show that the foregoing process can be extended to the integral 
Cr = /J//(ic + y + «)«'-iy«-ii»-i dxdpdz,\ 

when the yaiiables are always positiye and subject to the condition 

aJ + y + «<«. jj 

Substitute for x and y as in last ; then, regarding s as constant, the limits 
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for f are o and i, and those for u are o and a — z; hence 

r{l + m + n) Jo -^ ^ ' 

This process is readily extended to any number of yariables. 
5. Find the yalue of the definite integral 

pi v'-^ (I- «;)"•-!*; 



By Art. 120 we haye 



i; 



.00 itOD 



Jo Jo «'»*" 

Transform by the substitution x=uv, y = u {1 - v)^ then, ainoe the limits for 
are o and i, and those for m are o and 00 , we get 



a'd» 



therefore 

6. Proyethat 



r {I) r(m) _ f f ^^j^^j ^^ ^ ^j^_j ^j_j ^{»(i-t.>fa.}« jft;^e* 
JoJo 

1 t;i-i(i-v)«i-irfi; r(/)r(m) 






,CD ^OB • itOD jtOD 



F(«*+^,«'« + 4'y)<*P*<-T F(x,y)dxdy, 

-OD J-OB '* J-00 J-OB 



where 

7. Proyethat 


;fc = 


a 3 




rTr? (m'coe>9 + n'coB*^)<M<^ «• 
Jo Jo V(i - m« sin* d)(i - «» sin''' <^) 2' 


when 


m« 


+ n» = I. 



This is an immediate consequence of (9), Art. 222. 

8. Show that Legendre's Theorem connecting complete elliptic integrals 
with complementary moduli follows immediately from the preceding example. 

[22a] 
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w w 

Let F(m)s^ j= ^ . ^ («")=[ y/i -w^mt^Bde, 

Jo Vi -m^sm'a Jo ' 

then the result pjen. in Ex. 7 is eaiQy trmnsfoimed into 

F{m) E(n) + E(m) F(n) - J^(ii) J^(ii») = -. 

2 

9. Prore that the area of a sur&ce in pokr coordinates is repieo e nt ed hj 



IJJ«n..( 






taken hetween suitable limits. 

10. Show by actual integration that 

II ll^"*'^'*" 1m I ^^^= ff (i»cosa + vcoeiS + «rcos7)rf5, 

where the integ;ntions, respectiyely, extend through the yolume and over a 
closed surface S; a, iS, 7 being Ui» direction an^es of the outward drawn 
normal at d8, 

11. Transform the multiple integral 

by the substitution 
fl; = r cos9cos^y ysrcostfsin^, s s r sin tf 00s ifr, t« = r sin tf ain ^. 
The transformed expreesion is 

//// TifS sin9 costf drdBd^d^, 
where Ti is the new yalue of V, 

ffatfs «*sf*i «i«» 

12. If *i = , «j = , xz = , 

U\ 1*2 U% 

prore that /// Vdxid^dxz transforms into 4 /// Vi dui duz du^. 



{ 



I 
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CHAPTER XII. 

ON MEAN YALTTE AND PROBABILITY. 

227. A VERT remarkable application of the Integral OalcnluB 
is that to the solution of questions on Mean or Average 
Values and Probability. In this Chapter we will consider a 
few of the less difficult questions on these subjects, which 
will serve to give at least some idea of the methods em- 
ployed. We will suppose the student to be abeady acquaint- 
ed with the general fundamental principles of the theory 
of Probability. 

Mean Values, 

22S. By the Mean Value of n quantities is meant their 
arithmeticed mean, i.e. the n^^ part of their sum. 

To estimate the Mean Value of a continuously varying 
magnitude, we take a series of n of its values, at very close 
intervals, n being a large number, and find the mean of these 
values. The larger n is taken, and consequently the smaller 
the intervals, the nearer is this to the required mean value. 

This mean value, however, depends on the law accord- 
ing to which we suppose the n representative values to be 
selected, and will be different for different suppositions. 
Thus, for instance, if a body fall from rest till it attains the 
velocity t?, and it be asked — What is its mean velocity 
during the fall P If we take the mean of the velocities at 
successive equal infinitesimal intervals of iimey the answer 
will be it?; but if we consider the velocities at equal intervals 
of space^ it will be f «?. The former is the most natural sup- 
position in this case, because it is the answer to the question 
— What is the velocity with which the body would move, 
imiformly, over the same space in the same time ? — a question 
which implies the former supposition. We might frame a 
similar question, of a less simple kind, to which the second 
value above would be the answer. 
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Again, if we wish to determine the mean value of the 
ordinate of a Bemicirole, we might take the mean of a series 
of ordinates equidistant from each other ; or through equi' 
distant points of the circumference ; or such that the areas 
between each pair shall be equal : in each case the mean 
value will be different. 

Thus we see that the Mean Yalue of any continuously 
varying magnitude is not a definite term, as might be sup- 
posed at first sight, but depends on the law assumed as to its 
successive values. 

229. Caae of One Independent Taiiable. — ^We 

will therefore suppose any variable magnitude y to be ex- 
pressed as a function (x) of some quantity x on which it 
depends, and its mean value taken as x proceeds by equal 
infinitesimal increments h from the value a to the value b. 
Let n be the number of values, then nh == b- a. The mean 
value is 

- J0 (a) + 0(a + A) + ^ (a + 2A) + . . . 
But (Art. 90), 

h U(fl) + ^(a + A) + ^(a + 2^) + . . . .{ = <^{x)dx. 
Hence the mean value is 



^'-b^J\J^'^^- (') 



Examples. 

I. To find the mean yalue of the ordinate of a semicircle, supposing the 
series taken equidistant. 



2r J-r 4 

yiz., the length of an arc of 45**. 

^ 2. In the same case, let us suppose the ordinates drawn through equidistant 
points on the circumference. 

I /*ir 2 

if = — I r sin9^ = -r ; the ordinate of the centre of grayitj of the arc. 
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3. Determine the mean horizontal range of a projectile in vacuo for differant 
angles of eleyation from 45° — ^ to 45* + ^ ; given the initial velocity V. 

If a be the angle of elevation, the range ii 

R = — sin 2a. 
9 



I f F* 
Henoe Jf = --r 1 — sin aai^o, between the limits 45° ± 9 ; 

29] g 

therefore M= 



a r» 

The mean value for all elevations, from o** to 90°, is — . 

» 9 

4. A number n is divided at random into two parts ; to find the mean value 
of their product. 



If" I 

if=r- 3r(fi-3r)dip = -n«. 
« Jo o 



5. To find the mean distance of two points taken at random on the circum- 
ference of a circle. 

Here we may evidently take one of the points, A, as fixed,'and the other, B, 
to range over the whole circumference : since by altering the position of A we 
should only have the same series of values repeated : let Q be the angle betwe^ 
AB and the diameter through ^ : as we need only consider one of the two semi- 
circles, 

w 
2 f * AT 



•=-r 



6. To find the mean values of the reciprocals of all numbers from n to 2ft, 
when ft is large : that is, to find the mean value of the quantities 



n' n , I' n 2* n n* 

n n ft 

that is, the mean value of the function — , as x goes by equal increments from 

nx 

I to 2; 

t^dx I 
— = - log 2. 
1 nx n 

7. To find the mean values of the two roots of the quadratic 

«* - ax + b = Oy 

the roots being known to be real, but b being unknown, except that it is 
positive: 
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a» 



That ifl, 6 ifl equally likely to haye any value from o to — ; hence for the 
gieater root, a, ^ 



M=^ v— I adb 






therefore M=-a, 

o 

The mean yalue of the smaller root is 70. 

17 I 

The mean squares of the two roots are — a*, — a^. These might be deduced 

24 24 

from the former results, since 

M(x^) - aM{x) + M(b) = o. 

8. Find the mean (positiye) abscissa of all points included between the axis 
of z and the curye 

«• 

y = ae *■ . Ans, — . 

Vir 

The mean square of the abscissa \b\c^. 

230. If Jf be the mean of m quantities, and M' the mean 
of Wk others of the same kind, and if fx be the mean of the 
whole m ^ m' quantities, we have evidently 

f^ = 7—. (2) 

Thus if it be required to find the mean distance of one ex- 
tremity of the diameter of a semicircle from a point taken at 
random anywhere on the whole periphery of the semicircle ; 
since the mean value when it falls on the diameter is r, and 

the mean value when it falls on the arc is — , we have 



TT 



Ar 
2r .r + nr — , 

2r + Trr 2 + tt 
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231. Caae of Two or More Independent Tarlables. 

— If » = (j;, y) be any function of two independent variables, 
and a?, y be taken to vary by constant infinitesimal increments 
A, k, between given limits of any kind, the mean value of the 
function z will be 

^ ijzd^dy 

iSdxdy' ^^^ 

both integrals being taken between the given limits. 

The easiest way of seeing this is to suppose x, y, 2 the 
coordinates of a point ; and to conceive the boundary, repre- 
senting the limits, traced on the plane of xy, and then ruled 
by lines parallel to x, y at intervals ky h apart. We have 
thus a reticulation of infinitesimal rectangles hk ; and if at 
each angle an ordinate z be drawn to the surface z =^ (^(x^y), 
as the number of ordinates wiU be the same as that of rect- 
angles, we shall have 

volume jjzdxdy = sum of ordinates x hk ; 

also the plane area jj dxdy = number of ordinates x hk ; 

so that dividing the sum of the ordinates by their number, 
the above expression results. 

It may be shown, in like manner, that for three or more 
independent variables a similar expression holds. 

It is evident that the above expression, viewed geometri- 
cally, gives the mean value of any function of the coordinates 
of a series of points imiformly distributed over a given plane 
area. 

Examples. 

1. Suppose a straight line a divided at random at two points, to find the 
average value of the product of the three segments. 

Let the distance of the two points X, Y, from one end A of the line, be 
called X, y. Consider first the cases when x>y'j the sum of the pi-oducts for 
these is half the whole sum ; hence 

^=-2! ^y{x^y)(a~x)dxdy=^-^<^. 

2. A number a is divided into three parts ; to find the mean value of ono 
part. 
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Let «, y, « — « — y, be the parts ; 



M" 






= -a. 
3 



This value might be deduced, without performing the integrations, by consider- 
ing that the expression is the abscissa of the centre of gravity of the triangle 
OAB ; OAt OB being lengths taken on two rectangular axes, each = a. 

Of course the residt in this case requires no calculation ; as the siun of the 
mean values of the three parts must be = a ; and the three means must be equal 

The m$an tquare of a part is - a'. 

3. A number a is divided at random into three parts: to find the mean 

value of the Uatt of tlie three parts: also of the greatest, and of the mean. 

Let or, y, a — :r — y, be the greatest, mean, and least parts. The mean value 

{{xdxdy 
of the greatest is Jf= j...^ , : the limits of both 

]\dxdy 

integrations being given oy 

«>y>a — jf-y>o. 

If j;, y be the coordinates of a point, referred 
to the axes OA, OB, taking OA = OB = a, the 
above limits restrict the point to the triangle A VS 
(AM being drawn to bisect OB) ; and the above 
value of M is the abscissa of the centre of gravity of 

this triangle ,* L e. - of the sum of the abscissas of its 

angles; hence 




Fig. 53. 



I / I I \ II 
= -(«+ »+-«) = —«. 

3 \ 2 3 / i» 



The ordinate of the same centre of gravity, via., 

3\2 3 / 18 

is the mean value of the mean part ; hence the mean values of the three parts 
required are respectively 

" 5 I 

4. To find the mean square of the distance of a point within a given square 
(aide =s aa), from the centre of the square. 



^= iLlj'' +*'>'""' =!"'• 
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It is obyious tliat the mean square of the distance of all points on any plane 
area from any fixed point in the plane is the square of the radius of gyration of 
the area round that point. 

5. To find the mean distance of a point on the circumference of a circle from 
all points inside the circle. 

Taking the origin on the circumference, and the diameter for the axis, if dS 
be any element of the area, we haye 



i:j; 



]l£='-^—^=—A^\ r^d$dr = 

2 



ira' ira'j.^jQ 9ir 



232. Many problems on Mean Values, as well as on 
Probability, may be solved by particular artifices, which, if 
attempted by direct calculation, lead to difficult multiple 
integrals which could hardly be dealt with. 

EXA.MFLBS. 

I. To find the mean distance between two points within a given circle. 

If if be the required mean, the sum of the whole number of cases is repre* 
sented by 

(irr2)2J[f. 

Now let us consider what is the differential of this, that is, the sum of the new 
oases introduced by giving r the increment dr. If Mo be the mean distance of 
a point on the eireumfer&nce from a point within the circle, the new cases intro- 
duced by taking one of the two points A on the infinitesimal annulus iirrdrf are 

irr^Jfo . iwrdr; 

doubling this, for the cases where the point B is taken in the annulus, we get 

d. {(irr2)2if } = 4»2 JfoH><?r. 



Now Jfo = ^-- (Ex. 5, Art. 231) ; 
7' 



128 f ** 
therefore ir»r*Jir= ir r^dr; 

9 h 

therefore M = — r. 

45» 

2. To find the mean square of the distance between two points taken on any 
plane area fi. 

Let dSf dS* be any two elements of the area, A their mutual distance, and 
we have 
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Vow, fizing the ekainit dS, the mtegnl of A*d8' is the momeBt of inotu 
of the ana a romid ii5 ; nthatif X^ndmsof gyntiiaof theaicaioiiiiddlS, 



letr = distuiceof d:5frani the 
gyntioD itnmd G; then 



of gnvitj of the area, k the ndins of 
= f« + 4*; 



therefore 



J£=k^-^-JSr*d8=^J^; 



thus the mean square is twice the square of the ndins of gyxation of the area 
round its centre of gniTitj. 

233. The mean distance of a point P mtliin a given area 
£rom a fixed straight line (which does not meet the area) is 
evidently the distance of the centre of gravity G of the area 
from the line. Thus, it Ay B are two fixed points on a line 
outside the area, the mean value of the area of the triangle 
APB = the triangle AGB, 

From this it will follow, that if X, Y^ Z are three points 
taken at random in three given spaces on a plane (such that 
they cannot all be cut by any one straight line), the mean 
value of the area of the triangle XYZ is the triangle G&ff\ 
determined by the three centres of gravity of the spaces. 

EXAXFLS. 

I. A point P is taken at random within 
a triangle ABC, and joined with die three 
angles. To find the mean yalue of the 
greatest of the three trian^es into which 
the whole is divided. 

Let G he the centre of gravity ; then if 
die greatest triangle stands on AB, F is 
restncted to the figure CRGK, and the 
mean valae of AFB is the same as if /* 
were restricted to the triangle GCK\ hence 
we have to find the area of the triangle 
whose vertex is the centre of gravity of 
GCK, and haae AB ; Fig. 54. 

therefore Jf = - {ACB + AKB + AGB) = i ^i + i + i\ ABC\ 

hence the mean valae is — of the whole triangle. 

The mean values of the least and mean triangles are respectiYely - and 

o IS 

of the whole. 

This question can readily he shown to he reducible to Question 3, Art. 231. 




Case of Two or More Independent Variables. 341 

234. If M be the mean value of any quantity depending 
on the positions of two points (e. g. their distance) which are 
taken, one in a space M^ the other in a space B (exterual to 
A) ; and if Jf' be the same mean when both points are taken 
indiscriminately in the whole space A + B ; Mj^^ M^ the 
same mean when both points are taken in Ay or both in By 
respectively; then 

{A + BY M' = 2 ABM +A'M^'h B'M^, (4) 

If the space A = By 

/^M'=2M-¥M^ + M^; 

if, also, Mji = May 

2M'=M+M^; 

thus if Jtf" be the mean distance of a point within a semi- 
circle from one in the opposite semicircle, Mi that of two 
points in one semicircle, we have (Art. 232) 

M+Mi = ^r. 

457r 

To determine Jtf" or Jf 1 is rather difficult, though their 
mm is thus found. The value of M is — ^r r. 



I357r' 



Examples. 



1. Two points X, Fare taken at random within a triangle. What is the 
mean area M of the triangle XTCy formed hy joining them with one of the 
angles of the triangle P 

Bisect the triangle by the line CJD ; let 2£i be the mean yalue when both 
points fall in the triangle A CD; 2£% the value when one falU in A CD and the 
adiei in. BCD ; then 

2if = Jfi + M%. 

But lfi = -Jt[; and Jfa = GCFOf where G, G' are the centres of gravity 
of A CD, BCDf this being a case of the theorem in Art. 233 ; hence 

Mi^^ABC, and M^^ABC. 
9 27 

2. To find the mean area of the triangle formed by joining an angle of a 
square with two points anywhere within it. 
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By a similar method this is f oimd to be 



13 



-^ of the whole square. 
108 ^ 

3. What is the mean area of the triangle formed by joining the same two 
points with the centre of the souare ? 

We may take one of the pomts X always in the square OA ; take the whole 

Snare as unity ; then if Jf be the mean, the sum ^ ^ 

all the cases is 



4 4' 4' 4* 

Jfi, M%, Mz being the mean areas when the second 
point Y is taken respectively in OA^ OB, and 00. 
But Mi SB Jfi, for to any point Y in 00 there cor- 
responds one Y* in OA, which gives the area 
OXY' = OXY; 



therefore 



2 2 





.Y 

m 



* 
• • 






Fig. 55. 



But Jfi = -4 . -I if» = -T ; hence jr= ^ of the whole square.* 
108 4 16 108 ^ 

235. If two spaces A + Cj B + C have a common part C, 
and M be any mean value relating to two points, one in -4 + C, 
the other in jB + C; and if the whole space A ■{■ B -\- C = W^ 
and Mjr be the same mean when both points are taken indis- 
oriminatelj in W\ M^ when taken in A, &o., then 

2 {A + (7)(jB+ C) if = Jr»if^+ CWc-A'M^'ffM^, (5) 

as is easily seen by dividing the whole nnmber W* of oaeefi 
into the different classes of oases which compose it. 



* In such questions as the above, relating to areas determined by points 
taken at random in a triangle or parallelogram, we may consider the tnangle as 
equilateral, and the parallelogram as a square. This will appear from orthogonal 
projection; or by deforming the triangle into a second triangle on the same 
base and between the same parallels, when it is easy to see that to one or moire 
random points in the former there correspond alike set in the latter, determining 
the same areas. This second triangle may be made to have a side equal to a 
aide of an equilateral triangle of the same area ; and then be deformed in like 
manner into the equilateral triangle itself. Likewise a parallelogram may be 
deformed into a square. 
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ExiiMFLS. 

Two segments, AB, CD, of a straight line have a common part CB; to 
find the mean distance of two points taken, one in AB, the other in CD. 

2AB . CD. M=AD* .- AD -{^ CB^.-CB-AC^,^AO " BD*. ^BD, 

3 3 3 3 

since the mean distance of two points in any line is - of the line ; 

^ ^ ^ AD^ -\- CB^ - AC^ - DB^ 

therefore M= ^ ^^ ^^ 

6AB. CD 

236. The oonsideration of probability often may be made 
to assist in determining mean values. Thus, if a given 
space 8 is included within a given space A, the chance of a 
point Py taken at random on A^ falling on 8^ is 

8 

But if the space 8 be variable, and M{8) be its mean value, 

P = —j-' (6) 

For, if we suppose 8 to have n equally probable values 
^1, 8i, iSs . . . ., the chance of any one 81 being taken, and of 
P faUing on /Si, is 

I Si 



^^^nA' 

now the whole probability p = Pi + i^a + J^j + . . . ; which leads 
at once to the above expression. 

The chance of two points falling on /S is 

P = ~jr-' (7) 

In such a case, if the probability be known, the mean value 
follows, and vice versd. Thus, we might find the mean value 
of the distance of two points Xy F taken at random in a line, 



344 On Mean Valine and Prohability. 

by the oonsideTation that if a third point Zbe taken at random 

in the line, the chance of it felling between X and F is - ; as 

o 

one of the three must be the middle one. Hence the mean 

distance is - of the whole line. 
3 

A&rain, the mean n** power of the distance is , r-. r, 

^ ' ^ ^ ^ ^ _ (n-f-i)(n + 2)' 

where a = whole line. For if p is the probability that n more 
points taken at random shall fall between X and T^ 

Now the chance that out of the n ^ 2 points, X shall 

2 
be one of the extreme points is ; and if it is so, the 

chance that T shall be the other extreme point is — 



w + I 
Examples. 

I. From a point X taken anywhere 

in a triangle, parallels are drawn to two ^ 

of the sides. Find the mean value of y^ \ 

the triangle UXV. y^ \ 

If a second point JP be taken at y/\ y\ 

random within ABC^ the chance of y^ \y^ \ 

its falling in XXTV is the same as the y/-- '^^^: A 

chance of X falling in the correspond- y ^,.--^/^\X \ 

ing triangle Z' V V ; that is, of X' y\.^'""'x \ \ \ 

faUing on the parallelogram X(7. Hence y^''''' y^ \ ^*A 

the mean value of XTX V = mean value ^ ^- ^ ^ 

fAXC, But the mean value of (CTZr ^ ^ ^, . ^^ ^ 

1 Fig. 56. 

+ XC) is - ABC\ as the whole triangle 

can be divided into three soch parts by drawing through X a parallel to AB. * 
Thus 

M{UXr) = I ABC. 

The mean value of UV ib-AB. For UV is the lame Iraetioii of AB that the 

3 
altitude of X is of that of (7 : see Art. 233. 

* The triangle may be considered equilateral : see note, Art 234. 



Case of Two or More Independent Variables, 845 

Cob. Hence, if j) be the perpendicular from X on ASf h the altitude of 
triangle ABC, we get 

If the area ABO be taken as unity, we haye, since UXV: AXB = AXB : ABC^ 

(AXB^=:UXr, 



Thus the mean square of the triangle AXB is 2* If two other points F, Zare 

o 

taken at random in the triangle, the chance of both falling on AXB is thus the 

same as that of a single point foiling on UXV; i. e. 7. Hence we may easily 

infer the following theorem : — 

If three points X, T, Z aie taken at random in a triangle, it is an eren 
chance that Y, Z both fall on one of the triangles 
AXB, AXG, BXC, j) q 

2. In a parallelogram ABCD a point X is taken at 
random in the triangle ABC, and another T in ADC, 
Find the chance that X is higher than T. 

Draw XH horizontal : the chance is 

mean area of ASK -f- ADC. 

But AMK-XUV, and i!hemea3iKn9ioiXUF=r-ACB H 

I ^ 

(Ex. i) ; hence the chance is 7. 

3. If be a point taken at random on a triangle, and 
lines be drawn through it from the angles, to find the 
mean value of the triangle DBF, (Mb. Millbb.) 

It will be sufficient to find the mean area of the triangle AEF, and subtract 
three times its value &om ABC, If we put a, fi, y for the triangles BOC, 
AOC, AOB, it is easy to prove 

ABF= , ^ r . ABC. 

If we put the whole area ABC= i, and if 
dS be the element of the area at 0, 

$ydS 




*-'>-!!5^f^' 




the integration extending over the whole triangle. 



Fig. 58. 



But ifp,qare the perpendiculars from on the sides b, e, it may be easily 
shown that the element of the area is 



dS 



dpdq _ 4 
sin^ benji.A 

[d8] 



dfidy = idfidy. 
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Thus the mean value of ABF becomeB 

in, by Art. 95, the definite integral 



1; 



"t^«— ?^ 



therefore if=-i — 2 fi — -^-1= 3. 

Hence the mean yalue of the triangle DBF is 

10 - ir«, 
that of ABO being unity. 

It is curiouB that the same value, 10 — it\ haa been found by Col. Clarke to 
be the mean area of a triangle formed by the intersections of three linee, drawn 
from Aj Bf Cto points taken at random in a, 6, respectively. 

4. To find the average area of all triangles having a given perimeter (u). 
By this is meant that the given perimeter is divided at random in every possible 
way into three parts, a, b, Cy and only those cases are taken in which a, h, e can 
form a triangle ; then the mean value of 

Fig. 59. 
has to be found. 

Take AB = 28, let X, T be the two points of division, AX = «, AT=y: 
these are subject to the conditions 

x<t, y > #, y - * < «. 
A 



Now 

•2« r$ 



"7^ = a/ (* - *) (y - «) (« - y + *) ; 

V * 



I 



J a jy-t 



V ' I dyds 

J» Jy-» 

Again, by Art. 132, we have 



[ 



v/{»-*)(*-y + *)<to= "^ (2»-y)»; 



8 



•••4;^(^)=p-ir("-*''^^-'^=4^i><'-'^'*"riS-*- 



v/ 

The result is therefore :— Mean area = — {u)\ 

In the same case we should easily find 

Mean square of area = 7-* 
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5. Three points are taken at random within a given triangle ; prove that the 
mean area of the triangle formed by them is — of the given triangle. 

Call the area of the given triangle A, the required mean Mi we will first 
prove that if Jfo be the mean area when one of the three points is restricted to a 
side of the given triangle, 



Let A receive an increment of area dA, by adding to it an infinitesimal band 
included between the base a and a line parallel to it ; the increase produced in 
the sum of all the cases is found by considering one of the random points X 
taken in this band ; the additional cases introduced will be 

The whole increase is treble thiB, for we must consider also the cases when 
Yf Z fall in this band (the cases when two of the three f aU on it may be 
neglected, their number being proportional to the square of (^A). Now the sum 
of all the original cases h& t?M\ hence 

d{A^M)^lt?Ms,dA, 

M 
Now — is constant for all triangles (see note, 
A 

Art. 234) ; 

M % 

hence — d.A^^ lA^M^dA ; .*. Jf = - ifb. 
A 4 

Again, to find Jfo» consider the random point X fixed at a particular point 
D^dE the base a, the other two points, F, Z^ ranging all over the triangle. Let 
M* be the mean value of DTZ\ the sum of all the cases, viz., A^M\ may be 
decomposed into three groups: (i) when F, Zare in AJBJ); (2) both iaACJ); 
(3) one in each triangle : 

.-. (ABO)^M' = {JJBDY , ^ AJBD-^ {ACD)^ . -^ACJD+lABD.ACD.^^. 

27 27 Q ' 

hj Ex. (I), Art 234, and because in case (3) the mean value is the area of the 
triangle formed by joining J) with the centres of gravity of ABJ) and AOD 
(Art. 233). Let BD = x, altitude of triangle == /?, and we get 

Now when the point X falls in the element dx^ the sum of all tlie cases is 

[Ms] 
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A^M'dx ; and henoei when X nnges fram B to C, the whole sum of caaef is 

therefore aA*Mo = {^p)^ i •* = i mA*. 

9 9 

Henoe Jfo = - A); and therefwe M^- Mo = — A. 

Cob. Henoe, if four points, Ay B, C, D^ toe taken at random within a 

triangle, the ohance that they determine a re-entrant quadrilateral is -' For 

the chance that D falls in ABC is the mean value of ABC divided hy the 

whole triangle, that is — ; and we have to add to this the' chances that (7 falls 

12 

in ABJ), &c. The chance that A BCD is convex is -. 

6. The mean distance of the vertex of a triangle nomaU points in the area is 
equal to its distance from the centre of gravity, meatured along a parabolic path, 
iniich leaves ih& vertex in the direction of one of its sides, and reaches the 
centre of gravity in a direction parallel to the other — the axis of the paiahola 
heing pualld to the base. 

Let an indefinite line AP be con- ^ 

ceived to revolve round Ay from the y/Vv 

direction ACio AB ; and as it revolves, yv Vv 

suppose that all the mass of the triangle / ( W 

ABC which lies to the right of it is - / If ' W 

transferred continuously to the vertex^. ^ 'f< \\ x^ 

The centre of gravity of the whole mass / \ Vv n. 

will thus describe a curve starting from / G y^ \^ 

Oy and ending at A. "When the line is / \\ \^ 

at AF let the centre of gravity be at ^ ; ^ ^^ -^ 

and when it is in the consecutive position '^ •!« ^ 

AF*, let the centre be at /. As the ««• 61. 

nfift an of the triangle APF* has been transferred to A, gg* is parallel to^P ; alK> 

, APr 2 

*^ ABC 3 * 
2 
since - AP is the distance traversed by the centre of gravity of the tranaferred 

3 
portion of the whole mass.* 
2 
But as - AP is the mean distance of all points in APP* from A^ the sum of 

2 

every element in APP* into its distance from A ^^APP* x - AP, Hence the 

Bum of all the elements gg'y L e. the whole. arc QA = sum of every element of 
ABC into its distance from Ay divided by the area ABCy L e. the mean distance 
required. 

* See Bankine, Applied Mechanicty p. 54. 
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It ii easy to show that if ^2* is drawn parallel to BO, 

80 that the curve is the parahola mentioned above. For A and ^ are is directum 
with the centre of gravity of ABF; and hence, as ^ is the centre of gravity of 
ABF and a mass at A equal to AFO, 

ATBF BF c_ 

2,4 "• a* 2gT'^ At 

~'.C 

3 



PBOBABIIITISB. 

237. The oaloulation of ProbabilitieB, when the number 
of favourable oases, as well as the whole number of oases, is 
finite, is not a subject for the Infinitesimal Caloulus. It is 
when the number of cases depends on continuously varying 
magnitudes, and is therefore infinite, that recourse has to be 
made to the methods of the Integral Calculus. 

The same remark applies here which we had occasion to 
make as to mean values (Art. 228). The value of the pro- 
bability will depend on the law according to which we select 
the series of cases which we take as representing the total 
number — that is, it will depend on which variable (or varia- 
bles) we suppose to be taken at random^ that is, to proceed by 
constant infinitesimal increments ;* in other words, to be the 
independent variable (or variables). Thus, if we have to find 
the chance of the line, drawn from a fixed point to a given 
finite straight line, exceeding a given length, the results will 
be diilerent if, first, we suppose a series of lines drawn to 
points taken at random on the given line, or, secondly, a 
series of lines drawn in random directions from the fixed 
point. In many cases, however, the problem has an obvious 
sense which precludes any such uncertainty. 

238. Let us consider a simple question on chances. Two 
integers are chosen at random from o to 6 inclusive ; to find 

* Of course a large number of values taken at random for a variable do not 
really form an equi-different series : but, as they must give a number of points 
(when measured along a straight line) of uniform dentity^ they may be taksn, 
for the purposes of calculation, as equi-different. 
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the ohanoe that the fi;reater of the two exoeeds a given value, 
suppose 3. Here me whole number of oases, all equally 
probable, is easily seen to be 

1 + 2 + 3 + 4 + 5 + 6, 

and the number of favourable oases is 

4 + 5 + 6, 

so that the required ohanoe is -. 

If, however, the question is not confined to integers, but 
the two numbers chosen may have any arbitrary values from 
o to 6 ; or as we may state the question : — Two quantities 
are taken at random from o to a ; find the chance that the 
greater of the two is less than a given value b : — 

Let X be the greater ; then for any assigned value of x 
the number of cases is measured by x (since the lesser may have 
any value from o to a?) ; hence the number of cases when the 
greater falls between x and x + dx \& measured by xdx ; the 

whole number of oases is therefore xdx ; and the favourable 



oases are 



I xdx. The required chance is therefore ^ = -,. 
Jo ^ 



This instance will serve to show how the Integral Calculus 

may enter into the estimation of chances. It is true that it 

might easily be solved otherwise ; for if the two numbers are 

considered as the distances of two points taken at random in 

a line of length a, from one end of the line, and if we 

measure a distance b from that end, the problem is really to 

find the chance that both points fall within b ; which chance 

6". 
is evidently — * 

239. We proceed to give a few easy questions on proba- 
bilities : general rules can hardly be given for their solution, 
the number and diversity of the questions which may be 
proposed being so great that no attempt seems to have been 
made to classify or connect them into a regular theory. We 
will give, in particular, several on Local or G-eometrioal 
Probability. 
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Examples. 

1. If an eyent B is known to have occurred in a certain century, the clumce 
that it was not distant more than n years, from the middle of the century is of 

2fl 

couzse — ; hut if three eyents. A, B, C, are known to haye occurred in the 
100 I » » > 

oentory, and that A preceded J9, and B preceded C, let it he proposed to find 
how far this amount of knowledge alters the yalue of the chance for B. 

Let X he the time from the heginning of the century to the eyent B ; for 
any assigned yalue of Xj the number of triple cases is x ^loo — x) : hence the 
nuoiber of fayourable cases diyided by the whole number is 

fSOfn 
x{ioo-'X)dx 

^~ f*°° / V . "^loo""'* \ioo/ • 

I x{ioo ~ x)dx 

Jo 

2. Two numbers, x, y, are chosen at random between o and a : find the 

a' 
chance that the product xy shall be less than — (its mean yalue). 

4 



Here 



Sjdxdp 



€? 



the integral being limited by a > « > o, « > y > o, and xy < —, We haye 

4 

accordingly to integrate for y from a to o, when x is between o and - ; and Irom 

, 4 

«* a 

— to o, when x is between - and a ; thus 

4* 4 

a 

adx-^\ — rfaf = — + — log4. 
Ja 4^ 4 4 



Hence 



i» = T+-l0g2. 
4 ^ 



3. Two points are taken at random in a giyen line a ; to find the chance 
that their distance asunder shall exceed a gi^en yalue e. 

It is easy to see that the distances of two such points from one end of the 
line are the coordinates of a point taken at random 
in a square whose side is a. Thus to eyery case 
of partition of the line corresponds a point in the 
square — such points being uniformly distributed oyer 
ito surface. 

Thus, if in the aboye question ar, y stand for the 
distances of the two points, from one end of the line, 
y being greater than x^ we haye to find the chance ^^ 
of y — a: exceeding e. The point P whose co- 
ordmates are x^ y^ in the square OD (side = a), 
may take all possible positions in the triangle OBD, 
if no condition is imposed on it. But '\i y — x > e^ 
then IE we measure OH s e, the fayourable cases Fig. 62. 
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ooeur only when P ii in the triangle BSI\ henoe the piobebOitj required 

BEI 



OBD 



- (•-?-•)■ 



In fiut thia is only peifonning the integrations in the ex pree m on 

4. Two points being taken at random in a line «, to find the chance that no 
one of the three segments shall exceed a given ^ v «, xt n 

IcMthu. B ^ ^ N D 

The segments being as before, x, y — x, a — y, 
FH=^x, FK^a-y, Fl^y-x, There wiU 
be twQ eate» : — " 

I H 

(I). Iftf>-a; tsike 0U= Br=^DZ=BN=e; 

2 

then it is easy to see that the only favonrable V 
cases are when F falls in the hexagon UZNMJF; 



Pi = 



OBD 



--C-fT 




O 



Fig. 63. 



(2). If tf < -a ; take OTI = BV= e, as before ; then the only fayoniable 
cases are when F falls in the triangle B8T; 

EST tie - a\ * 



therefore 



P2 = 



OBD 



- m^ 



aiuie£ST=-£T*f and £T= VT + BR- VBL 
2 

s= 2« — (« - C), 

Such cases of discontinuity in the functions 
expressing probabilities frequently present them- 
selyes. The functions are connected by very 
remarkable laws. Thus, in the present question, O 

if P\ =/W» Pi = ^{c)t V® l"iv® 

f{c)-f{a-c}:=F{c)^F{a-c), 




Fig. 64. 



5. A floor is ruled with equidistant parallel lines ; a rod, shorter than the 
distance between each pair, being thrown at random on the floor, to find] the 
chance of its falling on one of the lines {Buffon^t problem). 

Let X be the distance of the centre of the rod from the nearest line, • the 
inclination of the rod to a perpendicular to the parallels, 2a the common distanee 
of the parallels, 2c the length of rod ', then as all values of x and $ between their 
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extreme limits aie equally probable, the whole number of cases will be repre- 
sented by 



fl 



dxd$^ ira. 



J.T 

5 

Now if the rod crosses one of the lines we must have e> ; so that the 

cosa 



favourable oases will be measured by 






gm'0 



Thus the probabiHty required ^P = :^' 

This question is remarkable as having been the first proposed on the subject 
now called Local Probability. It has been proposed, as a matter of curiosity, 
to determine the value of ir from this result, by making a large number of trii^ 
with a rod of length la : the difficulty, however, here consists in ensuring that 
the rod shall fall really at random. The circumstances under which it is thrown 
may be more favourable to certain positions of the rod than others. Though we 
may be unable to take account d priori of the causes of such a tendency, it will 
be found to reveal itself through the medium of repeated trials. 

240. Sometimes a result depends upon a yariable (or 
variables) all the values of which are not equally probable, but 
are such that the probability of a certain value for a variable 
depends, according to some law, on the magnitude of that 
value itself (and also, perhaps, on the values of other variables). 
Thus a point may be taken in a straight line so that all 
positions are not equally probable, but the probability of the 
distance from one end having the value x, being proportional 
to X itself. This would be in fact supposing the series of 
points in question as ranged along the line with a density 
proportional to x ; as, e. g., if they were the projections on the 
line of points taken at random in the space between the line 
and another line drawn through one of its extremities. To 
give an example : — 

Two points are taken in a line a, with probabilities 
varying as the distance from one end A ; to find the chance 
of their distance exceeding a length c. 

Let Xj t/j be the distances from Aj and suppose p > x. 
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Here the probability of a point falling between x and x-k- dx 
is not proportional to dx^ but io xdx\ and the result will be 



J/'^^Jo """ / c\( ^c\ 

]yd,]ixdx ^v'^aA^"^)' 



^dx 

Jtf" "Jo 



The mean values of the three divisions of the line, in the 
same ease, will be found to be 



8 4 I 

— a, — a, — 

15 15 5 



The above value of p is also the value of the ohanoe, that 
the difference of the altitudes of two points within a triangle 

shall exceed a given fraction - of the altitude of the triangle. 



Examples. 

I. Two points being taken on the sides OA, OB, of a square a\ the chance 
of their distatice being less than a given value h is easily seen without calcula- 

tion to be — r-, provided 6 < a ; as it is the chance of a point taken at random in 

the square faUing within a quadrant of a given circle. Suppose now that tu)o 
points are taken on OAy and two on OB, and that we take X, Y, the two points 
furthest from on each side, to find the chance that their distance XT is less 
than a given length b; {b< a). 

Here the probability of X falling between x and x + dx ia proportional to 
xdx ; likewise for y ; hence 



If 



xpdxdy 

P = T~li 

I I xydxdy 

the upper integral being limited by «* + y' < i' ; hence p = — j. 

Thus it is an even chance that the point determined by the coordinates x, y 
shall fall within the quadrant - wa^. 
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2. In a circular target of area A the area of the bull's eye ia a. If a 
shot is heard to strike the target, the chance of its having hit the bull's eye is 

of course — .* If, howeyer, two shots haye been fired, to find the chance that 

the best of the two has hit the bull's eye. 

This is easily solved by elementajy considerations ; as the chance of both 
mitainff the bull's eye is 

Hence the required chance of the best shot having hit it is 

3. Let it be proposed, however, to find the chance of the best of the two 
shots (L e. that nearest the centre) having hit any given area a, traced out on 
the target. 

The number of cases in which the worst shot falls on any element dS, at a 
distance r from the centre, is measured by in^dS ; hence the chance of the worst 
shot striking the area a is 

SSr^dSjoYeTa) _ m 

^~"//r»rf5(over^)~ Jf* 

where if, m are the moments of inertia of Ay a round the centre of the target. 
Now, the probability of both shots missing a is 



m'- 



A 
hence that of a being hit (by one or both) is 



-m" 



d^ 



and the chance of both hitting it is — .. But the chance of a being hit is 

chance of best + chance of worst - chance of both ; 
hence if j^i be the required chance, viz., of the best shot striking 0, 

where m, M are the moments of inertia above. 

Or« we might have considered the number of cases in which the best shot 
falls on the element dSf viz., ir(ir^ - i^)dS, where It == radius of target. This 
would have given the required probability 

_ J g'g - m 
^^"it^^A-M' 

which is easily shown to be identical with the above value. 

^ * That is, disregarding the effect of the aim directing it with greater proba- 
bility to the centre of the target. This would be practically correct in the case 
of a very bad marksman, who frequently misses the target altogether. 
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Fig. 65. 



241. Carre of Frequency. — ^In questionB relating to 
a yariable the probability of any value of which is a function 
of that value itself, it is often 
useful to consider what is called 
a curve of frequency. Thus, if 
the probability of a given value 
of X is proportional to ^(tr), and 
we draw a curve y « Ci^{x)^ 
then when a great number 
of values for x are taken, the 
number in any element dx is 
proportional to the area of the curve standing on that 
element ; the ordinate at any point P representing the 
density or frequency of the points at P : the abscissas of all 
points taken at random in the area of the curve are equally 
probable. 

Thus, if two points X, Fare taken at random in a straight 

line AB^ and X means always that nearest to Ay the curve 

of frequency for Y will be a straight line through A ; that 

for X a straight line through B. This will often simplify 

questions: e.g. suppose we have to find what is sometimes 

called the most probable value for A Ty i. e. such a value 

AP that ^ F is equally likely to exceed or to fall short of it. 

Since the curve of frequency for 

F is a line ACy we have only to 

find P, so that PD bisects the 

AB 
triangle ABC ; i. e. AP - —=. 

because as many values of AT 
exceed AP as fall short of it. 
The most probable value is not 




Fig. 66. 



the mean value, viz., - AB^ being the horizontal distance of 

the centre of gravity of ABCy from A. 

A point F is taken at random in a line AB » a, and 
then a point X is taken at random in ^ F (or a rod may be 
supposed broken in two at random, and one of the pieces 
then broken in two), to find the chance of the length of AX 
falling within given limits. 

Let Xy y, be the distances from A ; for any assigned value 



Curve of Freqtteney. 
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of y, the olianoe of X f allinfi: between x and x ■\- d» i& — : 

y 

hence the chanoe of X falling between 
X and X + dx^ and of Y falling between 
y and y •¥ dy^ia measured by 

dxdy ^ 

ay ' 

henoe the whole chance of X falling 
between x and x->t dx\& 



dxV^dy dx. a . . 

— — - — iQot - = - dx lofi: X. 
a]x y a ^ X ^ ' 




if for simplicity we put a » i. 

Thus the curve of frequency for X is a logarithmic curve 
BB,^ whose ordinate is 

«--logir, 

the frequency at A being infinitely great. 
The area of this curve from o to a; is 

a? log-; 

and this is the probability of AX being between o and x % 
the whole area, when x- \y being i, as it ought to be, as 
it is certain that X falls in AB, The chance of X falling 
between given limits J^ 9!' is of course 



e 



e 



^log^-a?"log^,. 

To find the mo8t probahk value of x we should have to 
solve the equation 

x(i -logip) =-. 



This gives x about one-fifth of the line AB. 
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The mean value of a; is 



I' 



xzdx 

M =i^ » one-fourth of AB. 

%dx 



i 



This last result might have heen foreseen : because if we 
take a point at random in each of the segments AYy YB^ 
the line AB is divided into four parts, the mean values of 
whioh must be the same, as each of them goes through the 
same series of values as the others; the sum of the mean 
values being AB. 



1. A line is divided at random, and one of the parts again divided at random 
as aboye, to find the chance that no one of the three jHurts shall exceed the sum 
of the otiier two (i.e. that a triaDgle might be formed bj them). (Cambridge 
Math. TripoB, 1854.) 

The probability that X, Fshall be taken in two assigned elementB dx^ if 
is (taking a = i), 

dxdff 

y 

This differential being integrated thronghont any limits gives the sum of the 
probabilities of X, T being found in each pair of Talues for dx and dy which 
enter into the summation: — ^that is, the cases being mutually exclusiTe, the 
probability that X^ Y will be found in some one of those iwirs. 
In the present case the limits are eqiuTalent to 

«<-<y<i, «>y-^. 

2 2 

Hence P = \ I — — = log 2 — . 

J* Jr-* y 2 

2. An urn contains a large number of black and white balls, the proportion 
of each being unknown : if on drawing m + n balls, m are found white and 
n black, to find the probability that the ratio of the numbers of each eoloiir lies 
between given limits. 

The question will not be altered if ^ Y^ 

we suppose all the balls ranged in a line 
AB, the white ones on the left, the 
black on the right, the point X where 
they meet being unknown, and all posi- 
tions for it in-.^^ being d priori equally jf w v 
Xoobable; then m + n points being taken, jk fji 
at random in AB, m are found to fall on ^^* * 
AX, n on XB. That is, all we know of Xis, that it is the (m + ly^ in order, 
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beginning from A, of m + n + i points falling at random in AB, If AX =5 jt, 
AB^i^ the number of cases for X between » and x-k- dxiA measured by 

Im + n 

'-— — «"• (I - xYdx.^ 

Hence the probability that the ratio of the white balls in the um to the 
whole number lies between any two given limits a, /3 — that is, that the distance 
from A of the point X lies between a and /3— is 



!; 



'a 





The curve offr$qu$ney for the point X will be one whose ordinate is 

I 

y = «** (i - «)*. 

The maximum ordinate KV occurs at a point Ky dividing AB in the ratio 
m : n. This is of course what we should expect : the ratio of the numbers of 
black and white balls is more likely to be that of the numbers drawn of each 
than any other. The value for p above is simply the area of the above curve 
between the values a, /3, of x^ divided by the whole area. 

Let us suppose, for instance, that 3 white and 2 black balls have been 

drawn ; to find the chance that the proportion of white balls is between —and - 

5 5 

of the whole-^that is, that it differs by less than + - from -, its most natozal 

value. 

[*«8(i-«)»rfjr . 

J f ^ * 2256 18 , 

p = -f =-— = --, nearly. 



f ^ «2 (I - x) 
Jo 



^d. 5' «S- 



The above results will apply to any event that must turn out in one of 
two ways which are mutually exclusive, this being the whole of our d priori 
knowledge with regard to it — ^the ratio of the black, or white balls to the 
whole number, meaning the real probability of either event, as would be 
manifested by an infinite number of trials. We will give one more example of 
the same kind. 

3. An event has happened m times and failed n times in m + ft trials. To 
find the probability that, onp ■{■ q further trials, it shall happen p times and 
faills' times. 

* For a specified set of m points, out of the m -f n, falling in AX^ the 

|m_+» 
number is ^r"* (i - xYdx ; the number of such sets is -. — -. — • 
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That is, that p-i-g more points being taken at landom in AB, p shall &n in 
AX J and q in BX, The whole number of cases is as before 



Tm + n f * 

^=:^iAB\9^\ 



#^ I *" (I - «)»*c 



[m_+iir» 



«" (I - s)»d:r. 



When any partieular $etoip points, out of the p + q additional tiialB, fidls in 
AXf the number of faTomable cases is 






T 



«»»(i "xy^ds. 



1.2.3 (^ + f ) 



But the nnmber of different sets of points is — 

'^ 1 .2 . ^ . . , p . I 

Hence the probability is, putting as before | p f or i . 2 . 3 . . . j», 

fell, j^ ***'('- *)"**'^ 
Jo 



2.3 



l»i = 



By means of the known Talues of these definite integrals (p. 1 17), we find 

[ p-^q [ i»+P [5_+£ [ m-^n+i 



Pi = 



[p[q ' [^[^ r»n+«+p+^+i 



For instance, the chance , that in one farther trial the eyent shall happen is 
This is easily yeiified, as the line ui j9 has been divided into m+ it +2 



m + « + 2 

sections by the m + n + i points in it, including X. Now, if one more trial is 
made, i e. one more point taken at random, it is equally likely to fidl in any 
section ; and m + i sections out of the entire number are fayouiable. 

4. Trace the curve of frequency of the ratio - ; a and b being numbers taken 



at random within the limits + I . 
If we measure the values of 
the ratio as abscissas along an 
axis OXf and make OA = i, 
OA' « - I, ^^ = A'B' ^ I ; 
then the line whose ordinates 
are proportional to the fre- 
quency will be, for values of 




-comprised between the limits 



Fig 69/ 



+ I, the straight line BB* ; but, for values beyond these limits, will consist of 
3ie arcs BC, BfCf of the curve x^=i. 

It is thus an even chance that the ratio 7 lies itself between the limits ± i : 

o 

this would also appear by a construction such as that given in the next Article. 
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242. Errors of OlMervailoii. — One of the most im- 
portant, praotioallj, as well as the most diffioult, departments 
of the theory of Probability is that which treats of Errors of 
Observation. We will give here an example of the simplest 
description. 

Two magnitudes A and B are measured ; each measure- 
ment being subject to an error, of excess or defect, which 
may amount to ± a, all values between these limits being 
supposed equally probable.* To determine the probability 
that the error in the sum, A + B, of the two magnitudes, 
shall lie within given limits ; also its mean value. 

Thus the horizontal angular distance of two objects A^ C 
is sometimes found by measuring the angle between A and By 
an intermediate object ; and afterwards that between B and 
C, and adding the two angles. If each measurement is liable 
to an error ± 5', aU values being equally probable, to find the 
probability of the error of the result falling within assigned 
limits : its extreme limits being of course ± 10'. 

The question is more easily comprehended by means of 
a geometrical construction than by 3' j^ 

integration. 

Take AB « 2a ; then all the values 
of the first error are the distances 
from of points P taken at random 
in AB ; positive when in OB ; 
negative when in OA. Make also 
A'B" = 2a\ the values of the second 
error are given by points in A'B^, 
Take any values, OP = x for the first, 
0P^= X for the second : these values ^^^' 7°- 

taken as co-ordinates determine a point V corresponding to 
one case of the compound error a? + a< ; and such points V 
will be uniformly distributed over the square HK. The value 
of the compound error c corresponding to the point V is 

« = a? + ip' =- 05, 
if V8 be drawn at 45*^ to the axes. Now all values of the 



p' 


V 





I 



B 



H 



* This suppoBition must not be taken to be practically correct. The Theory 
of Errors shows that the probability of an error of magnitude x is proportional 
to*-^". 

[24] 
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errors Xy oif which give x-¥x the same, give the same value 
for c ; henoe all points on the line JI correspond to com- 
pound errors of amount 08. Take Ss = de; the number of 
compound errors between c and c + e/c is the number of 
points between JI and a parallel to it through 8. Now the 
area of this infinitesimal strip is evidently 

{za - «) de. 

Hence the probability of the error being between c and 
e ■¥ dt is 

(za - €)efc 

^" J^' 

40 

This holds for negative values of c, provided we only consider 
their arithmetical magnitude. 

Thus the ff'equenoy of an error of magnitude c = 08 is 
proportional to Jly the intercept of a line throus^h 8 sloping 
at 45°. The probability of the error c falling between any 
two given limits 08^ 08^ is found by measuring these 
len&fths (with their proper signs) from 0, along ABy and 
dividing the area intercepted on the square by parallels 
through /8, 8' sloping at 45°, by 4a', the area of the whole 
square. 

Thus the chance of the error falling between the limits 

3 
± a (those of the two component errors) is -. 

The mean value of the error, strictly speaking, is o ; but it 
is evident that for this purpose we ought to consider negative 
errors as positive ; and consequently take the mean of the 
arithmetical values of all the errors, which is the same as the 
mean of the positive errors only ; hence the mean error 
required is 

Jf(6) = ±-a. 
3 

The most probable value, such that it is an even chance that 

the error exceeds it (since the triangle JKI must be - of the 

whole square, for that value of 08) y is 

± 0(2 - v^2) = ± .586 a. 



I ■ 
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Let it be now proposed to find the probability of a given 
error in the sum of A and J?, assuming, according to the 
modem theory of errors, that the probability of an error 'be- 
tween X and X + dxia either is 

p = — =r e ^' dx; 
CA/rr 

the ooefBcient — — being determined by the necessary con- 

dition that the differential, being integrated from oo to - oo, 
must give unity ; as the error must lie between these limits.* 
Referring to the above construction, the number of values 
of the first error between x and x + dx being proportional to 






and the number of values of the second between x' and af + dx' 
proportional to 

i''dx\ 

the corresponding number of values of the compound error is 
proportional to 

e ^' dxdixf. 

Hence the number of points, corresponding each to a case 
of the compound error, in any element dS of the plane at a 
distance r from the origin, is measured by 



r» 



e'^'^dS; 
which shows that the points have the same density along any 



* It Ib of course absurd to consider infinite yalues for an error : but the 

curve y = ^* tends so rapidly to coincide with its asymptote, the axis of x, 
that the cases where » has any large values are so trifling in number, that it \» 
indifferent whether we include them or not. 

[94 a] 
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oirole whose oeiLtre is 0. Now the probability of this oom- 
pound error beinff between t and e + ^e is proportional to the 
numberof points between c/7 and the oonBeoatiTe line; making, 
as before, OS = t, Sa = dt. But this number is the same 
as when the strip JI is turned round O through an angle of 
45°, because the points lie in oonoentrio oiroles of equal den- 
sity. Heuoe the number is proportional to 



"dt. 



as the perpendicular from on JT is —p. 

Thus the probability of a oompound err 
c + dtia proportional to 



and aa this, when integrated between the limits i: <» , must 
give the probability i , the value of jj is 



cv^2jr 



■ "■*. 



It thus follows the same law as the two component eixon, 
B^/^ taking the place of c, 

. Yarious aitifioes have been employed for the solution 

fferent interesting questions on Probability, which would 

1 extremely tedioue, or impraotioable, if attempted 

t integration. For example : 

o points are taken at random within a sphere of radius 

e that their distance is 

ue e. 

ber of favourable oae^, 

iber; then 




'M- 




consider the differential dF, or ^'8- T- 

.tional favourable oases introduced by giving r the 
' ' remaining unohaoged. 
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If one of the points A is taken anywhere (at P) in the 
infinitesimal shell between the two spheres, then drawing a 
sphere with centre P, radius c, all positions of the second 
point, P, in the lens ED common to the two spheres, are 
favourable ; let £ = volume EDy then the number of favour- 
able cases when ^ is in the shell is 

^trf^dr . L : 
doubling this, for the cases when P is in the same shell, 

dF=2^Trr'Ldr. 

Now it may be easily proved, from the value for the volume 
of a segment of a sphere, that 

^ 27r , TTC* 

L = — c® ; 

3 4^ 



-|cV«+C^; 



hence P=87rM-c'r' 

\9 

C being an unknown constant ; i.e. involving c^ but not r ; 

. , . F c^ g c^ gC 

therefore p = . =-;--^«-i+--T« 

9 

Now the probability = i if r = - c ; 

therefore i=8-9 + -x64-; .-. -C=--c*; 

2 C 2 04 

therefore -P = -i- •^-; + s- 

r' 16 r* 32 r* 

If the two points be taken within a circU^ instead of 
sphere, it may be proved by a similar process that 



r 2 ( &\ . ^ c I c f i? 

jt? = - + - I - - sm-^ 2 + - 

ir Tr\ r^J ir 47r r\ r' 



V*-^- 
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It is a very remarkable fact, pointed out by Mr. S. Boberts, 
that if we draw the chord ED^ the probability is, in the oase 
of the circle, 

2 . segment EQD + segment JEPD 
^ " area of circle EHD ' 

and also, in the case of the sphere, 

2 . volume EQD + voliune EPD 



P = 



volume of sphere JSHD 



These results evidently suggest that there must be some 
manner of viewing the question which would conduct to 
them in a direct way. 



EXAICPLXS. 

I. Three points being taken at random within a sphere, to find the chance 
that the triangle which they determine shall he acute-angled. T'Z^ ' ■ 

As the probability is independent of the radius of the sphere, it is easy to 
see that we may take the farthest from the centre of the three points as fixed on 
the sur&ce of me sphere. For if ^ be the probability of an acute-angled triangle 
in this case, p will also be the probability of an acute-angled triangle for each 
position of the farthest point, as it trayels oyer the whole volume of the sphere. 
Hence p will be the probability when no restriction is put on any of the points. 

Take then A, one of the pomts on the surface of the sphere ; two others, B^ C, 
being taken at random within it, and let us find the 
chance of ABC being obtuse-angled : to do this, we 
will find separately the chance of the angles A, B, O 
being obtuse : the events being mutually exclusive, / >A 

the probability required will be the sum of these 
three. 

(i). To find the chance that A is obtuse, let us fix 
B ; then, drawing the plane A V perpendicular to AB^ 
the chance required is 

volume of segment AST 
volume of sphere 

Let r t= OAy the radius of sphere, p =i AB, 9 = L OAB ; then the volume of 
the segment AJBiV is 

iirr'(i - cos 9f (2 + cos e) ; 

therefore when B is fixed the chance is 

1(1 -cose)' (2 + cose). 
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Now let B move over the whole volume of the sphere, and we have for the 
probability P^, that A is obtuse 



= JIa I ' {2-^ COB e + ooa^e) p^ am ddB dp. 
or* Jo Jo 



Hence P^= — . 

70 

(2). To find the chance, Fs, that B is obtuse. Fix B as before ; then, the 
chance that B is acute is 

segment MSN 
sphere 

Now, volume MHN= inr^ f ^ + i - cos d j f 2 + cos d - - j ; so that the 
chance is 

- {2 - 3 COS0 + cos'tf + 3-(i -cofl^d) + 3^cosd "Sj* 
Hence the whole probability (i ~ Pb) that B is acute is 

IT 

^JoJo |>-3co8e + co83d+3^(i-cos2d)+^^,cos«-^Jp2smee»rf;>. 

Performing the integrations, we find Pjb = — . 

70 

The probability for C is, of course, the same as f or ^ ; hence the whole pro- 
bability of an obtuse-angled triangle is 

70 70 70 70 

33 
Hence, the cbance of an aeute-angled triangle is — . 

70 

For three points within a circle the chance of an acute- angled triangle is 

ir2 8" 

2. Two points, ^, j9, are taken at random in a triangle. If two other points, 
C, D, are also taken at random in the triangle, find the chance that they shall lie 
on opposite sides of the line AB, 
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The aides of the triangle ABC produced divide the whcde triangle into seTen 
spaces. Of these, the mean Talne of 

those marked (a) is the same, yix., the X \ / 

mean Talne of ABC\ or, -^ of the X X/q 

whole triangle, as we haye shown in v x AH 

Art. 236; Uie mean yaloe of those P 

marked (fi) heing f of the triangle. 

This is easily seen : for instance, 
if the whole area = i, the mean value 
of the space FBQ gives the chance 
that if the fourth point 2> be taken 
at random, B shall fiill within the 
triangle ABC-, now the mean value 
of ABC gives the chance that JO shall ^ 
fall within ABC; but these two 
chancee are equal. Fig. 73. 

Hence we see that if .^, ^, Cbe 
taken at random, the mean value of that portion of the whole triangle which 
lies on the same side of AB as C does is H of Uie whole ; that of the oppoaite 
portion is ^. 

Henee the chance of (7 and 2> falling on opposite sides of AB is ^. 

244. Iftandom litraight ULncs, — If an infinite nnmber 
of straight lines be drawn at random in a plane, there will 
be as many parallel to any given direction as to any other, 
all directions being equally probable ; also those having any 
given direction will be (Usposed with equal frequency all 
over the plane. Hence, if a line be determined by the co- 
ordinates Pj w, the perpendicular on it from a fixed origin 0, 
and the inclination of that perpendicular to a fixed axis ; then 
if p, (II be made to vary by equal infinitesimal increments, 
the series of lines so given will represent the entire series of 
random straight lines. Thus the number of lines for which 
p falls between p and p + dpy and to between oi and oi + dwy 
will be measured by dpdwy and the integral 

J/ dpdiOy 

between any limits, measures the number of lines within those 
limits. 

It is easy to show from this that the number of random 
lines which meet any closed convex contour of length L it 
measured by L. 

For, taking inside the contour, and integrating first 
iorpf from o to je?, the perpendicular on the tangent to the 
contour, we have jpdto : taHng this through four right angles 
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for 01, we have by Legendre's theorem (p. 232), iV being the 
measure of the number of lines, 

N = pdo) = i. 



Thus if a random line meet a given contour, of length i, 
the chance of its meeting another convex contour, of length /, 
internal to the former, is 

If the given contour be not convex, or not closed. If will 
evidently be the length of an endless string, drawn tight 
around the contour. 

ExAJfPLSS. 

I. If a random line meet a closed convex contour, of length X, the chance 
of it meeting another such contour, external to the former, is 

X-T 

where X is the length of an endless hand 
enyeloping hoth contours, and crossing 
hetween them, and Y that of a hand also H 
enyeloping hoth, hut not crossing. 

This may he shown hy means of 
Legendre's integral ahoye; or as fol- 
lows : — 

Call, for shortness, iV(^) the numher 
of lines meeting an area A ; If (A, A') 
the numher which meet hoth A and A' ; then 




^ig. 74- 



N{SltOQFH) + NiS'QOIUFH') = N(8R0QFE + S'QOR'F'H') 

^■N(SROQFE, S*QOKF'Il'), 

since in the first memher each line meeting both areas is counted twice. But 
the numher of lines meeting the non-convex figure consisting of OQFHSJR and 
OQ'S'K'F'R' is equal to the hand F, and the numher meeting both these areas 
is identical with that of those meeting the given areas A, Cl'\ hence 



Tfans the numher meeting hoth the given areas is measured \iy X— 7, Henoe 
the theorem follows. 
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3. Two random chords cross a giyen convex boundary, of length X, and area 
fl ; to find the chance that their intersection falls inside the boundary. 

Consider the first chord in any position : let C7 be its length ; considering it 
as a closed area, the chance of the second chord meeting it is 

2C 

and the whole chance of its co-ordinates &lling in dp, dv, and of the second 
chord meeting it in that position, is 



2C dp dm 



rrrCdpdw. 



L jjdpdw X* 
But the whole chance is the sum of these chances for all its positions 



therefore 



T^Toh. =-^\\Cdpdtt. 



Now, for a given value of «, the value of / Cdp is evidently the area fi ; then 
taking « from y to o, 

required probability = -yr-' 
The mean value of a chord drawn at random across the boundary is 



M= 



jfCdpdM wO, 
iidpdw " i* 



3. A straight band of breadth e being traced on a floor, and a circle of radius 
r tbrown on it at raudom, to find the meau area of the band which is covered by 
the circle. (The cases are omitted where the circle falls outside the band.)* 

If S be the space covered, the chance of a random point on the circle falling 
on the band is 

This is the same as if the circle were fixed, and the band thrown on 
random. Now let ^ be a position of the 
random point : the favourable cases are when 

MK, the bisector of the band, meets a circle, .'' >^ ^ v-.>c 

centre A, radius ^ c ; and the whole number 
are when SK meets a circle, centre 0, radius 
r + ^e; hence (Art. 236) the probability is 



it at 
K 



P = 



2ir . ^e e 

2ir(r + J<j) 2r+<?' 




This is constant for all positions of A ; 
hence, equating these two values of p, the 



Fig. 75. 



* Or the floor majr be supposed painted with parallel bands, at a distance 
asunder equal to the diameter ; so that the circle must fall on one. 
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mean area required is 



M(8) = — ^ Tf». 

2r + (J 

The mean yalue of the part of the eircumferenee which falls on the band is 

the same fraction of the whole circumference. 

2r + (J 

If any convex area fi, of perimeter X, be thrown on the band, instead of a 
circle, the mean area coyered is 

M(8) = n. 

^ ' L + we 

245. AppUcatioii to Evaluatioii of Definite Inte- 
grals. — The consideration of probability sometimes may be 
applied to determine the values of Definite Integrals. For 
instance, if n + i points are taken at random in a line, /, and 
we consider the chance that one of them, X, shall be the last, 
be^ning from the end A of the line, the number of favour- 
able case^f, when X is the element (£r, is, calling AX^ Xj 

af^dx. 
Hence 

Jo 

p 



i 



I 



n+i 



but the chance must be : we thus have an independent 

n+ I ^ 

proof that 

• { 7n+i 

a?'dx = 






It + I 

when n is an integer. 

Again, if f/) + n + i points are taken, to find the chance 
that X shall be the (m + i)** in order ; the number of favour- 
able cases, when X falls in dx^ and 9i, particular set of i^t points 
f aUs to the left of X, is 

x^ (i - xYdx ; taking / = i ; 
hence the whole number of favourable cases is 



L of'^i "xYdx'y 
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this is the required probability, since /»»+»+i = i. But the 

value is , as every point is equally likely to fall in 

the (m + i)** place : we thus deduce the definite integral 



f 

Jo L 



m + n ■¥ I 




when m, n are integers. (See Art. 92.) 

246. To investigate the probability that the inclination 
of the line joining any two points in a 
given convex area £2 shall Ke within 
given limits. 

We give here a method of reducing 
this question to calculation, for the sake 
of an integral to which it leads, and q{ 
which is not easy to deduce otherwise. 

First, let one of the points, -4, be 
fixed ; draw through it a chord PQ = (7, Yia. 76. 

at an inclination to some fixed line ; 
put AP = Ty AQ =^ / ; then the number of cases for which 
the direction of the line joining A and B Ues between and 
+ 1/0 is measured by 

Now, let A range over the space between PQ and a 
parallel chord distant dp from it, the number of cases for 
which A lies in this space, and the direction of A£ 
from fl to + c?fl, is (first considering A to lie in the 
element drdp) 

IdpdOi {r^ + /')dr^^C'^c^de. 

Let p be the perpendicular on C from a given origin O, 
and let ai be the inclination of p (we may put d(o for dO)j then 
C will be a given function of jt?, w ; aad integrating first for cti 
constant, the whole number of cases for which cu falls between 
given Umits a,', w'\ is 

*C ^^ f C^'^i?; 
the integral I C^dp being taken for all positions of C between 
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two tangents to the boundary parallel to PQ. The question 
is thus reduced to the evaluation of this integral ; which, 
of course, is generally difficult enough : we may, however, 
deduce from it a remarkable result ; for if the integral 

be extended to all possible positions of C, it gives the whole 
number of pairs of positions of the points A, B which lie 
inside the area ; but this number is Q!^ ; hence 

llC^dpdu> = zQ?, 

the integration extending to all possible positions of the 
chord (7; its length being a given function of its co-ordinates 

CoR. Hence if i, O, be the perimeter and area of any 
closed convex contour, the mean value of the cube of a chord 

drawn across it at random is -j^. 

It follows that if a line cross such a contour at random, 
the chance that three other lines, also drawn at random, shall 

meet the first inside the contour y is 24 y^. 

Some other cases of definite integrals deduced from the 
theory of Probability are given in a Paper in the Philo- 
sophical Transactions for 1868, pp. 1 81-199. See also Pro- 
ceedings London Math. 80c, , vol. viii. 

Several Examples on Mean Values and Probability are 
annexed ; some of them, as also some of the questions which 
have been explained in this Chapter, are taken from the 
Papers on the subject in the Educational Times, by the Editor, 
Mr. Miller, as also by Professor Sylvester, Mr. "Woolhouse, 
Ool. Clarke, Messrs. Watson, Savage, and others. Some few 
are rather difficult ; but want of space has prevented our 
giving the solutions in the text. 

We may refer to Todhimter's valuable History of Pro- 
hahility for an account of the more profoimd and difficult 
questions treated by the great writers on the theory of Pro- 
bability. 
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I. Aebrndisdnvn joimngtwopcnntstakeaat nndamonaciide: find tlie 
lean am of tlie Itwr n tlie tvo wgmmtii into ^lieh it divides die circle. 



2. Find tiie mean latitnde of all placet nttth of tiie Sqnatcr. 

ufjw. y!" .704. 

3. Find the mean iqnaie of tlie Telocity of a projectile m waaio, taken at all 
int±Antm of its flight till it legains the Telocity of projectum. 

Jbts. V^ coe^a + iF* nn'a : where F= initial Telocity, and a = angle 
of projection. 

4. If j; and y are two Taiiahles, each of which may take independently any 
value hetween two given limits (different for each), show that the mean Talue 
of the product xp is equal to the product of the mean Talues of x and y. 

5. If X, T are points taken at random in a triangle ABC, what ir the 
chance that the quadrilateral ABXY is conTex ? 

Amm. —. 
3 

For, it IB easy to see that of the three quadrilaterals ABXY, ACXY, BCXY, 
one must be conTez, and two re-entrant. 

6. Find the mean area of the quadrilateral formed by four points taken at 

random on the circumference of a circle. 

3 
Am, — (area of circle). 

7. A class list at an examination is drawn up in alphabetical order ; the num- 
ber of names being n. If a name be selected at random, find the chance that the 
4iandidate shall not be more than m places from his place in the order of merit. 

- 2tn +1 tn (tn + i) ,^t -nmi**^* i 1 «-• 

Ant, 5 — -. (N.B. — This is not, of course, the value of the 

chance after the selection has been made : this may easily be found.) 

8. A traveller starts from a point on a straight, river and travels a certain 
distance in a random direction. Having quite lost his way, he starts again at 
random the next morning, and travels the same distance as before. Find the 
chance of his reaching the river again in the second day's journey. 

Ans, -. 
4 

9. Two lengths, h^ b\ are laid down at random in a line a, greater than 
cither : find the chance that they shall not have a common part greater than e, 

' (a-b){n-V) • 
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10. A person in filing lo shots at a mark has hit 5 times, and missed 5. Find 
the chance that in the next 10 shots he shall hit 5 times, and miss 5. 

Ans. — '-^ — = . If the first 10 shots had not been fired, so that 

19 . 17 . 13 4199 

nothing was known as to his skill, the chance would be — : if he 

II 

had been found to hit the mark half the number of times out of a 

large number, the chance would be — ^. 

250 

11. If a line / be divided at random into 4 parts, the mean square of one 

of the parts is — l^: but if the line be divided at random into 2 parts, and 

each part again divided into 2 parts, then the mean square of one of the 4 parts 

is - 1\ 
9 

12. Three points are taken at random in a line /. Find the mean distance 
of the intermediate point from the middle of the line. 

Ant. —tL 
16 

13. A certain city is situated on a river. The probability that a specified 
inhabitant A lives on the right bank of the river is, of course, ^, in the absence 
of anj further mf ormation. - But if we have found that an inhabitant B lives on 
the nght bank, find the probability that A does so also. 

2 
Ant, -. (N.B. — It is here assumed that every possible partition of the 

number of inhabitants into 2 parts, by the river, is equally probable 
a priori.) 

14. If A, Bi C, Dj are four given points in direetum, and 2 points are taken 
at random in AD, and one is taken in BC: find the chance that it shall fall be- 
tween the former two. 



Ans. -^ {-BC^+BC{AB + CD) + 2AB.CJ)h 



1 

15. Ji s = x-^y, where x may have any value from o to 0, and y any value 
from otob: find the probability that z is leas than an assigned value e (suppose 
i<a). 



Ant. (I) Uc<b, pi = — J. 

200 

(2) Iia>e> by p2 = ^^^. 

a 

(3) lftf>a, pz^i -^ . 

If we denote the functions expressing the probability in the three 
cases by /i(0, d, e), /{(a, b, e)y f^(ay \ e)y we shall find the rela- 
tion 

/i («, *, c) +/3 («, *, e) =/2(«, b, e) +/2(A, «, c). 
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1 6. In the cubic equation 

a^+px + q-o, 

p and q may haye any yalues between the limits ± i. Find the chance that the 
three roots are real. 

45 ^ 

17. Two obseryations are taken of the same magnitude, and the mean of the 
results is taken as the true yalue. If the error of each obseryation is assumed to 
lie within the limits + a, and all its yalues to be equally probable, show that it 
is an eyen chance that the error in the result lies between the limits ± 0.293 >• 

18. A point is taken at random in each of two giyen plane areas. Show 
that the mean square of the distance between the two points is 

where A is the distance between the centres of grayity of the areas ; and k^ h' 
are the radii of gyration of each area round its centre of grayity. 

19. The mean square of the area of the triangle formed by joioing any three 

points taken in any giyen plane area is - h^le^ ; where A, A; are the radii of gyra- 

tion of the area round the two principal axes of rotation in its plane. 

If one of the points is fixed at the centre of grayity, the yalue is \li?Je^, 

(Mn. WOOLHOUSE.) 

20. A line is diyided at random into 3 parts. Find the chance — (i) that they 
wiU form a triangle ; (2) an acute-angled triangle. 

Am. (i). pi = \. 

(2). i?a = 3 log 2 - 2. 

2 1 . A line is diyided into n parts. Find the chance that they cannot form a 
polygon. 

Ans, — ,. 

22. If two stars are taken at random in the northern hemisphere, find the 
chance that their distance exceeds 90°. 

Ant. — . 

23. The yertices of a spherical triangle are points taken at random on a 
sphere. Find the chance — ( i ) that all its angles are acute ; (2) that all are obtuse. 

II \ .a." I 

Am, (i). _.--. (2). i . 

2ir o 8 2w 

24. Show that the mean yalue of -, where p is the distance of two points 

taken at random within a circle, is — . 

3irr 
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25. Two equal lines of length a include an angle $ : find the chance that if 
two points P, Q are taken at random, one on each Une, their distance FQ shall be 
less than a. 

Ant, (i). When ->$>-; pi= . ^ + 2 cos f . 

2 3 2 sm 6 

(2). When e > - ; P2= ^^^. 
^ ' 2 2 sin e 

Here the functions are connected by the relation F{B) + F(w — $) =f(0) +f{ir—$) . 

26. The density of a city population varies inyersely as the distance from a 
central point. Find the chance that two inhabitants chosen at random within a 
radius r from the centre shall not live further than a distance r from each other. 

IT W 

Ant. p= log3 + -(l-l:l) + _ I -;— - + -^ -:—. ; 

3 4 IT \ 2/ 2irJosmd 2irjirsma 

f 

whence p = 0.7771. This result is easily obtained by employing 
the values given in Question 25. 

27. Four points are taken at random within a circle or an ellipse. Show 

35 
that the chance that they form a re-entrant quadrilateral is — ^. 

28. Find the mean distance of two points within a sphere. Ant, —r, 

29. Three points Ay B, C are taken within a circle, whose centre is 0, Find 
the chance that the quadrilateral ABCO is re-entrant. 

30. Find the chance that the distance of two points within a square shall not 
exceed a side of the square. 

Ant. p — v—-^. 
o 

31. In the same case, find the chance that the distance shall not exceed an 
assigned value e\ a being the side of the square. 

c* / 8 I \ 

Ant. (i). When <?<a;p=-j lira* — ae-\'-«?\, 

(2). When<j>a;j?=4-rsm-i — t-. + J — -_Vc2-a?-2 ----j + -. 

a* e «* 3 a' a* 2a* 3 

32. Three points are taken at random on a sphere; the chance that in 
the spherical triangle some one angle shall exceed the sum of the other two 

is -. Also the chance that its area shall exceed that of a great circle is 7. 
2 o 

33. If a line be divided at random into 4 parts, show that it is an even chance 
that one of the parts is greater thtui half the line. 

[se] 
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34. ProTe that the mean distance of a point within a triangle from tlie vertex 

I (a + A (a - J)(a» - *») A* , a-\-h + c) 

log 



ii 



2<^ c ^a + b-cy 



where h is the altitude of the triangle. (See Ex. 6, p. 347.) 

35. The mean yalue of the distance between any two points in an equilateral 
triangle is 



3f=|.(i + i%3). 



'I 

This question may he solved by proving that Jf = - Mo^ where Ifo is the 

mean distance of an angle of the triangle from any point within it. For, let 
^0 = M'^^ where /u is constant, and A = area of the triangle. Take now any 
element d8 of the triangle ; draw from it parallels to the sides to meet the base ; 
let 5 be the area of the equilateral triangle so formed : the sum of the whole 
number of cases will be equal to 



6[{z,tL'&.d8=M£i?, 



lidS IB made to range over the whole triangle : if we call the whole triangle 
unity, and put dS = 2dad$ as in Ex. 3, p. 344, B = o*, and the integral be- 
comes — u. = M. The result then follows from 34. 
10 

36. From a tower of height h particles are projected in all directions in 
space with a velocity due to a fall^through h. Show that the mean value of 

the range is if =2A J ^TT^.dx. 

(PaOP. "WOLSTBNHOLICB.) 

37. In ft quantities a, b, Cy d . . . , j each of which takes independently a 
eiven series of values ai, 02, az, . . . . ; bi, b2, bz, , . . &c. (the number of values 
18 different for each), if we put 

2rt = « + A + <? + rf + .... &c., 

and for shortness denote ** the mean value of jp " by Mx^ prove that 

Jf 5a = Ma + Jifb + Me -{-.,,. &o.= ^Ma, 
Jf (5a)2 = (5Jfa)*- 2(Jfa)«+ 5Jf (««). 

38. Two points are taken at random in a triangle. Find the mean area of 
the triatigular portion which the line joining them cuts off from the whole 

-4«8. -of the whole. 
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39. A Bliip at A observes another at B^ whose course ig unknown. Sup- 
posing their speed the same, prove that the chance of their coming within a 

2 . d 

given distance d of each other is always - sin'i -, whatever the course taken 

.*' ^ d 

by A ; provided its inclination to AB is not greater than oos"^ - : where 

AB = a. (Camb, Math. Tripos, 1871. Prof. Millbb.) 

40. A random straight line crosses a circle. Find the chance that two 

points taken at random in the circle shall lie on opposite sides of the line. 

128 
Ans, z. This is deduced at once from the value of M, the mean dis- 

2jf 

tance of the two points ; as the chance = — . If tteo random lines 

are drawn, the chance that both lines shall pass between the points 
. I 

41. A point is taken at random in a triangle. What is the probability 
that if three other points are taken at random, one shall lie in each of the tri- 
angles AOB, BOC, CO A ? 

Ant, — . This may easily be found to depend on the integral //ajSy . 2da <f/8 
where a, /3, 7 are the three triangles above. 

42. A line crosses a circle at random ; find the chance that a point taken 

at random in the circle shall be distant from the line by less than the radius of 

the circle. ^ 2 

Ant, I . 

43. Two points are taken on the circumference of a semicircle. Find the 

chance that their ordinates fall on either side of a point taken at random on the 

diameter. 4 

Ans. -L. 

44. In any convex area which has a centre 0, let an indefinite straight line 
revolve round 0, and the locus of the centre of gravity of either half into which 
it divides the area be traced. Show that the mean distance of from all points 

in the area is equal to - the perimeter of this locus. Also, - of the a/rea enclosed 

4 4 

by this locus = mean area of the triangle OXF; where X, Fare points taken at 
random in the given area. (Caofton, Broceedings^ Lond. Math. Soc, voL viii.) 

45. The probability that the distance of two points taken at random in a 
given convex area A shall exceed a given limit (a) is 



P = —ill (C^ -l^^O^- 2a^)dpdo,, 



where C7 is a chord of the area, whose co-ordinates are j?, «; the integration 
extending to all values oip^ «> which give a chord G>a, 

[25 a] 
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1. If a be the sagitta of a drculiir Begment whose base is 6, piOTe that the 
aiea of the segment is, approximately, 

2 . 8 a» 
= - oA + — — . 

3 15 * 

2. Find the area of the inyerse of a hyperbola, the centre being the pole of 
inTorsion ; and show that the area of the inyeTse of an ellipse, under the same 
circumstances, is an arithmetic mean between the areas of the circles descnbed 
on its axes as diameters. 



dx /tf' — x^ 
3. Find the integral of — ^ «_ ., ■ 






4. Pram that 

p/W<fc = ({ - a) /({) log (^) , 

where | lies between X and Xo- 

5. In a spiral of Archimedes, if P, Q, and P', (/ be the points of section with 
any two branches of the curve made by a line passing through its pole ; proTe 
that the area bounded by the right line and by die two branches is half Uie area 
of ^e ellipse whose semiaxes are PF and P'Q. 



6. Find the yalne of 



fdx jx-^a 
xTe yx + 6* 



7. If an ellipse roll upon a right line, show that the di£Eerential equation of 
the locus of its focus is 

8. A cude roUs from one end to the other of a curred line equal in length 
to the circumference of the circle, and then rolls back again on the other side of 
the curve : prove that, if the curvature of the curve be throughout less than 
that of the circle, the area contained within the closed curve traced out by the 
point of the circle which was first in contact with the fixed curve is six times 
the area of the circle. {Catnb. Math, Tripot, i^?!*) 

9. In the same case show that the entire length of the path described is 
eight times the diameter of the circle. 

10. Prove that the area of the locus formed by the points of interseetion of 
nonnals to an ellipse, which cut at lig^t angles, is y (a — bj*. 
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11. Prove that the area between two focal radii of a parabola and the eurve 
is half the area between the curye, the corresponding perpendiculars on the 
directrix, and the directrix. 

12. Eyalnate the following integrals : 

f ^^ f,y - f (i-{-xYdx 

I .1 1 iV sec* -lite, I 7—^ — 57-7 -TT. 

J V tan a;* J 'J (H-ir«)(i +«*) 

13. If jB = («^ + 0*)'+ iflj, and u = log — , find the relation 

Idx C X dx 
--Z, I — — • 
y/jR J Vr 

fxdx ^ a cdx u 

14. If a curve be such that the area between any portion and a fixed ri^ht 
line is proportional to the corresponding length of the curve, show that it is a 
catenary. 

15. Prove that the volunie of a rectangular parallelepiped is to that of its 
circumscribed ellipsoid as 2 : irVJ. 

16. Prove that l — = \ — , where sin ^ = k sin a. 

Jo Vi - K^sm^e Jo Vic» - sin^e 

17. If any number of triangles be inscribed in one ellipse, and circumscribed 
to another ellipse, concentric and similar, prove that these triangles have all the 
same area. 



{b dy 
— 



may be exhibited by the following geometrical construction. Let the curve 



m 



whose equation is t^-^"^ cos w = i roll on the axis of x ; take the points 

(^i> yi) (^> ^2) on the roulette described by the pole, such that yi = a, yt = 3; 
then 

•* dy 



I 



a's/^^ I 



^X2- xi, (Mb. Jbllbtt.) 



19. If « be the length of the arc of a spherical curve measured to any point 
P, and t be the intercept on the great circle touching at P, between the point of 
contact and the foot of the perpendicular from the pole, prove that 



The proof is similar to that of the corresponding theorem in piano. See Art. 15S. 
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20. ProYe that the volume of a polyhedron, haying for haseB any two 
polygons situated in parallel planes, and for lateral faces trapeaiums, is ex'^ 
pressed by the formula 

1^(^+^+45"); 

where H is the distance between the parallel planes, B and ff the areas of the 
polygonal bases, and JB^' the area of the section equidistant from the two bases. 

ai. If iS^ be the length of a loop of the curre r»=af*co8n0, and A the area 
of a loop of the curye r^ = a*" cos 2n0, prove that 

22. Find approximately the area, and also the leng^, of a loop of the 
curve r* = a* cos— . (See IHff, Cale., Art. 268.) 

Ana, area —a^x 0.56616 ; length = a x 2.72638. 

23. Show from Art. 134 that if a parabola roll on a right line, the locus of 
its focus is a catenary. 

24. If A be the area of any oval, B that of its i)edal with respect to any 
internal origin 0, and C that of the locus of the point on the perpendicular 
whose distance from is equal to the distance of the point of contact from ; 
prove that A, By C are in arithmetical progression. 

25. The arc of a curve is connected with the abscissa by the equation ^=hx\ 
find Uie curve. 

s6. If the co-ordinates of a point on a curve be given by the equations 
x^etmiS (i +COS29), y = « cos 20(1— cos 2O), 

prove that the length of its arc, measured from its origin, is -0 sin 36. 

3 

27. Show how to|find the sum of every element of the periphery of an ellipse 
divided by anv odd power (2r + 1) of the semi-diameter conjugate to that which 
passes through the element, and give the result in the case of &e fifth power. — 

(Mb. W. Robbbts.) 



-^«*- 7-Tro-i(*(«'cosaa + 3>sin«aWrfl- 



This gives -^-rrr— 'when r =s 2. 

28. A sphere intersects a right cylinder ; prove that the entire surface of the 
cylinder included within the sphere is equal to the product of the diameter of 
the cylinder into the perimeter of an ellipse, whose axes are equal to the greatest 
and least intercepts made by the sphere on the edges of t^e cylinder. 
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29. Show that the equations of the inyolute of a circle are of the form 

d; =3 a COB ^ + o^ ain ^, y=0 8in^-a0cos^, 

and prove that the length of the arc of this inyolute, measured from ^ = o, is 
one half of the arc of a circle which would be described by a radius equal to the 
arc of its cTolute moying through the angle ^. 

30. Show that the area of the cassinoid 

r* — 2aV* cos 26 + a* = M 

is expressed hj aid of an elliptic arc, when b> a; and by a hyperbolic arc, 
when a>b, 

31. A string AB, of given length, lies in contact with a plane convex curve 
"Wiih. its end A fixed ; the string is unwound, and S is made to move about A 
till the string is again wound on the curve, the final position of JB being F ; 
prove that for variations of the position of Af the arc traced out by JB will be a 
maximum or a minimum, when the tangents at B and B' are equally inclined 
to the tangent at A ; and will be the former or the latter, according as the curv- 
ature at ^ is greater or less than half the sum of the curvatures at B and B\ — 
{Comb, Math, Tripot, 187 1.) 

32. Find the value of f — ^ «'«" • Ant, A-i ' V"^ • 

Jo Vic ^^ 

33. Find the length, and also the area, of the pedal of a cissoid, the vertex 
being origin. 



Ant. ^ ■log(a + >/3)-4»: ,-• 



34. Prove that the length of an arc of the lemniscate r^ = a* cos iS is repre- 
sented by the integral 

V^J Vi-Jsin*^ 

35. Integrate the equation 

cos9 (cos - sin a sin ^) <M+cos^ (coe^ — 8inasin0)^^=o. 

If the arbitrary constant be determined by the condition that the equation must 
be satisfied by the values (o, a) of (0, ^), show that the equation is satisfied by 
putting + ^ = a. 

36. Each element of the surface of an ellipsoid is divided by the area of the 
parallel central section of the surface; find the sum of aU the elementary quotients 
extended through the entire ellipsoid. Ant. 4. 

37. Hence, show that 



■ n 



h V/u2 - A* V *2_ ^2 V A» - V» V Ap« - |r» 2 
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This depends on the expression for an element of the surface of an ellipsoid in 
terms of the elliptic co-ordinates of a point. See Salmon's Geometry^ of Three 
DimeMione, Art. 411. This proof is due to Chasles (LiouvUle^ tome iii. p. 10). 

38. Hence, prove the relation 

F(m) E{n) + F{n) E(m) - F{n) F{m) = - 
where 

"it it 

y I — m*8in*0* J 

andm' + fi'= i. 

Let y= AsinO, and /li = VA^sin^^ + A^'cos'^, in the preceding, and it 
becomes 



» f» A^sin^A + Fcos**- A2sin«« , ^ 
' — — , dddUb 

VA^sin^^ + A* cos2 ^ VAr^-A^sin^fl 



rr 

Jo Jo 



IT IT w ir 



^pVA^sin^A + A^cos^A, , P f * VA^-A^sin^tf 




JO 



-^4 1 



Va2 - A» Bin2« Jo Jo VA»sin2^ + A* cos* ^ 



IT IT 
2 f2 



-Li 



k^ded<t> 



JoVA^sin*^ + A'cos*^ VA*- A^sin* 

This furnishes the required result on maldng A = mk. 

The preceding formula, which is due to Legendre, gives a general relation 
between complete elliptic functions of the first and second species, with com- 
plementary moduli. (Compare £x. 7, 8, p. 331.) 

39. If three curves be described on the surface of an ellipsoid, along the first 
of which the perpendicular to the tangent plane makes tihe constant angle 7 with 
the axis of 2, along the second fi with Uie axis of y, and along the third a with the 

axis of z, and if the angles be connected by the relations = — r— = — ^ ; 

a e 

then, if A3, A21 ^1, be the included portions of the ellipsoid surface, prove that 

A3-A2 . A\-A2 . Ai-Ai 

— "T" + — ^2 — 1.+ — ^j — = o. (Mb. Jbllbxt.) 

40. Show that the results given in Arts. 161 and 162 hold good for 
spherical conies, where the tangents are arcs of great circles on the sphere. 

41. Prove that 

[■« ds f« dx 

Jft {(a - x) {h - X) {e-x)}\ " J.« {(a -ar)(*- a:) (<?-»)}*' 

where a, 6, e are in the order of magnitude. 
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42. If (a be an imaginary cube root of unity, show that, if 

_ (a> - ft>^) a; + fo^sfi dy (« — «') dx 

^ ~ I-ft,2(«_ft,2)a;2» "^®° (r^2)r(l + «y2)k "^ (l - X^)i (l + WiC*)*' 

(Professor Catlbt.) 

43. Prove that the value of 

cos 62; sin od; , . x le 



fcos 02; sin od; , . x x 
ad? ISO, -, or -, 
a? ' 4' 2' 



according as b is >, =, or < a, 

'* sin hx sin «a; , x 




_ ,, , f * sin ia; sin «a; , x „.,.,, , , « , 

44. Prove that I dx= ~ multipliea by the lesser of the 

numbers a and b, 

45. If « be the eccentricity of an ellipse whose semiazis major is unity, and 
JS the length of its quadrant, prove that 



I 



^ Ee de leh 

(W. ROBBRTB.) 



(I - e^) v/a« - «2 2 \/i - A* 



46. If 8 represent the length of a quadrant of the curve r^ s ^^m cos md, and 
81 the quadrant of its first pedal, prove that 

fa fs *^+ ^ 2 
2m 



Here (Ex. 3, Art. 156), we have 

/- ^ (-) 



8^ 



im /^LJl_i\ 
V 2m / 



Also, since the first pedal (Dt/f. (7«fo. Art. 268) is derived by substituting — — 
instead of m, ^ 



s,J^ 



+ i)aV7r \ 2w / 
V im/ 



2W p 



\2W/ 



00 (♦»+i)»«^ \2w/ (m+i)xa2 

4m' I \\ 2m 



V 2m/ 
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47. In general, if 5» be the qnadrant of the m<* pedal of the curve in the last 
proYe that 

Here it is readily seen that the n*^ pedal is got by substitutiiig in- 

fWW -J- I 

stead of m in the equation of the proposed; .*. &c. (W. Roberts, Ziouville, 
1845, P- 177.) 

48. If an endless string, longer than the circumference of an ellipse, be passed 
round the ellipse and kept stretched by a moving pencil ; prove that the pencil 
will trace out a confocal ellipse. 

49. If two confocal ellipses be such that a polygon can be inscribed in one 
and circumscribed to the other, prove that an indefinite number of such polygons 
can be described, and that they all have the same perimeter. (Chasles, Cotnp. 
Bend. 1843.) 

50. To two arcs of a hyperbola whose difference is rectifiable correspond 
qual arcs of the lenmiscate which is the pedal of the hyperbola. (Ibid.) 

51. Prove that the tangents drawn at the extremities of two arcs of a conic, 
whose difference is rectifiable, form a quadrilateral whose sides all touch the 
same circle. {Ibid.) 

52. In the curve 

prove that any tangent divides that portion of the curve between two cusps into 
two arcs which are to each other as the segments of the portion of the tangent 
intercepted by the axes. 

53. If two tangents to a cycloid cut at a constant angle, prove that their 
sum bears a constant ratio to the arc of the curve between them. 

54. If ABy ab, be quadrants of two concentric circles, their radii coincid- 
ing ; show that if an arc ^3 of an involute of a circle be drawn to touch the 
circles at ^, b, the arc ^3 is an arithmetical mean between the arcs AB and ab. 

55. li ds represent an infinitely small superficial element of area at a point 
outside any closed plane curve, and t, if the lengths of the tangents from the 
point to the curve, and S the angle of intersection of these tangents : prove that 

the sum of the elements represented by --, taken for all points exterior to 

the curve, is 2ir'. (Pkop. Croiton, Fhil. Trans. .^ 1868.) 

56. Show that, for all systems of rectangular axes drawn through a given 
point in a given plane area, 

1 1 1 (^'- s^)^«^ I' + 4 { II *y^^y j', 

taken over the whole of the area, is constant ; and that for a triangle, the point 
being its centre of gravity, this constant value is 

(Aa)« («* + ** + <?*- 4 V - «»a» - aH"^). 

Mb. J. J. Walker.) 
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57. llabsz tih\ proye that 

Jo Jo »y 

= log i^ log ^^j {^(«>)-4»(o)}, 

provided the limits ^ (o) and ^ (00 ) are hoth definite. 

(Mr. Elliott, Frooeedings, Lond. Math. See., 1876.) 

58. If 5 denote the surface, and V the volume, of the cone standing on the 
focdi ellipse of an ellipsoid, and having its vertex at an umhiUc ; prove that 

where a, b, e are the principal semiaxes of the ellipsoid. 

59. Prove that, if j? be positive and less than unity, 

f («P + jri»)log(i + «)~= —^ ^, (1), 

Jo . / o^ ' g pBmpw p^ 

and 

f («» + «-i')log(i-a:)-^ = ^cotiw-^,* (2), 

Jo "^ P F' 

where (i) may be deduced from (a) by putting x^ for x. 

(PnOF. WOLSTENHOLMS.) 

60. If fly V be the elliptie eo-ordinatet of a point in a plane, prove that the 
area of any portion of the plane is represented by 



W^ 



(fi? — j^) djxdv 



taken between proper limits. 

61. Prove that the differential equation, in elliptic co-ordinates, of any tan- 
gent to the ellipse /a = /ii is 

dfjL dv 

= 0. 



VOii* -^){m?- fit') V(c*-i^»)(Ati»-r») 

62. Hence show that the preceding differential equation in fi and y admits 
of an algebraic integral. 

63. Prove that the differential equation of the involute of the ellipse /li =/ii is 



/^'•^"^/^'-o- 
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64. Show that, for a homogeneouB lolid parallelepiped of any form and 
dimensions, the three principal axes at the centre of gravity coincide in direction 
with those of the solid inscrihed ellipsoid which touches at the six centres of 
grayity of its six faces ; and that, for etush of the three coincident axes, and 
therefore for every axis passing through their common centre of gravity, the 
moment of inertia of the parallelepiped is to that of the ellipsoid in the same 
constant ratio, viz., that of 10 to x. — (Pbof. Townsbnd.) 

6$. Show that the volumes of any tetrahedron, and of the inscrihed ellipsoid 
which touches at the centres of gravity of its four faces, have the same principal 
axes at their common centre of gravity ; and that their moments of inertia for all 

planes through that point have the same constant ratio (viz. 18 V3 : ir). — (Ibid,) 

66, A quantity M of matter is distrihuted over the surEace of a sphere of 
radius a, so that the surface density varies inversely as the cuhe of the distance 
from a given internal point jS, distant b from the centre ; prove that the sum of 
the principal moments of inertia of Jf at iS^ is equal to 2Jf (a^— d^). 

(Camb, Math, Tripos, 1876.) 
67. If (i -2a2;+a«)-*=i +aXi-{-a^X2 . . . +tf»X»+ . . . , prove that 

!+i pi 2 
XnXmdx = o, Xi?dx = . 

-1 J-1 2n+i 



68. A closed central curve revolves round an arbitrary external axis in its 
plane. Prove that the moments of inertia I and •/, with respect to the axis of 
revolution and to the perpendicular plane passing through the centre of inertia, 
of the solid generated by the revolving area, are given respectively by the 
expressions 



J=f»(a2+3A«), J=m U'^--\ ; 



where m represents the mass of the solid, a the distance of the centre of the 
generating area from the axis of revolution, h and k the radii of gyration of the 
area with respect to the parallel and perpendicular axes through its centre, and 
I the arm length of its product of inertia with respect to the same axes. 

(FnoF. TowNSEND, Quarterly Journal of Mathematics, 1879.) 

69. If U^ ['(x-z)n-^f{z)de, find the value of ^. Ans. f(z). 

Jo a*P* 

70. Prove that the superficial area of an ellipsoid is represented by 

rf* {i-e^e'^x^)dx 
2xc» + 2irab ^ —L , 

J V(i - e'a?) (I - ff^x^) 

where a« - J* = aV, 4»-c» = «^^. 

(Mb. Jbllett, Sermathena, 1883.) 

7 1 . Find the mean distance of two points on opposite sides of a squaro whoee 
side is unity. 

Ans, ^-:^*+log(i-f\^). 
3 
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72. A cube being cut at random by a plane, what is the chance that the 
flection is a hexagon ? — (Col. Clabxb.) 

V3 cot-^ yfi-Vi cot-» V2 , , 

Ant. -^ ^ = .04646. 

73. Three points are taken at random, one on each of three faces of a tetra- 
hedron : what is the chance that the plane passing through them cuts the fourth 
face? — (Col. Clabkb.) 

Ana, -. 

4 

74. Two stars are taken at random from a catalogue : what is the chance 
that one or both shall always be visible to an observer in a given latitude, X ? 
—{Ibid,) 

. 1 . I . 

Am, - versm X + - sin X. 

2 4 

75. Find the chance that the centre of gravity of a triangle lies inside the 
triangle formed by three points taken at random within the triangle. 



"*"*• ^Hf^**^*)' 



76. Two points are .taken at random in a triangle, the line joining them 
dividing the triangle into two portions : find the mean value of that portion 
which contains the centre of gravity. 

Ant. -^ (470 + — log 4 J = .6967, the triangle being unity. 

The mean value of the greater of the two portions is — |- - log 2 = .6987. 

77. Show that the mean distance if of a point in a rectangle-f rom one angle 
is given by 

3if=.^+-log — + 5jlog-^, 

a and b being the sides, d the diagonal. 

78. Show that the mean distance M of two points within a rectangle 
given by 

^5^=^ + 7^ + ^(3-3,-^) +1 (-log — -fylog—). 

This result may be deduced from the preceding ; for if /a = mean distance of a 
point within the rectangle whose sides are a;, y, from one of its angles, it is easy 
to see that 



a» 



^ M=i 4 I I xyiAdxdy ; .*. &c. 
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79. Show that if If he the mean distanoe of two pointa within any oonT«x 
area O, we haye 



=il!«'**" 



where 3S» S' are the segments into which the area is divided hj a straight line 
eroesing it ; the eo^ordinaUt of the line being p, m ; and the integration ex- 
tending to all positions of the line. 

This may be seen by considering that if a random line crosses the area, the 

. . ajf 
chance of its passing between the two points is -=^, where L is the length of the 

honndary. Again, for any position of the line, the chanoe of the points lying 

on opposite sides of it is — - ; therefore the whole chance is --^ If (22*), where 

If (22') is the mean value of the product 22' for all positions of the line. 

80. In the same case we also have 

C being the length of the intercepted chord. Hence we hare the remarkable 
identity 

J/ C^dpda, = 6 J/ :S,^dpd», 

(CnoFTON, Froeeedinffs, Lend. Math. 80c. , toI. 8.) 

81. Show that if p be the distance of two points taken at random in the 
same area. 



*(i) = 5-4l^**'- 



This may be applied to the circle. (See Ex. 24, p. 376.) 

82. Show that the mean area of the triangle determined by three points 
chosen at random within any convex area is 



if=0-^,jjc'2'**', 



where 2 = either segment cut off by the chord C; but throughout the integra- 
tions, as the direction of the chord alters, 2 means always the segment on the 
same aide of the chord as at first. 
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Allmak, on properties of paraboloid, 

268, 281. 
Am8ler*s planimeter, 214. 
Annular solids, 261. 
Approximate, methods of finding 

areas, 211. 
Archimedes, on solids, 254. 
spiral of, 194, 380. 
area of, 194. 
rectification of, 227. 
Areas of plane curves, 176. 

Ball, on Amsler's planimeter, 215. 
Bernoulli's series, by integration by 

parts, 128. 
Binet, on principal axes, 312. 
Buffon's problem, 352. 

Cardioid, area of, 192. 

rectification of, 227, 238. 
Cartesian oval, rectification of, 239. 
Catenary, equation to, 183. 
rectification of, 223. 
surface of revolution by, 260. 
Cauchy, on exceptional cases in defi- 
nite integrals, 128. 
on principal and general values of 

a definite integral, 132. 
on singular definite integrals, 134. 
on hyperbolic paraboloid, 271. 
Chasles, on rectification of ellipse, 234, 
248, 386. 
on Legendre's formula, 384. 
Cone, right, 256. 
Crofton, on mean value and probabi- 

Hty, 333-379, 387, 390. 
Cycloid, 189. 

Definite integrals, 30, 115. 
exceptional cases, 128. 
infinite Umits, 131, 135. 



Definite integrals, principal and gene- 
ral values, 132. 
singular, 134. 
differentiation of, 143, 147. 
deduced by differentiation, 144. 
integration under the sign /, 148. 
double, 149, 313. 

Descartes, rectification of oval of, 239. 

Differentiation under the sign of inte- 
gration, 107. 

Dirichlet's tiieorem, 316. 

Elliott, extension of Holditch's theo- 
rem, 209. 

on Frullani*s theorem, 157, 387. 
Ellipse, arc of, 226. 
Ellipsoid, 266. 

quadrature of, 282. 

of gyration, 309, 312. 

momental, 309. 

central, 310. 
Elliptic, integrals, 29, 173, 226, 232, 
235, 243, 279, 384, 387. 

co-ordinates, 249, 387. 
Epitrochoid, rectification of, 237. 
Equimomental cone, 310. 
Errors of observation, 361. 
Euler, 102. 

theorem on parabolic sector, 198. 
Eulerian integrals, 117, 124, 159. 

definition of — 

r(n) and ^(m^ n), 124, 160. 

r(n)r{i-n) = -r-^, 162. 
smnv 

,.i„e<.r(i)rg)...r(«-zJ) 

164. 
table oflog(r»), 169. 
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Fagnani's theorem, 229. 
Fdiium of Descartes, 192, 218. 
Frequency, curve of, 356. 
Frullani, theorem of, 165, 387. 

Gamma functions, 124, 159. 

Gkiuss, on integration oyer a closed 

surface, 287. 
Genocchi, rectification of Cartesian 

oval, 240, 242. 
Graves, on rectification of ellipse, 234. 
Green's theorem, 326. 
Groin, 269. 
Gudermann, 183. 
Guldin's theorems, 262, 263, 288. 
Gyration, radius of, 293. 

Helix, rectification of, 244. 
Hirst, on pedals, 202. 
Holditch, theorem of, 206. 
Hyperhola, rectification of, 233. 
Landen's theorems on, 232. 
Hyperbolic sines and cosines, 182. 
Hypotrochoid, see epitrochoid. 

Inertia, integrals of, 291. 

moments of, 291. 

products of, 291, 306. 

principal axes of, 307. 

momental ellipsoid of, 309. 
Integrals, definitions of, 1, 114. 

elementary, 2. 

double, 149, 313. 

of inertia, 291. 

transformation of multiple, 320. 
Integration, different methods of, 20. 

by parts, 20. 

- x»*dx ^„ 
of , 58. 

by successive reduction, 63. 
by differentiation, 71, 144. 
of binomial differentials, 75. 
by rationalization, 92, 97. 
by differentiation undersign/, 109. 
by infinite series, 110. 
regarded as summation, 30, 114. 
double, 269, 313. 
change of order in, 314. 
over a closed surface, 284. 

Jaoobians, 323, 326. 
TeUett, on quadrature of ellipsoid, 283, 
888. 



Kempe, theorem on moving area, 210. 

Lagrange's series, remainder in, 158. 
Lambert, theorem on elliptic area, 196. 
Landen, theorem on hyperbolic arc, 232. 

on difference between asymptote 
and arc of hyperbola, 233. 
Legendre, on Eulerian integrals, 160. 

formula on rectification, 228, 369. 

relation between complete elliptic 
functions, 384. 
Leibnitz, on Guldin's theorems, 264. 
Lemniscate, area of, 191. 

rectification of, 384. 
Leudesdorf, 157, 210, 220. 
Lima^on, area of, 192. 

rectification of, 237. 
Limits of integration, 33, 115. 

Mean Value and probability, 333. 
Mean Value, definition of, 333. 

for one independent variable, 334. 

two'ormore independent variables. 
337. 
Method of quadratures, 178. 
MiUer, 345. 
Momental ellipse, 300. 

of a triangle, 304. 
Moments of inertia, 291. 

relative to parallel axes, 292. 

imiform rod, 294. 

parallelepiped, cylinder, 296. 

cone, 296. 

sphere, 297. 

ellipsoid, 298. 

prism, 302. 

tetrahedron, 304. 

solid ring, 305. 
M'Cullagh, on rectification of ellipse 
and hyperbola, 236. 

Neil, on semi-cubical parabola, 224, 

249. 
Newton, method of finding areas, 177. 
by approximation, 213. 
on tractiix, 219. 

Observation, errors of, 361. 

Panton, on rectification of Cartesian 

oval, 240. 
Paraboloid, of revolution, 256. 
elliptic, 266, 268. 






Index, 



393 



Partial fractions, 42. 
Pedal, area of, 199. 

of ellipse, 190. 

Steiner's theorem on area of, 201 . 

Baabe, on, 202. 

Hirst, on, 202. 

Roberts, on, 386. 
Planimeter, Amsler's, 214. 
Popoff, on remainder in Legrange's 

series, 159. 
Probability, used to find mean values, 

343. 
ProbabiUties, 349. 
Products of inertia, 301, 306. 

Quadrature, plane, 176. 
on the sphere, 276. 
of surfaces, 279. 
paraboloid, 280. 
ellipsoid, 282. 

Raabe, theorem on pedal areas, 202. 
Radius of gyration, 293. 
Random straight lines, 368. 
Rectification of, plane curves, 222. 

parabola, 223. 

catenary, 233. 

semi-cubical parabola, 224. 

of evolutes, 224. 

arc of ellipse, 226. 

hyperbola, 231. 

epitrochoid, 237. 

roulettes, 238. 

Cartesian oval, 239, 247. 

twisted curves, 243. 
Recurring biquadratic under radical 

sign, 101. 
Reduction, integration by, 63. 

by diflerentiation, 71, 80. 
Roberts, W., on Cartesian oval, 240. 

on pedals, 386. 
Roulette, quadrature of, 206. 
rectification of, 238. 



Simpson's rules for areas, 213. 
■ Sphere, surface and volume of, 252. 

quadrature on, 276. 
Spheroid, surface of, 257, 258. 
Spiral, hyperbolic, 191. 

of Archimedes, 194, 227, 380. 
^ logarithmic, 227. 
Steiner, theorem on pedal areas, 201. 

on areas of roulettes, 203. 

on rectification of roulettes, 238. 
Surface of, solids, 260. 

cone, 251. 

sphere, 252. 

revolution, 254. 

spheroid, prolate, 257. 
oblate, 258. 

annular solid, 261. 

Taylor's theorem, obtained by integra- 
tion by parts, 126. 
remainder as a definite integral, 
127. 
Townsend, on moments of inertia of a 
ring, 305, 388. 

on moments of inertia in 
general, 310. 
Tractrix, area of, 219. 

length of, 226. 

Van Huraet, on rectification, 249. 
Viviani, Florentine enigma, 278. 
Volumes of solids, 260, 264, 286. 

"Wallis, value for ir, 122. 
Weddle, on areas by approximation, 
213. 

Woolhouse, on Holditch's theorem, 
206. 

Zolotareff, on remainder in Lagrange's 
series, 158. 



THE END. 
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